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INDUCTANCE  OF  COILS 

I.     Introduction 

This  bulletin  deals  with  the  self-inductance  of  closely- wound 
cylindrical  coils  of  wire  without  iron  cores,  and  presents  tables 
and  charts  for  obtaining  without  effort,  the  approximate  induct- 
ance or  reactance  of  coils  of  all  dimensions.  A  given  length  of 
conductor  has  a  definite  resistance,  but  may  have  as  many  differ- 
ent values  of  inductance  as  there  are  different  shapes  of  coils 
into  which  it  can  be  wound,  although  the  inductance  becomes 
definite  when  the  dimensions  of  the  winding  are  fixed.  From  a 
large  number  of  calculations  and  of  tests  of  actual  coils  of  many 
shapes,  material  has  been  gathered  from  which  a  universal 
formula  for  the  self- inductance  of  coils  has  been  derived,  making 
it  a  simple  matter  to  compare  the  relative  value  of  different  wind- 
ing proportions.  Regardless  of  the  size  of  conductor,  it  is  found 
that  the  shape  for  producing  the  maximum  inductance  from  any 
length  of  wire  is  neither  a  long  solenoid  nor  a  flat  disk,  but  a  com- 
pact coil  not  unlike  the  ordinary  wire  bundle  as  received  from  the 
factory.  While  tables  showing  the  resistance  of  copper  wire  are 
found  in  all  electrical  reference  books,  similar  data  for  the  induc- 
tive reactance  of  coils,  if  found  at  all,  are  often  incorrect,  or  so 
presented  as  to  be  unavailable  for  occasional  use.  It  is  hoped  that 
the  information  here  given  will  prove  convenient  and  useful. 

II.     Precision  Formulas 

Valuable  information  upon  the  mutual  and  self- inductance  of 
lines  and  coils  will  be  found  in  the  bulletins  of  the  Bureau  of 
Standards,  Washington,  D.  C. ,  and  special  reference  is  made  to 
Vol.  V,  No.  1  (1908),  where  many  formulas  are  compared.  For 
the  various  shapes  of  coils,  a  bewildering  choice  of  formulas  is 
offered;  several  for  short  single-layer  windings,  several  for  disks 
and  rings,  and  others  for  intermediate  shapes.  The  use  of  one 
of  these  precision  formulas  for  a  type  of  coil  for  which  it  is  not 
intended  may  result  in  serious  error,  and  their  delimitation  is  not 
always  clearly  stated,  so  that  it  may  be  necessary  to  try  two  or 
more  of  them,  and  compare  results. 

Most  theoretical  formulas  assume  that  the  winding  is  com- 
posed of  a  thin  conducting  tape,  whose  edges  lie  close  together, 
though  electrically  insulated,  producing  what  is  mathematically 
known  as  a  current  sheet,  although  a  few  are  based  upon  the 
usual  square  or  round  wires  employed  to  produce  the  ampere 
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turns  of  practical  work.  There  are  small  differences,  sometimes 
amounting  to  one  per  cent  or  more  between  these  conceptions  of 
inductance,  and  the  Bureau  of  Standards  has  done  an  admirable 
work  in  reconciling  the  differences,  and  in  providing  correction 
formulas  for  bringing  the  results  into  strict  harmony,  establish- 
ing the  accuracy  of  certain  formulas,  as  shown  by  illustrative 
formal  examples  to  a  point  of  agreement  within  one  part  in  a 
million. 

The  very  precision  of  these  elaborate  formulas  is  a  barrier 
to  their  usefulness  to  the  busy  engineer,  by  whom  coil  dimensions 
may  not  be  known  accurately.  No  simple  formula  of  wide  range 
is  given,  or  suggested,  and  the  only  formula  recommended  for 
long  solenoids  requires  the  use  of  elliptic  integrals  for  its  solu- 
tion, and  even  then  is  limited  to  a  single-layer  winding.  Diver- 
sity in  units  and  notation,  and  the  absence,  from  the  examples, 
of  wires  of  ordinary  gauge  diameters  place  further  difficulties  in 
the  utilization  of  the  formulas,  which  are  often  insurmountable. 

Uniformity  in  the  winding  of  commercial  coils  is  impossible, 
when,  in  the  matter  of  gauge  sizes  alone,  a  variation  of  one  per 
cent  from  tabulated  diameter  is  allowable,  and  when  the  thick- 
ness of  insulations  is  never  known  definitely.  Compactness  of 
winding  is  ordinarily  subject  to  uncertainty,  and  the  exact  pre- 
determination of  the  mean  radius  of  a  coil  extremely  difficult. 
The  cumulative  effect  of  these  uncertainties  is  such  that  for  many 
purposes  an  approximate  formula  is  quite  accurate  enough. 

III.     Advantage  of  Coils  without  Iron  Cores 

There  is  a  demand  for  coreless  reactance  coils,  since  they 
eliminate  the  uncertainty  of  action  incident  to  coils  with  iron 
cores.  If  reactance  is  needed  for  protecting  alternating  current 
apparatus  against  the  dangers  of  short  circuits,  the  immediate 
response  of  a  coil,  not  dependent  upon  the  dilatory  magnetizing  of 
iron,  is  required.  While  a  few  turns  of  wire  around  iron  seem  to 
give  the  same  reactance  as  many  turns  without  iron,  the  coil  with 
iron  is  relatively  sluggish.  Two  coils  of  same  measured  react- 
ance, but  differing  in  design,  may  behave  very  differently  be- 
cause one  has  a  closed,  the  other  an  open  magnetic  circuit;  and 
even  the  same  ferric  coil  may  behave  differently  under  similar  con- 
ditions because  of  a  difference  in  the  residual  magnetism.  There 
is  a  further  advantage  in  non-ferric  coils,  in  the  absence  of  core 
loss.  Such  coils  also  find  an  increasing  use  in  telephony  and  in 
wireless  telegraphy,  where  certainty  of  action,  and  alertness  at 
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high  frequencies  are  important.  The  data  here  given  are  just  as 
applicable  to  small  coils  for  telephone  use  as  to  those  of  large 
size  for  power  use. 

IV.    Comparison  with  Iron-cored  Coils 

The  reactive  difference  between  iron-cored  and  coreless  coils, 
when  thrown  suddenly  into  action,  is  well  shown  by  the  instan- 
taneous photographic  record  of  the  oscillograph,  as  illustrated 
in  Fig.  la,  lb,  2a,  and  2b.  The  same  alternating  electromotive- 
force  is  shown  in  all  these  reproductions;  therefore,  the  scale  of 
the  figures  is  to  be  understood  as  a  relative  one  merely.  Fig.  la 
shows  a  considerable  current-surge,  the  first  wave  having  many 
times  the  amplitude  of  those  of  normal  current  after  a  few  cycles. 


Fig.  2a 


Fig.  26 
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This  records  ttie  action  in  a  coil  with  iron  core,  to  which  the 
electromotive  force  was  applied  intentionally  at  the  instant  of  its 
most  rapid  change,  the  moment  when  the  normal  current  would 
naturally  be  a  maximum.  Fig.  lb  represents  the  same  action  in 
a  coreless  coil,  and  it  is  seen  that  the  surge,  though  present,  is 
limited,  the  maximum  etfect  never  exceeding  twice  normal  cur- 
rent wave  values. 

Pig.  2a  and  '2b  represent  the  lesser  action  occurring  in  cored 
and  coreless  coils,  respectively,  when  the  electromotive  force  is 
applied  at  the  instant  of  maximum,  when  its  value  is  not  chang- 
ing, the  very  moment  when  the  current  is  normally  passing 
through  zero,  so  that  the  current  starts  on  its  normal  wave  at 
once.  In  this  case,  there  is  little  or  no  difference  in  the  action 
of  the  coils,  except  that  due  to  residual  magnetism  in  the  cored 
coil;  but  under  the  extreme  condition  of  Fig.  It/  and  lb,  the  ad- 
vantage of  the  coreless  coil  is  manifest,  ,since  there  is  relatively 
little  difference  between  the  best  and  the  worst  conditions.  Non- 
ferric  coils  have  an  increasing  use  for  electrical  work  of  all  kinds, 
as  their  advantages  are  better  appreciated, 

V.  Inductance  and  Reactance 

A  current  in  a  coil  of  wire  gives  it  the  properties  of  a  mag- 
net, even  when  an  iron  core  is  not  present.  Magnetic  properties 
of  non-ferric  coils  are  greater  than  is  generally  supposed. 
Within  such  a  coil  is  produced  a  magnetic  field  or  stress,  called 
flux,  {i>),  proportional  to  the  magneto-motive-force,  (mmf),  of  the 
current,  (i),  flowing  through  the  turns,  iX),  of  the  coil,  and 
limited  by  the  reluctance,  (.^J,  of  the  flux  path.  Flux  is  ex- 
pressed in  maxwells,  or  lines  of  force,  commonly  called  "lines". 
Magneto-motive-force  is  expressed  in  gilberts,  where  one  gilbert 
is  4  TT  current  turns,  {-l-n-Xi),  in  absolute  units,  or  as  0.4-  am- 
pere-turns (OA-Xi)  when  i  is  in  amperes,  the  practical  unit  of 
current,  since  the  ampere  is  one-tenth  the  absolute  unit;  re- 
luctance is  expressed  in  oersteds,  these  units  being  in  absolute 
values  of  the  centimeter- gram  second  system.  Reluctance 
varies  directly  with  length  of  the  flux  path,  and  inversely  with 
its  area,  and  also  with  its  permeability  when  iron  is  included  in 
the  path.  Length  and  area  of  flux  path  in  a  normal  closed  mag- 
netic circuit  of  iron  are  easily  determined  with  considerable  pre- 
cision, but  in  air  or  in  any  non-magnetic  material,  the  dimensions 
of  the  flux  path,  while  definite,  cannot  be  expressed  by  any  sim- 
ple rule  that  applies  to  a  variety  of  cases.     In  iron,  the  path  has. 
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a  high  permeability,  varying  with  magnetization;  in  air  and  most 
substances,  the  permeability  is  low,  but  constant,  and  does  not 
appear  in  equations  for  non-ferric  coils,  its  value  being  taken  as 
unity. 

A  steady  current  in  a  coreless  coil  produces  a  definite  mag- 
netic flux,  since  the  magneto-motive-force  and  the  reluctance  are 
constants.  If  the  current  varies,  the  flux  varies  proportionally. 
In  this  case,  another  action  arises,  since  experiment  shows  that 
a  varying  flux  induces  an  electromotive-force,  (e),  in  every  turn 
of  wire  interlinking  or  surrounding  the  flux  path.  This  electro- 
motive-force is  constant  only  while  the  flux  is  varying  at  a  con- 
stant rate,  being  proportional  to  the  rate-of-change  of  the  flux, 
{d  4>/dt).  Flux  cannot  long  continue  to  change  at  a  constant  rate, 
but  can  pulsate  or  alternate  and  thus  produce  alternating  electro- 
motive-forces. An  alternating  current  in  a  coil  must  be  accom- 
panied by  an  alternating  magnetic  flux,  which  will  induce,  in  the 
turns  of  the  coil,  the  counter- electromotive-force  of  self-induc- 
tion, and  in  any  other  coil,  an  electromotive-force  of  induction, 
of  equal  value  per  turn,  if  similarly  situated  in  respect  to  the  flux 
path. 

The  coefficient  of  self-induction,  or,  briefly,  the  inductance, 
(L),  of  a  coil  is  the  constant  ratio  existing  in  non- ferric  coils  be- 
tween the  counter-electromotive-force,  (e),  and  the  rate  of  change 
of  the  current,  (di/dt),  on  which  it  depends.  It  may  also  be  ex- 
pressed by  the  ratio  of  flux-turns,  {X  ^t^),  to  inducing  current,  (i), 
as  shown  by  the  following  equations  expressing  these  laws; 

,  _  (mmf  in  gilberts)  _ 4  tt  m  ,. 

^  (m  maxwells  or  Imes)  -  ^  ^.^  oersteds)  " ~^ ^^^ 

Nd  </>_     4 ^  .Y^ di  _      Ldi  ,  . 

e  (m  absolute  units) ^  —^^  —~^r ^^^ 

,    ,  ,       length  of  flux  path_  ?v  +  v  /o\ 

Si  (reluctance)  — j^ v-rr  —  2~ \^} 

area  of  flux  path         -^  a 

(from(2)  and(3  )  L  =  ^=  —~  =  —r— =  -r^ —  ...  (4) 

in  which 

a  =  mean  radius  of  the  coil  in  centimeters; 
&   =  length  of  coil,  also  in  centimeters; 
7ra^  =  the  definite  area  of  flux-path  within  the  coil; 
?/  =  a  quantity  to  be  added  to  b  to  get  equivalent  return 
length  of  flux-path,  outside  the  coil,  as  explained 
under  "Flux-path". 
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The  inductance  coefficient,  i,  is  seen  to  be  a  constant,  de- 
pending upon  constants  of  the  coil  winding,  its  linear  dimensions 
and  turns.  The  numerator,  (2  ^  a  N)^  is  the  square  of  the  length 
■of  conductor  of  which  the  coil  is  made,  and  the  denominator, 
(b  +  y),  is  a  coil  length.  If  y  could  readily  be  defined  for  coils  of 
■different  shapes,  the  determination  of  L  would  be  a  simple  mat- 
ter. It  is  evident  that  the  square  of  a  length  divided  by  a  length 
is  of  the  dimension  of  length,  and  the  inductance  Z,  is,  in  absolute 
units,  the  centimeter.  The  practical  unit  is  the  henry,  which  is 
10^  centimeters,  the  length  of  the  earth  quadrant.  The  mil- 
henry,  the  thousandth,  and  the  microhenry,  the  millionth  of  this 
unit,  are  much  used  for  the  inductance  of  small  coils. 

VI.     Flux-Path 

The  dimensions  of  the  flux-path,  if  known,  determine  the  re- 
luctance. In  a  particular  coil,  of  four  turns,  the  flux- path  is 
graphically  indicated  by  iron  filings,  as  shown  in  a  photograph  re- 
produced from  Simmons'  "Outlines  of  Electrical  Engineering,"  as 
Fig.  3,  in  which  it  may  be  seen  how  iron  tilings  obey  the  ampere- 
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Fig.  3.    Magnetic  Flux  Due  to  Ampere-Turns  of  Solenoid 

turns  of  a  steady  current.  The  flux  appears  to  be  uniformly 
strong  within  the  coil  and  to  diminish  rapidly  without.  The  flux- 
path  can  be  traced  some  distance  beyond  the  coil  before  it  be- 
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comes  indefinite,  just  as  smoke  can  be  traced  for  some  distance 
from  a  chimney  mouth.  As  the  path  increases  in  area,  its  re- 
luctance decreases;  therefore,  the  reluctance  of  the  return  path 
outside  the  coil  is  relatively  small.  It  is  not  zero,  however,  as 
sometimes  assumed,  since  the  path  does  not  become  indefinitely 
extended  immediately  upon  leaving  the  coil.  The  flux-path 
within  the  coil  may  be  assumed  to  have  the  area  of  an  average 
turn  of  the  coil,  a  definite  value,  and  a  length  the  same  as  the 
coil  length.  If  the  same  area  is  assumed  for  the  return  path, 
evidently  much  too  small,  it  is  fair  to  assume  a  return  length,  y, 
also  much  too  small,  to  correspond.  It  is  found  by  trial  that 
it  c  -\r  R,  the  sum  of  the  thickness  of  the  winding  and  the  outside 
radius  of  the  coil,  be  substituted  for  y  in  the  equation  (4),  a  close 
approximation  of  L  is  obtained  for  long  coils. 

In  a  coil  of  but  a  single  turn,  the  flux  distribution  must  be 
somewhat  as  showmin  Pig.  4,  reproduced  from  Nipher's  "Electric- 
ity and  Magnetism".     The  flux  is  confined  to  a  definite  area  only 


Fig.  4 

where  it  passes  through  the  ring,  shown  in  section,  but  is  not 
uniformly  distributed  even  there,  the  lines  being  crowded  more 
closely  together  within  or  near  the  conductor  than  toward  the 
center  of  the  ring.  Flux  paths  may  be  represented  by  the  small- 
est circle  just  around  the  conductor,  or  by  any  of  the  longer 
curves  farther  away.     Indeed  with  reference  to  that  portion  of  the 
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current  energy  at  the  conductor's  center,  the  flux- path  may  lie 
wholly  or  partially  within  the  metal  of  the  conductor,  and  have 
a  length  that  is  less  than  the  smallest  circumference  of  Fig.  4. 
At  very  high  frequencies,  where  "skin-eifect"  forces  the  current 
away  from  the  center  of  a  large  conductor,  increasing  its  abso- 
lute resistance,  this  internal  flax  path  may  be  eliminated  with 
consequent  diminution  of  absolute  inductance,  an  effect  quite  neg- 
ligible for  ordinary  frequencies.  In  such  a  formula  as  (4),  the 
definition  of  ?/,  the  equivalent  length  of  the  average  flux  line 
outside  the  coil  is  elusive  for  single  turns,  and  other  forms  of 
equations  have  generally  been  derived  for  the  inductance  of  rings. 
In  long  coils,  y  is  evidently  subordinate  to  &,  the  coil  length, 
and  a  slight  error  in  its  evaluation  makes  a  smaller  error  in  the 
value  of  inductance,  but  in  ring  coils  such  is  not  the  case.  In 
the  general  formula  presented,  (5)  or  (6),  page  13,  equation  (4)  is 
modified  by  factors,  F'  F",  which  virtually  modify  b-ri,  giving 
an  approximate  value  for  all  shapes  of  coils  including  rings. 

VII.     Development  of  Brooks'  Universal  Formula 

There  is  an  evident  advantage  in  having  a  single  formula  ap- 
ply to  all  forms  of  coils,  provided  it  is  reliable  and  approximately 
accurate.  Where  different  formulas  have  to  be  used  for  long  and 
for  short  coils,  as  has  heretofore  been  the  case,  there  is  an  un- 
certainty as  to  intermediate  shapes,  due  to  the  discontinuity  of  the 
separate  formulas.  Professor  Morgan  Brooks,  one  of  the  writers 
of  this  bulletin,  has  developed  such  a  universal  formula,  appli- 
cable to  all  shapes  of  closely-wound  cylindrical  coils.  It  is  in 
agreement  with  the  theoretical  formula  for  very  long  solenoids, 
and  represents  approximately  the  best  formulas  for  coils  of  other 
shapes  of  one  or  many  layers,  even  including  the  most  extreme 
cases  of  single  turns  of  fine  wire.  Values  calculated  from  pre- 
cision formulas,  as  well  as  measured  values  for  a  great  variety  of 
coil  shapes,  indicate  a  possible  variation  not  exceeding  three  per 
cent  for  this  universal  formula. 

To  the  engineer  who  uses  resistance  tables  without  allow- 
ance for  temperature,  this  degree  of  accuracy  will  be  found  suf- 
ficient, for  it  must  be  remembered  that  a  difference  of  but  8  C. 
will  change  the  resistance  of  copper  wire  three  per  cent.  In 
fact,  it  is  difficult  to  duplicate  a  reactance  coil,  and  get  results 
within  three  per  cent  without  adjustment.  In  case  greater  pre- 
cision is  required,  the  universal  formula  will  be  found  useful  in 
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detecting  any  errors  of  calculation  in  using  more  elaborate  pre- 
cision formulas. 

The  universal  formula  is  partly  empirical,  but  is  based  upon 
the  theoretically  derived  equation  (-4)  which  is  directly  applicable 
to  long  solenoids.  The  empirical  factors  are  so  devised  that  they 
cannot  cause  gross  errors,  no  matter  what  the  extreme  of  dimen- 
sions may  be.  It  indicates,  as  no  discontinuous  formula  can,  the 
approximate  percentage  of  increase  or  decrease  of  inductance 
that  any  modification  of  coil  dimensions  will  produce.  It  points 
directly  to  the  proportions  for  obtaining  the  maximum  inductance 
in  coreless  coils.  By  its  use  the  tables  and  charts  accompanying 
this  bulletin  have  been  prepared;  and  by  means  of  these  any  coil 
problem  involving  inductance  values  can  be  rapidly  solved. 


AXIS 


Fig.  5.    Coil  Section  Illustrating  Notation  Used  in  Bulletin 
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VIII.    Notation 

Fig.  5  illustrates  the  notation  used  throughout  this  bulletin. 
a  =  the  mean  radius  of  the  winding; 
h  —  the  axial  length  of  the  coil;  for  single  turns  use  d\ 
c  =  the  thickness  of  the  winding;  for  single  turns  use  d; 
r  =  the  inner  radius  of  the  winding; 
R  =  the  outer  radius  of  the  winding; 
d  =  the  diameter  of  the  bare  wire; 
D  =  the  diameter  of  the  wire  over  insulation. 
The  above  dimensions  are  in  centimeters,  or  in  inches,  as 
may  be  indicated.     Mils  are  not  used. 

Cm  indicates  the  length  of  the  conductor  in  centimeters; 

Ft  indicates  the  length  of  the  conductor  in  feet,  and  Ft/ 1000 

=  thousands  of  feet; 
NU  the  total  number  of  turns  in  the  winding,  whence 
Cm  =  2  TT  a  N,  when  a  is  in  centimeters,  and 

Ft         2-^oN       ,  .    .     .     , 

1000  ^muo"'  ^^"^  "  ^'  ^^  ^^'^''' 

N'  is  number  of  turns  for  coils  of  prescribed  maximum  shape; 
/  =  frequency  of  alternating  current  in  cycles  per  second; 
L  =  inductance,   generally  in  henries,  sometimes  in  milhen 

ries  or  microhenries; 
X  =  2TrfL  =  ohms  of  reactance. 
E  —  ohms  resistance;  for  use  on  pp.  36  and  37  only. 

Universal  Formula  for  Coil  Inductance 

The  formula  derived  by  Professor  Morgan  Brooks  is  given 
in  two  forms,  one  (5)  for  dimensions  in  centimeters,  the  other  (6) 
for  dimensions  in  English  units.       Both  give  results  in  henries. 

L(m  henries)  =    ^^^^^  X^^  (o) 

0.366  (-f-/ 
L  (in  henries)  =      ,^  \^^"    X  F' F" (6) 

In  (6)  the  conductor  length  is  in  thousands  of  feet,  and  the  coil 

dimensions  in  inches.     0.366  is  the  conversion  factor.     F'  and  F" 

are  empirical  coil-shape  factors  dependent  upon  the  relative,  and 

independent  of  the  absolute  dimensions   of  the  winding.      Values 

of  F    and  F"  are  as  follows: 

^,  _    10b+12c+2R        w,  _^-i^„    /inn   I      ^^^  ) 
^    -  m  +  lOc+lAR^    ^    -0.olog,o(100  +  ,^^3^) 

These   factors  F'  and  F"  may    appear   formidable,  but  they    are 
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easy  to  use.  F'  varies  from  unity  for  very  long  coils  to  1.43  for 
the  shortest  of  coils,  the  single  turn.  It  is  a  factor  that  takes 
account  of  the  varying  thickness  of  coil  windings,  as  well  as  of 
the  relative  importance  of  radius  and  length  of  coil  in  their  influ- 
ence upon  inductance.  F"  is  negligible  for  long  coils,  falling  be- 
low 1.01  for  all  coils  whose  axial  length  is  the  greatest  dimension. 
F"  becomes  active  for  short  coils,  especially  for  those  of  but  a 
single  turn. 

TABLE    1 
Shape-Factors,  F'  and  F"  for  Certain  Coil  Proportions 


a 

h 

c 

R 

F' 

F" 

F' 

F- 

19 
15 

200 
200 

2 

10 

20 
20 

1.008 

1.015 

1.001 

1.001 

1.009 

1.016 

19 
15 

100 
100 

2 
10 

20 
20 

1.015 

1.028 

1.003 

1.002 

1.018 

1.030 

19 
15 

50 
50 

2 

10 

20 
20 

1.029 

1.051 

1.006 

1.004 

1.035 

1.055 

19 
15 

20 
20 

2 

"lO 

20 
20 

1.064 

1.097 

1.013 

1.008 

1.078 

1.106 

19 
15 

12 
12 

2 
10 

20 
20 

1.095 

1.129 

1.019 

l.OIl 

1.116 

1.141 

19 
15 

8 
8 

2 

10 

20 
20 

1.125 

1.1.54 

1.026 

1.013 

1.154 

1.169 

19 
15 

5 

5 

2 

10 

20 
20 

1.163 

1.182 

1.035 

1,015 

1.204 

1.200 

19 

15 

4 
4 

2 

10 

20 
20 

1.182 

1.190 

1,040 

1.016 

1.229 

1.209 

19 
15 

3 
3 

2 
10 

20 
20 

1.205 

1.203 

1.045 

1.017 

1.259 

1.223 

19 
15 

2 
2 

2 

10 

20 
20 

1.235 

1.216 

1.054 

1.017 

1.301 

1.237 

19 
15 

1 

1 

2 

10 

20 
20 

1.277 

1.232 

1.065 

1.018 

1.360 

1.2.54 

19 
15 

0.5 
0.5 

2 
10 

20 
SO 

1.302 

1.241 

1.073 

1.018 

1.397 

1  263 

19 
15 

0.2 
0.2 

2 

10 

20 
20 

1.320 

1.246 

1.079 

1,019 

1.424 

1.270 

19 
15 

0.1 
0.1 

2 

10 

20 
20 

1.326 

1.249 

1.081 

1.019 

1.433 

1.273 

Square  Winding-Section  Coils 


17.5 

5 

20 

1.172 

1.023 

1.199 

19. 

2 

2 

20 

1.235 

1.054 

1.301 

19.5 

1 

1 

20 

1.292 

1.097 

1.418 

19.75 

0.5 

0.5 

20 

1.342 

1.163 

1.561 

19.9 

0,2 

0.2 

20 

1.387 

1.29 

1.79 

19.95 

0.1 

0.1 

20 

1.407 

1,42 

2.00 
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The  trend  of  values  of  F'  and  of  F'  and  of  their  product  F' F" 
may  be  seen  from  Table  1,  in  which  will  be  found  values  for  a 
variety  of  coil  proportions.  Approximate  values  for  intermedi- 
ate shapes  may  be  estimated  by  interpolation. 

Equations  (5)  and  (0)  may  be  relied  upon  for  giving  a  close 
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Fig.  6.    Eeactance  Charts 
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approximation  to  the  inductance  of  any  closely- wound  cylindrical 
coil,  long  or  short,  thick  or  thin,  from  the  long  solenoid  to  the 
single  turn  of  fine  wire.  For  spaced  windings,  they  are  not  re- 
commended, especially  when  the  space  between  turns  is  great  as 
compared  with  the  diameter  of  the  bare  conductor.  Equation  (4), 
upon  which  these  general  formulas  are  based,  assumes  a  perfectly 
smooth  flux-path  of  uniform  density  within  the  coil.  The  photo- 
graphic record  of  the  iron  filings,  Pig.  3,  shows  some  irregulari- 
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ties  along  the  sides  of  the  coil,  as  if  the  magnetic  lines  were  try- 
ing to  escape  between  the  turns.  If  the  turns  were  spaced  farther 
apart,  this  effect  would  be  increased,  introducing  another  element 
into  the  equation. 

IX.     Reactance 

When  sine-wave  alternating  current  is  used,  the  value  of  the 
reactance  in  ohms  that  any  coil  will  give  is  obtained  from  its  in- 
ductance, L,  in  henries,  by  multiplying  by  27r/,  which  is  157,  377, 
and  1885  for  frequencies  of  25,  60,  and  300  cycles  per  second,  re- 
spectively. 300  frequency  is  often  assumed  in  telephone  circuits, 
although  telephonic  waves  include  many  higher  frequency  har- 
monics. Fig.  6  is  a  chart  for  giving  at  once  values  of  reactance, 
when  inductance  is  known,  for  the  frequencies  above  mentioned. 

X.     Application  of  Formula  to  Long  Coils 

For  long  coils,  F'  and  F"  may  be  neglected  for  first  approxi- 
mations, when  formula  (5)  becomes  reduced  to  its  first  term, 

L  (in  henries)  =  (^+^+'^)  ^q. (7) 

This  corresponds  to  equation  (4)  with  c  -\-  R  substituted  for  y  as 
explained.  The  substitution  is  empirical,  justified  by  the  results 
obtained. 

Even  for  approximations,  (7)  is  not  recommended  unless  the 
length,  b,  is  at  least  twice  the  outside  diameter,  2R,  when  the 
error  involved  will  scarcely  exceed  4  per  cent  with  a  multilayer 
winding,  and  will  be  within  2  per  cent  for  a  single  layer  solenoid, 
becoming  more  accurate  as  the  length  of  the  coil  increases. 

In  extremely  long  coils,  c  and  li  are  so  small  as  compared  with 
&,  that  they  too  may  be  neglected,  when  the  formula  becomes  re- 

duced  to  L  (in  henries)  =  ^   ,  the  equivalent  of  the  form- 

0  X,  J-vJ 

ula  often  given  in  text-books  without  reservation  as  suitable  for 
solenoids.  The  Bureau  of  Standards  refers  to  this  "approximate 
formula  for  long  solenoids"  as  having  "a  considerable  error",  but 
offers  no  substitute  except  the  Lorenz  single-layer  formula,  which 
involves  elliptic  integrals.  It  is,  in  fact,  in  error  from  20  to  40 
per  cent  according  to  thickness  of  winding,  if  the  coil  is  twice  as 
long  as  the  outside  diameter,  and  more  than  5  per  cent  when  coil 
length  is  as  much  as  20R,  its  error  being  roughly  ten  times  as 
great  as  that  of  (7),  which  is  therefore  recommended  as  a  substi- 
tute for  this  common  form. 
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XI.    Application  of  Formula  to  Short  Coils 

There  is  no  sharp  distinction  between  long  and  short  coils, 
but  coils  whose  axial  length  is  less  than  their  outside  diameter 
may  be  classed  as  short.  With  a  given  length  of  conductor  short 
solenoids  yield  more  inductance  than  long,  but  equation  (7)  shows, 
as  the  common  objectionable  form  does  not,  that  this  gain  has  a 
limit  where  the  value  of  R  begins  to  predominate,  for  the  radius 
of  the  coil  must  increase  with  a  material  shortening  of  the  wind- 
ing. Experiment  shows  also  that  disks  and  rings  have  less  in- 
ductance than  ordinary  compact  shapes,  using  the  same  length  of 
wire.  However,  equation  (7)  does  not  place  enough  emphasis  up- 
on the  radius  for  short  coils,  and  the  empirical  factors  F'  and  F" 
were  introduced  to  correct  this,  and  cause  the  general  formula  (5) 
to  follow  closely  the  varying  influences  of  radius,  length  and 
thickness.  A  comparison  with  precision  formulas  for  the  several 
types  of  coils  shows  how  well  they  perform  their  part. 

XII.     Stefan's  and  Kirchhoff's  Precision  Formulas 

Stefan's  formula  for  multilayer  short  coils  has  proved  ser- 
viceable for  comparisons,  since  it  is  stated  to  be  precise  without 
correction  for  very  short  coils,  and  within  one  per  cent  for  coils 
whose  length  does  not  exceed  radius.  This  formula,  together 
with  its  table  of  constants,  is  reproduced  from  the  Bureau  of 
Standards  bulletin.  The  examples  of  its  use  there  given  are  con- 
fined to  coils  of  relatively  few  layers. 

TABLE    2 

Constants  for  Stefan's  FoRMUt.A 


b            c 

b     ^„     c 

c           b 

^1 

!/., 

or  — — 

c            b 

^1 

^2 

.00 

.50000 

,1250 

.55 

.80815 

,3437 

.05 

.54899 

.1269 

.60 

.81823 

.3839 

.10 

.59243 

.1325 

.65 

.82648 

.4274 

.15 

.63102 

.1418 

.70 

.83311 

.4739 

.20 

.66520 

.1548 

.75 

.83831 

.5234 

.25 

.69532 

.1714 

.80 

.84225 

.5760 

.30 

.72172 

.1916 

.85 

.84509 

.6317 

.35 

.74469 

.2152 

.90 

.84697 

.6902 

.40 

.76454 

.2423 

.95 

.84801 

.7518 

.45 

.78154 

.2728 

1.00 

.84834 

.8162 

.50 

.79600 

.3066 

Stefan's  formula  for  multilayer  short  coils  is  as  follows: 
L  (in  centimeters)  = 

,  -  1/1  +  TTT-al/oJ (8> 


47ra2\r^[(l+^^)loge 
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All  dimensions  are  in  centimeters.  Result  divided  by  lO'^  gives 
henries.  For  notation  see  page  13,  except  for  values  of  ?/i  and 
y.2,  given  in  the  table  for  certain  ratios  of  b  to  c,  or  of  c  to 
b,  so  taken  as  to  make  the  ratio  a  fraction.  Naperian  logarithms 
are  employed  in  this  formula.  Multiply  common  logs  by  2.3026 
to  get  Naperian  logs. 

An  excellent  formula  for  the  inductance  of  a  single  turn  is 
that  of  Kirchhoff,  which  the  Bureau  of  Standards  says  is  extreme- 
ly accurate,  where  —  is  large,    the    error    being  less  than  one 

part  in  a  million  where  —r  ~   250,   and  is  no  more  than  one  in 

a 

500  where  —  =  5.       The  formula  is  evidently  more  exact  than 

any  possible  construction  of  a  single  turn  in  practice. 
Kirchhoff 's  formula  for  single  turns  is  as  follows: 

L  (in  centimeters)  =  A-^a  (loge — ^  —  1.75) <'9) 

Transformed  into  a  form  to  employ  common  logarithms  this  be- 
comes, 

L  (in  centimeters)  =  28.9XftXlogio  (^10) 

The  above  have  a,  the  mean  radius,  in  centimeters.  For  English 
measure,  it  becomes 

L  (in  microhenries)  =  .0734XCTXlogio  "'        (11) 

where  a  is  in  inches.  The  logarithmic  term  being  a  ratio,  values 
are  in  any  units. 

XIII.     Modified  Kirchhoff  Formula  For  Many  Turns 

As  an  extremely  simple  formula,  good  for  approximate  work 
with  short  coils,  the  following  modification  of  Kirchhoff's  is  sub- 
mitted: 

L  (in  milhenries)  =  0.29XaX(^)'  X  logio(^) (12) 

where  coil  dimensions  are  in  centimeters,  and 

L  (in  milhenries)  =  0.736 XaX(T^)'xlogio(7^) (13) 

where  coil  dimensions  are  in  inches. 

These  formulas  (12)  and  (13)  are  not  recommended  for  use 

where  the  value  of  the  logarithmic  term  is  less  than  unity;  i.  e., 

5a 
where  j- — ■. — r  is   less    than    10,    although   it   gives   fair   results 
\b  +c) 
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when  this  ratio  is  between  5  and  10.  They  apply  equally  well  to 
single  and  multi-layer  coils  and  to  disks  and  single  turns,  cover- 
ing substantially  the  field  of  both  Stefan's  and  Kirchhoff's.  It  is 
discontinuous,  as  it  would  become  negative  for  coils  of  relatively 
small  radius.     For  single  turns  b-\-c  =  2c^. 

XIV.     Comparisons 

Table  3  gives  the  specifications  of  nineteen  coils  of  widely 
varying  proportions,  of  which  a  comparison  of  the  value  of  induc- 

TABLE  3 
Description  of  Coils* 


Coi: 

Layers 

Turns 

Length 

Thickness 

Mean 
Radius 

Length  of 
Conductor 

1 

28 

784 

3.2 

3.20 

6.19 

30480 

2 

10 

330 

3.0 

0.79 

2.90 

6003 

3 

14 

462 

3.0 

1.15 

3.08 

8926 

4 

18 

594 

3.0 

1.59 

3.25 

12111 

5 

20 

660 

3.0 

1.65 

3.28 

13511 

6 

1 

1 

0.2 

0.20 

25.00 

157 

7 

1 

1 

0.1 

0.10 

25,00 

157 

8 

1 

1 

1.0 

1.00 

25.00 

157 

9 

1 

2 

0.2 

0.10 

99.85 

627 

10 

2 

4 

0,2 

0.20 

99.  yo 

2507 

11 

1 

4 

0.4 

0.10 

100.00 

2513 

12 

1 

10 

1.0 

0.10 

25.00 

1571 

13 

1 

20 

2.0 

0.10 

25.00 

3142 

14 

4 

16 

0.4 

0  40 

100.00 

10053 

15 

1 

50 

5.0 

0.10 

20.00 

6283 

16 

10 

100 

1.0 

1.00 

4.00 

1257 

17 

1 

1 

2.0 

2.00 

10.00 

63 

18 

1 

1 

1.0 

1  00 

25.00 

1.57 

19 

20 

400 

1.0 

1.00 

10  00 

25133 

*  All  dimensions  ai-e  in  centimeters. 

TABLE  4 
Comparison 


Coll 

By  Experi- 
ment 

Prof.  Brooks' 
Formula 

Error 
per  cent 

1 
2 
4 
5 

75.754 

5.543 

18.476 

24.110 

76.10 

5.578 

18.989 

23.511 

0.4 
0.64 

2.77 
-2.49 

Bureau  of  Standards 


6t 

.02058 

.00204 

-0.88 

-* 

.00202 

.00204 

1.22 

8 

.00041 

000416 

—  1.39 

9 

.0374 

.0372 

-0.53 

10 

.1435 

.1410 

—1.75 

11 

.1394 

.1397 

0.31 

12 

.1490 

.1506 

0.89 

13 

.5150 

.^220 

1.64 

14 

2.070 

2.050 

—0.97 

15 

1.860 

.1.900 

1.93 

16 

1147 

1.1T6 

2.53 

17 

.000331 

.000326 

-1.51 

18 

.00133 

.00131 

—1  50 

19 

64.158 

65.80000 

2,55 

t  (round) 
*  (.sciuare) 
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tarice  obtained  by  use  of  the  universal  formula  with  those  given 
by  the  Bareau  of  Standards  is  given  in  Table  4.  It  will  be  ob- 
served that  there  is  no  error  greater  than  3  per  cent. 

It  will  perhaps  give  greater  confidence  in  the  universal  for- 
mula to  show  its  fair  agreement  in  the  most  extreme  case,  that 
of  a  single  turn  of  large  radius,  even  if  such  a  winding  is  not  re- 
quired commercially.  For  this  purpose,  a  comparison  with  the 
exact  Kirchhoif  formula  (10)  is  invited,  as  illustrated  in  the 
tabular  statement  below.  The  nearly  uniform  variation  of  the 
approximate  formula  (5)  from  the  standard  for  such  single  turns 
is  2.5  per  cent,  and  the  error  cannot  exceed  the  3  per  cent  limit 
in  the  most  extreme  case,  as  proved  in  the  foot-note  on  this  page*. 
The  comparative  values  derived  from  the  modified  Kirchhoff  for- 
mula (12)  are  also  set  down,  to  indicate  that  its  extension  to  coils 
of  many  turns  does  not  prevent  its  use  for  single  turns.  It  is 
seen  that  the  empirical  factors  F'  and  F"  are  so  held  in  check  in  the 
shortest  of  coils,  the  single  turns,  as  well  as  the  extremely  long 
coils,  where  they  become  unity,  that  it  is  not  possible  for  them  to 
cause  the  errors  that  often  arise  from  empirical  formulas  when 
used  beyond  usual  limits. 

Comparison  of  formulas  (5)  and  (12)  with  (10)  for  large  single 
turns: 


a 

(b=c=d) 

R 

L  (in  microhenries  )  by 

Variation 

from  (10) 

in  per  cent 

100 

1000 

10000 

1 
1 
1 

100.5 

1000.5 

10000.5 

7.07 

99.60 

1285.00 

(5) 

6.88 

96  90 

1253  00 

(12) 

6.96 

98.50 

1275.00 

(5» 

2.7 
2.7 
2.5 

(12) 

1.6 
l.I 

0.8 

*Por  extremely  large  circles  of  but  a  single  turn  equation  (5>  reduces  rapidly  to  a  form 
similar  to  Kirchhoft's  formula  (10)  as  follows:  The  transformation  is  obtained  by  using  2  ^r  a 
for  Cm .  its  equivalent;  by  neglecting  b  and  c  in  the  denominator  of  the  first  term,  and  by  using 
a  for  R\  by  omitting  b  and  c  as  negligible  in  comparison  with  i?,  or  a  in  the  F'  term,  making 
the  value  of  that  term  1 ,428;  and  lastly  by  omitting  the  100  in  the  F'  term,  as  negligible  in  com- 
parison with  the  ratio  of  ll-rx ,  as  it  will  be  in  the  most  extreme  cases.  (5)  then  becomes  trans- 
formed  as  follows: 


L  (in  centimeter)  = 


(2Ta)2 


X  1.-128  X  0.5  log  14  «/5rf 


=  28.2  X  rt  X  log2.8a/d 
This  differs  from  1 12 1  only  in  the  coefficient,  which  is  28.9  in  that  equation,  showing  a  difference 
of  2.5  per  cent  in  the  most  extreme  case  possible,  such  as  the  third  line  of  the  tabular  compar- 
ison above. 
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XV.  Effect  of  Shape  of  Coil  on  Inductance 

Fig.  8  is  a  photograph  of  two  coils  wound  with  the  same 
length,  50  ft.  of  No.  8  wire,  the  larger  being  wound  in  7  turns 
loosely  upon  a  bicycle  rim,  the  other  wound  into  a  small  coil  of 
56  turns.  The  small  coil  has  about  2.5  times  the  inductance  that 
the  larger  has.  The  measured  values  are  .239  milhenries  and 
.085  milhenries  for  the  small  and  large  coils.  Calculated  values 
are  not  very  accurate  for  these  coils,  since  they  are  not  closely 
wound. 


Fig.  8.    Photograph  of  Two  Coils  Wound  to  Illustrate  Influence 
OF  Shape  on  Inductance.    (See  Sec.  XV.) 

Table  5  has  been  prepared  to  illustrate  the  variation  of  in- 
ductance due  entirely  to  the  shape  of  the  coil  into  which  a  given 
conductor  may  be  wound.     The  length  of  wire  chosen,  52.4  ft. 
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is  that  required  to  produce  80  turns  of  an  average  diameter  of  2.5  in. 
These  80  turns  are  shown  disposed  in  various  ways,  as  a  single 
layer,  as  two  layers,  as  four,  eight  and  sixteen  layers,  this  last 
being  a  very  thick,  short  coil,  with  a  very  small  hole.  Any  shorter 
coil  with  80  turns  would  fill  up  the  hole  completely,  so  the  suc- 
ceeding lines  show  coils  of  less  turns  and  greater  mean  radius, 
until  the  final  stage  of  a  single  turn  of  the  entire  52  ft.  is  reached. 
The  values  were  calculated  by  the  general  formula  6  and,  so  far  as 
applicable,  by  formula  (13),  which  is  easier  to  use  for  very  shortcoils, 
such  as  disiss  and  rings.  An  additional  line  in  the  table  gives  the  cal- 
culated inductance  for  the  same  conductor  in  a  straight  line,  showing 
that  the  inductance  of  a  single  turn  is  less  than  the  straight  value. 

TABLE    5 

Illustrating  the  Effects  of  Coil  Shape  upon  Inductance 

Inductance  in  milhenries  of  52.4  ft.  of  magnet  wire,  0.1  in.  diameter 
outside  (small  No.  11  d.  c.  c.)  wound  into  cylindrical  coils  of  various  shapes 
as  indicated. 


No, 


jNo.of    Total     Mean  j  Length 'Thick-    Outer 
Description         Lay- ,  Turns  Radius !  ness     Radius  F'  F' 

I   ers   I      -V  a\b\c\R\ 


Indue.  L.  \    Per 

Milhenries  i  cent  of 

(6)     tl3)    I  Max. 


Spaced  solenoid. . .  1 

Solenoid |  1 

Double  layer  ditto;  2 

Thick  tube ,  4 

Compact  MAXI-    I 

MUM 8 

Thick  disk I  16 

Thick  disk 10 

Sq.  section  ring. ..  1  5 

Sq .  section  ring. . .  4 

Flat  ring 4 

Thin  disk 4 

Thin  disk 2 

Siogle  turn t  1 

Straight  line ' 


80 

1.25 

16. 

0.1 

1.3 

80 

1.25 

8. 

.1 

1.3 

80 

1.25 

4. 

.2 

1.3i 

80  . 

125 

2. 

.4 

1.45 

80 

1.25 

1. 

.8 

1  65 

80 

1.25 

0.5 

1.6 

2.05 

50 

2. 

.a 

1. 

2.5 

25 

4. 

.a 

.5 

4  25 

16 

6.25 

.4 

.4 

6.45 

8 

12.50 

.2 

.4 

12.7 

4 

25. 

.1 

.4 

25.2 

2 

50. 

.1 

.2 

50.1 

1 

100. 

.1 

.1 

100.05 

0 

Inl. 

1  007 
1.015 
1.032 
1.072 

1.141 

1.2 

1.20 

1.28 

1.38 

1.57 

1.78 

2.13 

2.46 


.058 
.108 
.186 
.279 

.331 

.289 
.301 
.244 
.190 
.119 
.069 
.042 
.025 


303 
239 

188 

H9 

070 
043 
025 


.030(XVI) 


XVI.     Inductance  of  a  Straight  Wire 

Ft 
L  (in  milhenries)  =  Ft.  XO. 00014  (1.35+ logic— r),  where  Ft.  is  the 

length  of  the  conductor  in  feet,  and  d  its  diameter  bare  in  inches. 
It  is  assumed  that  the  return  conductor  is  at  infinite  distance. 


XVII.     Illustrative  Calculations 

Complete  calculations  are  here  given  for  the  coil  represented 
by  line  10  of  Table  5,  values  being  taken  from  the  table. 
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By  (6)  L  (in  henries) 

.366 (.0524)2  ^2+4.8+25.4 


-^  X 


.2+.4+12.7       2+4.   +17 
. 366 X. 00275  ..   32.2 


X.51og(100- 


X 


13.3  23.8 

=  .0000757X1.35X1.162 
=  .000119  or  .119  milhenries. 
By  (13)  L  (in  milhenries) 


X.5  log  211 


=  0.736X12.5X  {mf  X  log 
=  .0589X2.018  =  .119 


62.5 
.6 


1' 


.4+1.2 


.10 

1 

1 

i  1 

1 

1 
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Fig.  9.    Chart  Showing  the  Varying  Inductance  of  1000  Feet  of 
No.  16  D.  c.  c.  Wire     When  wound  into  coils  of  varjang  mean  radius, 

a.  while  the  ratio  of  —  is  maintained  equal  to  1.2. 
c 


BROOKS-TURNER — INDUCTANCE   OF    COILS 


2a 


SSUaWUNJO  Nl  1103  iO  SS3N7DIB1  '    ' 


Su-J . J 

SI  ^ 

« f- 


is 

>> 

,-^ 

rt 

O 

O 

;m 

td 

Q< 

rf, 

O 

^ 

a> 

r' 

be 

c 

O 

>. 

Si 

0 

rt 

> 

CO 

'"' 

o 

C 

aT 

^ 

H 

c 

a 

o 

w 

fe 

+J 

o 

TJ 

o 

u 

I— ( 

c3 

fa 

„ 

O 

-o 

ffl 

^ 

o 

*J 

z 

be 

<J 

C 

H 

0) 

O 

■   ' 

!3 

•^ 

Q 
1— ( 

s 
s 

>o 

C 

00 

Z 

>o 

?H 

II 

« 

< 

^*^ 

> 

t/T 

3 
T1 

H 

c3 

rh 

;h 

Z 

c3 

O 

a 

K 

«- 

M 

o 

H 

cc 

O 
in 

Q 

O 

SDnOH  U  33NVJ3(10NI 


i's 

—     -1-3 

^      g 

13 

C3 

26  ILLINOIS   ENGINEERING  EXPERIMENT   STATION 

Values  are  calculated  by  equations  (6)  and  (13),  except  line  14, 
for  which  see  page  23.  Line  1,  spaced  solenoid,  is  calculated  by  (6), 
since  the  spacing  is  not  sufficient  to  vitiate  the  result.  The  for- 
mula is  not  designed  for  spaced  windings.  Line  5  is  the  maximum 
inductance,  the  coil  being  practically  the  prescribed  maximum 
shape.  Equation  (18)  gives  .3315  milhenries  as  the  possible  maxi- 
mum. Lines  4,  6  and  7  show  that  a  considerable  alteration  of  coil 
proportions  does  nob  seriously  affect  the  inductance.  Equation 
(13)  is  applicable  only  to  short  coils. 

Pig.  9  and  10  show  how  the  inductances  of  a  given  length  of 
wire  vary  with  certain  factors.  In  Pig.  9,  the  ratio  of  &  to  c  was 
kept  constant  {b—  1.2  c),  while  the  number  of  turns  was  varied. 
The  shape  curve  in  Pig.  9  gives  the  mean  radius  of  the  coil 
for  a  given  inductance  under  the  conditions  imposed.  In  Pig.  10, 
the  mean  radius  a  was  kept  constant,  while  b  and  c  were  varied 
through  a  wide  range;  since  their  product  was  kept  constant,  an 
equilateral  hyperbola  (shape  curve)  will  give  shape  of  cross  sec- 
tion of  coil,  i.  e.,  the  abscissa  to  any  point  on  the  inductance  curve 
gives  the  axial  dimension  b  and  the  ordinate  to  the  shape  curve 
at  this  point  will  give  the  thickness  of  the  winding. 

XVIII.     Maximum  Inductance  in  Coreless  Coils, 
WITH   Equations 

Por  a  given  conductor,  the  numerator  of  the  first  term  of 
equations  (5)  or  (6),  the  metric  and  English  forms  of  the  universal 
formula,  is  constant,  and  the  variation  of  inductance  is  determined 
by  the  shape  of  the  coil,  as  indicated  by  the  denominator  of  the 
first  term,  and  by  the  shape  factors,  F'  F"  .  In  closely- wound  coils, 
the  values  of  o,  b  and  c  must  vary,  so  that  their  product  remains 
constant,  since  2  tt  a  X  be  is  the  volume  of  the  winding.  The  de- 
nominator, b-i-c  +  B,  may  be  written  «+ 6  +  1.5  c,  since  B  = 
a-\-  .5c,  and  its  minimum  value  occurs  when  a  —  b  =  I.d  c  under 
the  law  stated.  This  would  indicate  the  coil  proportions  for 
maximum  inductance  bub  for  the  varying  values  of  i^'  andi'^". 
These  factors  bobti  increase  if  the  coil  is  shortened  and  its  radius 
slightly  increased,  while  the  denominator  is  but  little  affected. 
It  is  found  by  the  method  of  approximations  that  the  relative 
proportions  of  the  coil  which  will  produce  the  maximum  induct- 
ance are  in  fact  nearly  as  follows:  a.:&:c=1.5:1.2:1.0. 
To  the  same  scale,  r  =  1  and  R  =  2,  showing  that  the  outside 
diameter  of  the  coil  is  twice  its  inner  diameter,  and  the  axial 
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length  0.3  its  outside  diameter,  a  compact  shape,  shown  in  Fig.  5. 

A  slight  variation  from  these  proportions,  such  as  may  be 
necessitated  by  the  integral  number  of  layers  and  of  turns  per 
layer  that  must  exist  in  a  smooth  winding,  will  cause  little  loss 
from  maximum  inductance,  while  a  great  variation  will  reduce  the 
inductance  materially.  Line  5  of  Table  5,  already  referred  to, 
is  so  nearly  of  prescribed  proportions  that  the  inductance  is  in- 
distinguishable from  maximum.  Line  7  shows  a  reduction  of  in- 
ductance by  10  per  cent  due  to  a  moderate  change  in  the  coil 
shape.  Lines  4  and  6  show  a  still  greater  reduction  of  inductance 
although  the  change  in  shape  would  not  appear  to  be  greater 
than  that  of  line  7  from  the  maximum.  It  will  be  noticed  that  in 
all  the  coils  of  this  table,  except  line  1,  which  is  a  spaced  coil,  the 
product  abo  is  unity.  The  effect  of  further  modification  of  coil 
shape  is  graphically  shown  in  Fig.  24  and  25,  described  under 
"XIX.  Charts". 

Since  economy  in  the  use  of  material  for  the  production  of 
inductive  reactance  requires  the  employment  of  approximately 
the  maximum  shape,  the  general  formulas  may  be  reduced  to  a 
much  simpler  form  if  the  prescribed  shape,  where  «:&:c  =  1.5: 
1.2:1.0  is  used.  For  these  proportions  i^' X  i^"  =  1 .  14,  and 
?>  +c  +  i?  =  4.2c. 
Equation  (5)  then  becomes  for  maximum  inductance: 

i^jaxiin  henries)  =  0.2714^  ^^^^9 '^^^ 

where  all  dimensions  are  in  centimeters.  See  also  equation  (17). 
The  value  of  c  is  chosen  as  the  dimension  unit,  since  it  is  equal  to 
r,  the  radius  of  the  spool  on  which  the  coil  must  be  wound.  Its 
absolute  value  may  be  determined  from  the  dimensions  of  the 
given  conductor  as  follows: 

The  coil  volume,  2  tt  a  X  6  c  becomes  for  maximum  shape 
3 . 6  T  (i\  using  the  relative  proportions  given  above.  This  volume 
in  closely-wound  coils  must  equal  the  conductor  length  multi- 
plied by  its  outside  diameter  squared,  or  Cm  D"^,  the  units  being 
taken  in  centimeters.     From  this  equality,  c  is  determined. 

c  =  (^^)'      =  0.4455  {Cm  D')^     (15) 

all  values  in  centimeters;  or 

c  (in  inches)  =  1.02  {Ft.  X  D^)^ (16) 

where  conductor  length  is  in  feet,  and  outside  diameter  in  inches. 
Substituting  (15)  in  (14),  the  maximum  inductance  is  found  in 
terms  of  conductor  dimensions  alone: 

L  ^^^  (in  henries)  =  0 .  609  Cm  (-^ )'      X,  10  ^ ....  (17) 
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the  conductor  climeDsions  being  in  centimeters.  In  English  units 
this  becomes: 

L  _  (in  henries)  =  97.8  «,    (-^J^^^ '  X  10  '  (18) 

Ft.  is  the  length  of  conductor  in  feet,  and  B  is  its  outside  diameter 
in  inches. 

A  simple  equation  for  maximum  inductance,  avoiding  expo- 
nents, is  obtained  from  (14).  In  every  coil,  Cm  =  ^-^aiN.  Writing 
N'  for  the  turns  and  3c  for  2a  in  a  coil  of  maximum  shape, 

Cm  =  3  1-  c  iV'  or  —   =  3  tt  iV' . 

c 

Substituting  in  (14) 

L  „a^  (in  henries)  =.2714  X  GmX?>^N'  10  ''=2.56  GmN'  10  ^(19) 
and 

L  „,ax  (in  henries)  =  78  X  Ft.  N'  10^ (20) 

for  English  units. 

N'  is  the  number  of  turns  for  the  prescribed  shape  of  coil 
only,  and  a  small  variation  from  that  shape  may  affect  the  number 
of  turns  more  than  it  does  the  inductance.  Putting  (17)  =  (19) 
iV'  is  defined  by 

iV  =  0. 238  {—) '    (21) 

This  shows  that  the  number  of  turns  in  a  coil,  wound  for  maximum 
inductance,  is  dependent  upon  the  ratio  of  length  to  outside 
diameter  of  conductor,  and  independent  of  absolute  dimensions, 
hence  any  units  may  be  used  in  equation  (21),  providing  the  same 
units  are  used  for  numerator  and  denominator.  The  number  of 
turns  derived  from  (21)  should  be  used  in  equations  (19)  and  (20), 
since  this  number  may  differ  from  actual  count  of  turns,  unless 
the  winding  is  very  exact. 

XIX.     Charts 

Since  curves  often  present  information  that  is  to  be  obtained 
only  with  effort  from  formulas,  it  is  a  feature  of  this  bulletin 
to  offer  charts  for  the  determination  of  the  inductance  of  any  core- 
less  cylindrical  coil. 
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Unlike  resistance,  inductance  depends  not  only  upon  the 
conductor  dimensions  but  upon  the  thickness  of  insulation,  and 
the  shape  of  the  coil  winding,  therefore  to  exhibit  in  simple  chart 
form  the  information  desired  requires  a  comprehensive  scheme. 
Since  the  inductance  of  any  conductor  will  reach  a  maximum 
when  wound  into  the  best  shape,  and  has  a  definite  proportion  of 
this  maximum  value  when  wound  into  any  other  specified  shape, 
the  use  of  the  two  curves  may  be  made  to  determine  the  induct- 
ance of  any  cylindrical  winding  whatever;  one  giving  the  maximum 
value,  the  other  the  percentage  of  that  maximum  that  the  condi- 
tions prescribe.     Their  product  is  the  desired  inductance. 

A  curve  from  which  the  maximum  may  be  taken  will  be  found 
upon  one  of  the  several  inductance  charts  covering  the  principal 
commercial  sizes  and  insulations  of  magnet  wire,  as  explained 
fully  under  section  XX.  A  curve  for  the  proportion  of  maximum 
value  inherent  in  various  possible  shapes  of  coil  will  be  found  in 
one  of  the  two  shape-coefficient  charts  for  long  and  short  coils, 
as  explained  in  detail  in  section  XXII.  These  charts  are  so  bound 
as  to  permit  the  use  of  the  two  selected  charts  simultaneousl3\ 

The  charts  may  seem  to  be  drawn  on  too  small  a  scale  for 
definite  readings,  but  the  use  of  a  more  open  scale  might  lead  to 
the  assumption  of  greater  accuracy  than  the  method  warrants. 
There  should  be  no  difficulty  in  deriving  values  accurate  to  57^: 
with  perhaps  a  little  greater  uncertainty  for  interpolated  condi- 
tions and  furnishing  an  excellent  check  upon  calculated  values. 
The  use  of  logarithmic  section  paper  will  be  seen  to  give  the  same 
proportionate  accuracy  throughout  the  range  of  the  charts,  and 
facilitates  the  extension  of  this  range  to  any  desired  degree. 

XX.     ^Maximum  Inductance  Charts 

Charts  herewith  presented  permit  direct  readings  of  the  maxi- 
mum self-inductance  that  may  be  obtained  from  any  commercial 
magnet  wire  for  lengths  between  100  and  10  000  ft. ,  wound  into 
coils  without  iron  cores.  They  also  furnish  information  as  to  the 
necessary  dimensions  of  the  coil,  and  of  the  number  of  its  turns. 
Other  charts  give  shape- factors  in  percentage  of  the  maximum 
inductance  that  coils  of  other  than  the  prescribed  maximum  shape 
will  produce  from  a  certain  length  of  conductor. 

The  equations  of  the  preceding  section  furnish  means  of  cal- 
culating the  information  needed  to  produce  these  charts.  When 
a  definite  size  of  wire  is  chosen  with  known  insulation,  inductance 
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is  seen  to   vary    as  the  -^  power  of   the   conductor  length,   as 

o 

shown  by  equation  (17)  for  closely  wound  coils  of  the  prescribed 
maximum  shape.  Upon  ordinary  coordinate  paper,  such  an  ex- 
ponential function  produces  a  curve  difficult  to  plot  with  exact- 
ness, while  with  logarithmic  coordinate  paper,  the  curves  become 
straight  lines,  whose  slope  is  determined  by  the  exponent.  Two 
points  determine  a  line,  and  single  points  then  determine  other 
lines,  since  they  must  be  parallel,  having  the  same  exponent. 

The  logarithmic  paper  chosen  for  the  inductance  charts  has 
four  "squares",  whose  horizontal  and  vertical  divisions  are  simi- 
lar to  the  upper  scale  of  the  ordinary  slide  rule,  starting  from 
unity  and  going  to  100.  In  all  charts,  except  the  shape  factor 
charts,  horizontal  divisions,  or  abscissas,  represent  thousands  of 
feet  of  conductor  length,  the  scale  running  from 0.1,  or  100  ft.,  to 
10,  or  10  000  ft.  Vertical  divisions  represent  different  quantities 
on  the  several  series  of  charts. 

The  first  series,  Fig.  11  to  14,  gives  inductance  directly  in 
henries  on  its  vertical  divisions,  or  ordinates,  the  bottom  line  in- 
dicating .01  henry,  the  middle  line,  .1  henry,  and  the  upper 
line  1  henry  with  intermediate  readings  between  as  on  a  slide 
rule. 

Since  inductance  depends  upon  the  compactness  of  the  wind- 
ing, the  thinner  the  insulation  upon  the  conductor  the  higher  the 
inductance.  Commercial  magnet  wires  have  various  insulations, 
and  different  charts  were  found  to  be  necessary  for  the  most  im- 
portant of  these.  Fig.  11a  and  11&  are  for  double-cotton-covered 
wires;  Fig  12a  and  126  for  double- silk-covered  wires;  other  pairs 
of  charts  are  13a  and  13&  for  single  silk,  and  14a  and  146  for 
enamel  insulated  wire.  In  each  pair  of  charts,  one  has  lines  rep- 
resenting even  gauge  numbers  (B.  &  S.  gauge)  that  are  divisible 
by  four:  the  other  those  even  numbers  that  are  not  divisible  by 
four.  Odd  numbers  are  not  directly  represented,  but  may  be 
closely  estimated  as  between  the  adjacent  even  sizes. 

It  will  be  noticed  that  the  parallel  lines  representing  sizes,  4, 
8,  12,  16,  etc. ,  are  not  always  in  normal  space  relation.  This  is  not 
due  to  an  error  in  making  charts,  but  to  the  fact  that  insulations 
are  not  progressive  like  gauge  numbers.  The  thickness  of  in- 
sulation upon  the  several  wire  sizes  was  taken  from  the  tables  of 
the  Standard  Handbook,  reproduced  as  Tables  VI,  VII,  VIII,  IX, 
X  and  XI,  and  the  same  thickness  of  cotton  or  silk  is  used  for 
several  sizes  of  wire,  when  there  is  a  sudden  change  to  another 
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thread,  causing  the  apparent  discontinuity  in  the  charts.      For 
paper-insulated  magnet  wire,  the  cliarts  for  single-silk  suffice. 

XXI.     Charts  for  Dimensions  and  Xumber  of  Turns 

To  wind  a  coil,  it  is  necessary  to  know  the  spool  dimensions, 
and  as  the  calculation  involves  cube-root,  as  shown  by  equation 
(16),  it  is  believed  that  the  series  of  dimension  charts.  Pig.  15a 
to  186,  will  prove  useful.  These  have  horizontal  dimensions 
representing  lengths  of  wire  in  feet  as  before,  and  vertical 
dimensions,  or  abscissas,  giving  the  value  of  c  directly  in  inches, 
c  is  the  thickness  of  the  winding;  1.2c  its  length;  2c  its  inner  di- 
ameter, these  dimensions  giving  all  spool  dimensions.  If  any  other 
shape  than  these  maximum  proportions  be  used,  it  will  be  neces- 
sary to  provide  somewhat  more  space  for  the  winding,  since  more 
wire  will  be  required  for  a  given  inductance. 

It  is  often  desirable  to  know  the  number  of  turns  that  a  coil 
will  have,  and  a  third  series  of  charts,  Fig.  19a  to  22&,  gives  this 
information  for  coils  of  prescribed  maximum  shape,  employing 
the  different  insulations  as  before.  Conductor  lengths  are  abscis- 
sas as  usual,  and  ordinates  give  directly  the  number  of  hundreds 
of  turns,  the  range  of  the  charts  being  from  100  to  10000.  For 
large  conductors,  it  may  be  necessary  to  adjust  dimensions  slightly 
to  accommodate  an  integral  number  of  turns  in  the  length  or 
thickness  of  the  winding.  A  moderate  change  in  the  number  of 
turns,  owing  to  such  adjustment,  makes  little  change  in  the  in- 
ductance.    Values  of  turns  were  determined  by  equation  (21). 

Fig.  23  has  two  curves  upon  it,  to  illustrate  the  use  of  the 
charts  both  for  inductance  and  number  of  turns.  The  two  lines 
concern  Xo.  24  single-silk-covered  wire.  Thus  to  get  0.1  henry 
of  inductance,  890  ft.  of  this  wire  are  required  (1.15  lb.),  and  the 
coil  will  have  1420  turns.  The  coil  dimension,  c,  is  obtained  from 
Fig.  17tt. 

It  may  be  necessary  to  find  values  beyond  the  range  of  the 
charts.  The  lines,  being  straight,  may  be  extended  as  indicated 
upon  Fig.  23.  In  the  lower  right-hand  corner,  is  the  extension  of 
the  inductance  line,  so  that,  for  example,  8000  ft.  will  produce  4 
henries  of  inductance.  For  the  extension,  inductance  values  are 
multiplied  by  100,  and  readings  are  therefore  in  the  whole  num- 
ber henries,  hence  4  in  this  case.       Equation  (18)  shows  that  L 

varies  with  the  -^  power  of  length  of  any  given  conductor,  and 

it  is  convenient  to  know  that  4^  =  10  almost  exactly,    so    that 
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the  value  for  8000  ft.  could  have  been  obtained  from  the  chart 
unextended,  by  reading  the  inductance  for  2000  ft.  as  0.4  henry, 
and  multiplying  it  by  10. 

In  a  similar  way  the  number-of-turns  line  can  be  extended. 
A  backward  extension  is  shown  in  the  lower  left-hand  corner. 

2 
Turns  vary  with  the  -i^  power  of  length,  hence  8  times  the  length 

gives  4  times  the  turns  for  same  shape  of  coil. 

'XXII.     Shape-factor  Charts 

Two  charts,  Fig.  24  and  25,  as  well  as  small  scale  duplicates, 
Pig.  24a  and  25a,  are  provided  to  indicate  the  percentage  of  maxi- 
mum inductance  that  a  coil  of  any  shape  will  give.  As  there  are 
three  variables  involved  in  a  winding:  radius,  length  and  thick- 
ness, it  is  difficult  to  show  this  in  a  simple  way.  Parallel  curves 
represent  different  winding  sections.    On  Fig.  24,  these  are  marked 

1.2,    2,    5,'  10,    20,    50,    100,    and  500,  for  values  of  — .        The 

larger  numbers,  such  as  100,  and  500  will  generally  re- 
present single-layer  windings  of  100,  or  500  turns;  the  smaller 
figures  will  generally  be  multilayer  coils;  thus,  5  might  repre- 
sent two  layers  of  10  turns  each,  5  layers  of  25  turns  each,  or  any 

such  ratio.     The  curve  for  —  =  1.2  includes  the  maximum  value 

(• 

100  per  cent  where  -—  =1.25.     Fig.  24  includes  all  coils  whose 
h 

axial  length,  h,  exceeds  thickness,  c,  while  Pig.  25  includes  square 

section  coils,  — -  =  1,  and  all  coils  where  c  exceeds  &.  Whole  num- 

c 
bers  are  attached  to  the  curves,  the  ratio  being  inverted  to  —  to 

avoid  fractions  in  Fig.  25,  which  includes  all  disk-shaped  coils. 

The  curve  —  =  1  is  for  all  single  turns,  as  well  as  for  those  whose 

0 

turns  per  layer  are  equal  to  the  number  of  layers,  assuming  that 
round  wire  is  used,  and  no  allowance  made  for  bedding. 

Logarithmic  paper  is  again  used,  as  it  is  easy  to  read,  and 
covers  a  wide  range.  It  also  avoids  the  employment  of  reversed 
curves.  The  shape-factor  charts  have  horizontal  divisions,  or  ab- 
scissas, representing  ratios  of  —  throughout.  In  Pig.  24  — 
runs  from  .01  to  100,  and  in  Pig.  25  from  .1  to  1,000.      Ordinates 
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represent  percentages  from  1  to  100,  most  coil  portions  giving 
more  than  10  per  cent  of  the  maximum  inductance  as  would  be  ex- 
pected.    To  find  the  percentage  ratio  of  a  coil  whose  section  is 

4 
not  represented,  such   as  — ;  its  value  may  be   estimated  from 

the  curve  representing  — . 

The  abrupt  ending  of  the  lines  at  the  left  indicates  the  point 
where  the  coil  space  is  entirely  occupied  with  wire,  or  where  the 

hole  ceases  to  exist.    For  example,  in  Fig.  24  the  line  for  —  =  5 

c 

ends     at     —   =0.1.     These  proportions  are   all  relative,    and 

value  c  =  2;  b  =  10;  a  =  l,  fit  the  case  at  this  terminal  point.  In 
order  to  have  the  mean  radius,  a,  half  the  thickness  of  the  wind- 
ing, since  1  is  half  of  2,  the  winding  must  come  down  to  the  axis 
of  the  coil,  and  any  further  decrease  of  radius,  which  could  be 
represented  by  a  continuation  of  the  curve  to  the  left,  is  impos- 
sible. At  this  terminal  point,  any  length  of  wire  wound  into  a 
solid  coil  would  have  62  per  cent  of  the  maximum  inductance,  and 
if  the  5  to  1  section  were  retained,  the  same  length  of  wire  would 

have  86  per  cent  at  —  =  .8,  for  which  ratios  the  proportions 

c  =  1,  &  =  5,  a  =  4,  in  which  the  coil  has  a  central  hole  of  diame- 
ter 7,  give  the  same  volume  of  winding  as  the  solid  coil  above 
mentioned. 

In  Fig.  25,  the  chart  for  disk-shaped  coils,  the  lines  rep- 
resenting various  winding  sections  intersect.  If  the  abscissas 
were  based  upon  the  ratio  of  a  to  c,  there  would  be  no  intersec- 
tions. In  disk  coils,  the  value  of  c,  the  thickness  is  more  import- 
ant than  that  of  b,  the  axial  length,  but  it  was  thought  best  to 
use  the  same  ratio  for  the  abscissas  in  both  charts,  Fig.  24  and  25, 
to  avoid  confusion  in  readings. 

To  find  the  inductance  of  any  coreless  coil,  the  maximum  in- 
ductance charts  give  direct  readings  of  the  inductance  that  it  is 
possible  to  obtain  from  a  given  length  of  wire,  while  charts  24 
and  25  show  the  percentage  of  that  maximum  that  the  actual 
shape  of  the  coil  permits;  hence  the  product  of  the  two  readings 
gives  the  inductance  of  any  coil  whatever,  whose  dimensions  are 
known.  The  same  informition,  without  calculation,  is  thus  avail- 
able, that  the  universal  formulas  (5)  or  (6)  give. 
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XXIII.     Illustrative  Examples 

To  find  the  inductance,  L,  of  320  turns  of  No.  11  d.  c.c.  mag- 
net wire,  wound  into  a  four-layer  solenoid,  whose  dimensions  are 
a  =  2.5,  &  =  8,  and  c  =  0.4  in.  The  length  of  conductor  is 
therefore  419  ft.,  and  since  the  charts  do  not  directly  indicate  odd 
sizes,  find  the  maximum  inductance  of  419  ft.  of  No.  10  wire  from 
Fig.  11«,  as  0.0095  henry,  and  of  the  same  length  of  No.  12 from 
Pig.  11?>  as  0.0115,  and  assume  the  mean,  0.0105,  as  the  value 
for  No.  11  when  wound  for  maximum  inductance. 

For  the  shape  indicated,  find  the  shape-factor  by  referring 

to  Fig.  24  and  as  indicated  by  curve  marked  20,  which  is  —  =  ^, , 

and  read  the  factor  .  57  as  the  ordinate  of  this  curve  at  value  — 

=  0.31.  57  per  cent  of  .0105  is  .006,  or  6  milhenries,  the  induct- 
ance value  sought. 

It  may  be  noted  that  this  assumed  coil  has  twice  the  linear 
dimensions  of  the  coil  of  line  3  of  Table  5,  and  therefore  8  times 
the  weight  and  conductor  length.     Now  for  the  same  coil  shape, 

5  5 

inductance  varies  as  the  —  power  of  conductor  length.       The  -^ 

power  of  8  is  32,  and  the  tabular  value  of  inductance  of  No.  3 
coil,  .186,  multiplied  by  32,  gives  5.95  milhenries,  agreeing 
with  the  chart  value  already  found,  and  checking  its  essential  ac- 
curacy. 

As  another  example,  let  it  be  desired  to  design  a  coreless  coil 
to  produce  30  ohms  reactance  at  60  cycles,  employing  No.  10  d.c.c. 
magnet  wire.  Fig.  6  shows  that  30  ohms  at  60  cycles  is  ob- 
tained from  .08  henry  of  inductance;  Pig.  l\a  gives  1500  ft.  of 
No.  10  for  .08  henry,  if  wound  into  the  maximum-inductance 
shape;  and  Pig.  15a  gives  the  dimensions:  r  =  2.75,  a  =  4.12,  b 
=  3.30  and  c  =  2.75  in.,  prescribing  the  coil  and  conductor  dimen- 
sions. If  the  number  of  turns  is  desired.  Pig.  19a  gives  N'  =730 
as  the  number  of  turns. 

If  there  is  a  restriction  upon  the  coil  dimensions,  for  example, 
that  the  inner  radius,  r,  of  the  coil  cannot  be  less  than  8  in. ,  and 
that  the  axial  length  of  coil  must  be  1  in.,  the  following  approxima- 
tion method  will  determine  the  greater  amount  of  wire  required. 
The  restrictions  make  the  coil  disk-shaped,  and  Pig.  25  will  indi- 
cate the  percentage  factor  for  the  less  advantageous  shape.  To  use 
Pig.  25,  a  is  required,  and  a  =  r  +  .5  c,  but  c  is  to  be  determined 
also.     As  a  first  approximation,  take  c  =  4,  when  a  =  10,  with  h 
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(X  c 

given  =  1;  then  -—  =  10,  and  —  =  4.      The  curves  of  Pig.  25  rep- 

CO  (_' 

resent    directly    -—  =  2  and  -—  =  5.  The  values  for  —-=  ^  will 
h  0  b 

fall  between  these  curves,  and  as  they  intersect  near  the  abscissa 

10,  no  interpolation  is  required,  and  the  shape-factor  is  read  off 

as  .7.". 

To  obtain  0.0^^  henry  will  therefore  require  as  much  wire 

08 
as  would  produce  -^^^r-  =  .  1067  henry  inductance  if  wound  into  the 

prescribed  shape.  Fig.  lla  shows  that  1750  ft.  of  No.  10  wire 
will  be  required,  and  Pig.  15a  gives  its  coil  dimensions  as  a'  =  4.35, 
h'  =3.48,  and  c'  =  2.9,  from  which  a'  b'  c'  =44.  The 
volume  constant,  abc,  for  the  approximate  dimensions  assumed, 
is  40,  showing  that  the  assumed  dimensions  are  10  per  cent  too 
small  to  contain  the  1750  ft.  of  wire.  Since  ?•  and  b  are  restricted, 
c  alone  can  be  increased,  but  as  increasing  c  also  affects  a  to  a  less 
degree,  it  is  not  required  to  increase  c  10  per  cent,  but  8  per  cent 
only,  making  the  revised  values  as  follows:  a"  =  10.16,  6"  =1, 
c"  =  4.32,  and  their  product,  a"b"c''  =  44. 

Referring  again  to  Pig.  25,  for  determining  any  change  in  the 

C  CI 

shape-factor   for-—  =4.32,  and  — -  =  10.16,  it  is  seen  that  no 
b  b 

appreciable  change  has  occurred,  and  the  1750  ft.  of  No.  10  wire 

are  sufficient.      If  a  noticeable  difference  has  arisen,    a  second 

approximation,  and  further  use  of  the  charts  as  before  would  be 

advisable. 

In  using  logarithmic  charts  by  interpolation,  it  is  well  to  note 

that  it  should  be  done  by  logarithmic  differences,  which  vary 

slightly  from  ordinary  proportion. 

XXIV.      Weights  and  Reactance-resistance  Ratios 

If  it  be  assumed  that  equal  weights  of  wire  occupy  the  same 
space,  true  of  bare  wire,  and  approximately  true  of  insulated  wire, 
then  equation  (14)  shows  that  equal  weights  of  wire  produce  in- 
ductance in  proportion  to  the  square  of  the  conductor  length. 
Thus  a  given  weight  of  No.  13  magnet  wire  would  have  twice  the 
length  and  yield  four  times  the  inductance  that  the  same  weight 
of  No.  10  would  give.  It  is  seen  that  inductance  is  more  cheaply 
obtained  from  small  wires,  and  that  the  smallest  wire  that  it  is 
safe  to  use  should  be  employed 
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For  equal  weights,  resistance  also  varies  as  the  square  of  the 
length  of  the  conductor,  so  the  ratio  of  inductance  to  resistance 
is  practically  constant  for  a  given  weight  of  wire,  regardless  of 
its  size,   provided  the  coil  is  wound  for  maximum  inductance. 

Therefore  the  time  constant,  the  value  of  —^ ,    depends  upon  the 

weight  of  the  coil  for  maximum  shaped  coils. 

From  another  equation  (17),  it  is  seen  that  with  definite  sized 

wire,    inductance   increases  with    the  —  power  of  the    conduc- 

tor  length.     Resistance  increases  directly  with  length,  therefore 

2 
the  ratio  of  the  two  increases  with  the  -^  power  of  the  in- 
crease in  length,  or  of  weight,  since  weight  and  length  increase 
together.  A  definite  ratio  of  reactance  to  resistance  requires  a 
nearly  definite  weight  of  wire,  independent  of  the  size  of  the  con- 
ductor. Thus  0.5  lb.  of  wire  will  produce  a  reactance  at  60  cycles 
equal  to  its  resistance  in  ohms,  while  a  coil  w^eighing  1000  times 
as  much,  or  500  lb.  will  produce  a  reactance  that  is  100  times  as 
great  as  its  resistance,  since  100  =  1000'.  As  a  specific  ex- 
ample, 0.5  lb.  of  No.  14  wire  has  a  reactance  and  a  resistance  of 
about  0.1  ohm,  while  the  500  lb.  will  give  10  000  ohms  of  reactance, 
and  100  ohms  of  resistance.  This  ratio  of  reactance  to  resistance 
of  100,  giving  a  lag  angle  of  89.5°  if  connected  at  its  terminals  to 
an  alternating  electromotive-force  may  be  considered  nearly  pure 
reactance,  as  the  resistance  is  negligible  in  comparison. 

TABLE  6. 

Estimate  of  Coil  Weights  for  Certain  Ratios  of  Reactance  to 

Resistance  Coils  To  Be  Close-wound  in  the  Prescribed 

Shape   for  Producing    Maximum  Inductance. 


X 

R 

Las  Angle 

WEIGHT  OF  COPPER  IN  LB. 

25  Cycles 

60  Cycles 

300  Cycles 

1. 

2.5 
6. 
10. 
100. 

45 
68 

80 
84 
89.5 

2. 

7.5 
30. 
60. 
1860. 

0.5 
2. 

8. 

16. 
500. 

.045 
.18 
.72 
1.44 
45. 

This  table  is  not  applicable  to  spaced  coils,  which  it  may  be 
necessary  to  use  in  order  to  obtain  sufficient  insulation  between 
turns. 
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The  table  above  gives  the  results  of  a  rough  estimate  of  the 
weights  of  wire  required  for  the  various  ratios  of  reactance, 
X—  2TrfL,  to  resistance,  li,  of  maximum  inductance  coreless  coils 
wound  with  wire  of  any  size.  The  estimate  is  necessarily  rough, 
since  the  weights  will  vary  slightly,  increasing  for  the  finer 
sizes  of  wire. 

XXV.     Ratings  of  Coils 

There  is  no  established  rating  for  inductance  coils.  Since 
the  object  of  such  coils  is  usually  to  offer  as  much  reactance  as  pos- 
sible, the  volt-ampere  or  kilo  volt- ampere  rating  should  be  adopted. 
The  rating  is  then  the  value  otI'X,  and  the  indefinite  factor  is 
the  current,  T,  since  it  is  a  matter  of  judgment  how  much  current 
a  certain  conductor  may  safely  carry,  depending  upon  the  condi- 
tions of  operation.  If  a  definite  density  is  selected,  the  rating  is 
determined  when  the  coil  dimensions  are  known.  This  rating 
corresponds  to  the  resistance  rating  in  f^R  units,  which  are  watts. 
For  a  definite  current  density,  l^E  varies  directly  with  weight, 

while    fX    varies   with   the  -^  power  of   weight,  as  explained 

o 

in  the  preceding  paragraph,  the  current  being  fixed  by  the  size  of 
the  conductor.  Hence  the  rating  of  a  reactance  coil  increases 
much  more  rapidly  than  a  resistance  coil,  as  conductor  length  in- 
creases. 

The  cost  per  kilovolt-ampere  diminishes  with  increasein  size 
of  coil.  Thus,  a  coil  of  No.  1-i  wire  having  a  weight  of  16  lb.  has 
a  reactance  of  about  32  ohms  at  60  cycles,  and  costs,  at  20  cents 
per  lb.  for  copper,  $3.20.  The  rating,  fX,  is  3.2  kilovolt- 
amperes,  if  10  amperes  be  employed,  making  the  cost  $1  per  kilo- 
volt-ampere. Using  the  same  size  wire  in  the  500  lb.  coil,  the 
reactance  is  10  000  ohms,  the  I^X  rating  1000  kilovolt-amperes, 
and  the  copper  costs  but  $100,  or  10  cents  per  kilovolt-ampere. 
At  25  cycles,  the  weight  of  coil  is  nearly  one  ton  before  the  cost 
per  kilovolt  ampere  is  reduced  to  10  cents. 

The  diminishing  cost  of  copper  per  kilovolt-ampere  for  reac- 
tance may  be  compared  with  the  constant  cost  of  copper  per  kilo- 
watt for  resistance.  Using  the  same  current  density  and  price  of 
copper  per  pound,  the  cost  is  uniformly  $10  per  kilowatt  of  I^R. 
The  extravagance  of  resistance  control  of  alternating  current  is 
evident. 

The  rapid  gain  in  the  rating  of  coreless  reactance  coils  with 
weight  thus  points  to  their  increased  use  in  engineering  work, 
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since  in  very  large  sizes  they  are  relatively  cheap,  and  have  the 
great  advantage  of  absence  of  core  losses  as  compared  with  ferric 
reactances. 

XXVI.     Mutual  Inductance 

Mutual  inductance  may  sometimes  be  ascertained  through 
self  inductance  calculations.  Mutual  inductance  may  be  defined 
as  the  inductive  influence  of  one  coil  or  circuit  upon  another. 
Thus  if  a  coil  be  thought  of  as  consisting  of  two  half-coils,  each 
half  has  mutual  inductance  with  respect  to  the  other  half  as  well 
as  its  own  self-inductance.  The  self  inductance  of  the  whole  coil 
will  then  be  equal  to  the  sum  of  the  mutual  inductances  of  the 
half  coils  added  to  their  own  self  inductances.  If,  however,  the 
two  halves  be  connected  in  opposition,  the  mutual  inductances  are 
opposed  to  the  self-inductances,  and  the  combined  self-induc- 
tance is  equal  to  the  difference  between  the  self  and  mutual 
inductances.     Expressed  in  symbols  these  facts  are  as  follows: — 

(22)  L  =  Li  -\-  L2  -\-  2  M,  when  the  coils  are  in  series. 

(23)  Lq  =  Li  +  L2  —  2  M,  when  the  coils  are  in  opposition. 

As  thus  expressed,  these  formulas  are  not  confined  to  equal 
halves  of  a  single  coil,  but  are  general,  where  ii  and  Z2  are  the 
self- inductances  of  the  two  parts,  and  ^/ their  mutual  inductance. 
L(,  is  the  combined  inductance  of  the  parts  in  opposition,  while  L 
is  their  self-inductance  in  series. 

When  Z]  and  L^  are  such  parts  of  one  coil  that  together  they 
make  a  close- winding,  the  formulas  of  this  bulletin  or  the  charts 
may  be  used  in  obtaining  their  values,  when  the  above  equations 
will  give  the  mutual  inductance  of  one  part  upon  the  other. 

If  a  winding  have  a  square  section,  the  mutual  inductance  of 

real  or  imagined  halves,   side  by  side,  is  substantially  equal  to 

that  of  two  halves  one  within  the  other.     Mutual  inductance  can 

never  exceed  25  per  cent  of  Z,  the  self-inductance  of  the  whole 

coil.     Highest  values  of  mutual   inductance  occur  when  the  two 

parts  make  nearly  the  maximum  prescribed  shape;  although  if  a 

jj         2 
disk-shaped   coil    where  —  =  -r~  is    divided    into    two   thinner 

(•         4 

disks,  side  by  side,  each  having  a  section —  =  -7-;  or   a    short 

C  4 

b         4 
thick  tube   having   the     section    proportions —  =  -^,    and    the 

two  half  coils  are  the  inner  and  outer  layers  of  this  short  tube, 
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the  value  of  M  will  be  found  to  be  slightly  greater  than  if  a  square 
section  coil  be  divided  into  two  halves  either  transversely  or 
longitudinally. 

It  should  be  noted  that  15  per  cent  to  20  per  cent  of  a  large 
value  of  L  may  give  a  greater  value  of  Jl  than  2o  per  cent  of  a 
small  value  of  L;  and  that  a  minimum  value  of  Ze  does  not  coincide 
with  the  high  values  of  Jr.  It  is  possible  to  extend  the  calcula- 
tion of  mutual  inductances  by  self-inductance  formulas  to  coils 
not  contiguous  by  having  or  assuming  a  coil  to  fill  the  gap  be- 
tween,— a  method  described  in  the  Bureau  of  Standards,  Bulletin 
Vol.  v.  No.  1,  page  20. 

It  seems  to  be  advantageous  in  transformers  to  make  the  two 
coils  constituting  the  primary  and  secondary  windings  have  as 
high  a  mutual  inductance  as  possible,  independent  of  the  action 
of  the  core,  in  order  that  the  weight  of  the  core  may  be  reduced, 
especially  in  the  very  large  transformers  that  are  now  being 
built. 

In  very  large  reactance  coils  without  cores,  where  the  actual 
flux  density  within  the  coil  attains  values  approaching  those  with 
weak  iron  magnetic  circuits,  the  mechanical  stresses  due  to  sud- 
den short-circuits  are  but  little  appreciated.  It  will  be  necessary 
to  build  such  coils  substantially,  and  to  use  spaced  windings  for 
this  purpose,  even  if  not  required  for  insulation.  That  such  coils 
will  have  an  increasing  use  is  probable,  especially  when  ib  is 
realized  that  the  cost  per  kilo  volt- ampere  decreases  so  rapidly 
with  increase  of  rating,  making  the  cost  of  very  large  coils  com- 
parable with  cored  coils,  to  which  they  are  in  many  respects  so 
superior. 

Owing  to  the  increasing  use  of  non-ferric  coils,  there  is  a 
demand  for  convenient  data  concerning  their  characteristics,  for 
definite  knowledge  of  their  most  effective  shape,  and  for  a  simple 
method  of  determining  their  inductive  reactance.  It  is  hoped 
that  the  information  herein  presented  will  facilitate  the  construc- 
tion and  utilization  of  such  coils  in  every  branch  of  electrical 
engineering. 
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XXVII.     Tables  and  Charts 


TABLE  7 

Diameters  of  Cotton  Covered  Wire* 

(Standard  Underground  Cable  Co.) 


Size 

Diameter  in  Mils 

B  &  S 

Bare 

S.  C.  C. 

D.  C.  C. 

T.  C.  C. 

S.  S.  C. 

D.  S.  0. 

0000 

460 

469 

478 

487 

462 

464 

000 

410 

419 

428 

437 

412 

414 

00 

365 

374 

383 

392 

367 

369 

0 

325 

334 

343 

352 

327 

329 

1 

289 

298 

307 

316 

1    391 

293 

2 

258 

267 

276 

285 

260 

262 

3 

229 

238 

247 

256 

231 

233 

4 

204 

213 

222 

231 

206 

208 

5 

182 

191 

200 

209 

184 

186 

6 

162 

170 

178 

186 

164 

166 

7 

144 

152 

160 

168 

146 

148 

8 

128 

135 

142 

149 

130 

132 

9 

114 

120 

126 

132 

116 

118 

10 

102 

107 

112 

117 

104 

106 

11 

91 

96 

101 

106 

93 

95 

12 

81 

86 

91 

96 

83 

85 

13 

72 

77 

81 

87 

74 

76 

14 

64 

69 

74 

79 

66 

68 

*  Reprinted  by  permission  from  Standard  Handbook- 
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TABLE  8 
Thickness  of  Cotton  and  Silk  Insulation* 


Size 

Thickness  of  Insulation  in  Mils 

B&S 

S.C.C. 

D.C.C. 

T.C.C.          S.S.C. 

D.S.C. 

Makert 

0000-5 

6-7 

8 

4.5 
4.0 
3.5 

9.0 
8.0 
7.0 

13.5 
12.0 
10.5 

1.0 
1.0 
1.0 

2.0 
2.0 
2.0 

R.S.U. 

0 

10-12 

13-19 

3.0 
2.5 
2.25 

6.0 
5.0 
4.5 

9.0 
7  5 
7.75 

1.0 
1.0 
1.0 

2.0 
2.0 
2.0 

R 

13-32 
U-15 
16-18 

2.5 
3.0 
2.5 

4.5 
5.0 

4.0 

7.0 
7.0 

1.0 

2.0 

S.U. 
G.E. 

19-ae 

23-25 
80-40 

2.0 
2.0 
2.0 

4.0 
4.0 
4.0 

i'.b 

1.5 

1.0 

3.0 
2.0 

R 

86-28 
29-34 
32-36 

2.0 
2.0 

4.0 
4.0 

■■: 

1.5 
1.2 
0.87 

3.0 
2.5 
1.75 

G.E. 
S.U. 

S5-40 

2.0 

4.0 

... 

1.0 

2.0 

G.E. 

♦Reprinted  by  permission  from  Standard  Handbook. 

tR=Roebling's  Sons  Company. 

S.U.=Standard  Underground  Cable  Company. 

G.E.=General  Electric  Company. 

Note:— Diameter  overall  =  diameter  bare -h  2  (thickness  of  insulation). 
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TABLE  9 

Diameter  of  Small  Sizes  of  Magnet  Wire* 

(General  Electric  Co.) 


Size 

Diameter  in  Mils 

B&S 

Bare 

s.c.c. 

D.C.C. 

S.S.C. 

D.S.C. 

Enamel 

14 

64 

70 

64 

67 

15 

57 

63 

67 

60 

16 

51 

56 

59 

53. 5 

17 

45 

50 

53.0 

4T.5 

18 

40 

45 

48 

42 

19 

36 

40 

44 

37 

20 

32 

36 

40 

34 

21 

28 

33.5 

36.5 

30.5 

23 

25 

29.4 

33.4 

27.5 

23 

23 

26.5 

30.5 

26 

29 

25 

24 

20 

24.1 

28 

23 

26 

22 

25 

18 

22 

26 

21 

24 

20 

26 

16 

20 

24 

19 

22 

17.5 

27 

14 

18 

22 

17 

20 

15.5 

28 

13.6 

16.6 

20. 6 

15.6 

18.6 

14 

29 

11 

15.3 

19.3 

14 

17 

12.3 

30 

10 

14 

18 

12.5 

15 

11.3 

31 

9 

13 

17 

11.4 

13.9 

10.2 

32 

8 

11.9 

15.9 

10.5 

13 

9.2 

33 

7 

11.0 

15 

9.5 

12 

8.2 

34 

6.3 

10.3 

14.3 

8.8 

11.3 

7.3 

35 

5.6 

9.6 

13.6 

7.6 

9.6 

6.8 

36 

5 

8.5 

12 

7 

9.0 

6.2 

38 

4.5 

6 

8 

5.2 

40 

4 

5 

7 

4.2 

♦Reprinted  by  permission  from  Standard  Handbook. 
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TABLE  10 

Weights  of  Small  Sizes  of  Magnet  Wire* 

(General  Electric  Co.) 


Size 

Weight  in 

Pounds  per  1000  Feet. 

B&S 

S.C.  C. 

D.  C.C. 

S.  S.  C. 

D   S  C. 

Enamel 

14 
15 
16 

12  684 
10.082 
8.012 

12.918 
10.274 
8.176 

12.684 
10.053 
7.973 

17 
18 
19 

6  375 
5.081 
4.043 

6.510 
5.188 
4.130 

6.322 
5.0O9 
3.Q66 

to 

21 
22 

3.215 
2.569 
2.055 

3.289 
2.628 
2.106 

3.136 
2.475 
1.970 

S3 
24 
25 

1.630 
1.297 
1.036 

1.676 
1.344 
1.082 

1.57 

1.241 

.991 

1.604 
1.298 
1.040 

1.555 

1.232 

.980 

26 

27 
28 

.828 
.661 
.524 

.873 
.703 
.562 

.791 
.631 
.499 

.833 
.666 
.521 

.777 
.616 

.485 

29 
30 
31 

.421 
.336 
.271 

.457 
.372 
.307 

.397 
.315 
.254 

.416 
.332 
.267 

.384 
.303 
.242 

32 
33 
34 

.215 
.174 
.141 

.248 
.201 
.161 

.203 
.161 
.130 

.214 
.172 
.140 

.192 
.152 
.121 

35 
36 
38 

.12 
.099 

.137 
.112 

.110 
.089 
.058 

.119 
.096 
.065 

'           .101 
.081 
.051 

40 

.037 

040 

.031 

♦Reprinted  by  permission  from  Standard  Handbook. 


44 


ILLINOIS  ENGINEERING   EXPERIMENT   STATION 


TABLE  II 
Space  Occupied  by  Magnet  Wires  * 


Turns  per  Inch 

B.&S. 

S.C.C. 

D.C.C. 

S.S.C. 

D.S.C. 

Enamel 

14 

14 

13 

14 

15 

15 

14 

16 

16 

17 

16 

18 

17 

20 

18 

21 

18 

22 

20 

23 

19 

25 

22 

27 

20 

27 

25   , 

29 

21 

30 

27 

32 

22 

34 

SO 

36 

23 

37 

32 

38 

34 

40 

24 

41 

35 

43 

38 

45 

25 

45 

38 

47 

41 

50 

26 

50 

41 

52 

45 

57 

27 

55 

45 

58 

50 

64 

28 

60 

48 

64 

53 

71 

29 

65 

51 

71 

58 

81 

30 

71 

55 

80 

66 

88 

31 

76 

58 

87 

71 

104 

32 

84 

62 

95 

76 

120 

33 

90 

66 

105 

83 

130 

34 

97 

69 

110 

88 

140 

35 

104 

73 

130 

104 

160 

36 

117 

•   82 

140 

110 

190 

38 

160 

120 

40 

200 

140 

230 

♦Reprinted  by  permission  from  Standard  Handbook. 
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TABLE  12 
Space  Occupied  by  Magnet  Wires  ■ 


Turns  per  Sq.  In. 


B.&S. 

s.c.c. 

D.C.C. 

S.S.C. 

DSC. 

Enamel 

14 
15 
16 

204 
252 
318 

182 
223 
281 

222 
278 
350 

17 
18 
19 

400 
495 
625 

356 
435 
516 

443 

567 
692 

20 
21 
22 

775 
948 
1150 

625 
752 

H96 

865 
1070 
1320 

23 
24 
25 

1420 
1720 
2060 

1070 
1270 
1480 

1480 
1890 
2270 

1190 
1480 
1740 

1600 
2060 
2500 

26 
27 
28 

2500 
3080 
3620 

1740 
2060 
2360 

2770 
3460 
4100 

3060 
2500 
2890 

3260 
4160 
5100 

29 
30 
31 

4270 
5100 
5920 

2680 
3080 
3460 

5100 
6410 
7690 

3460 
4440 
5180 

6600 
7830 
9610 

32 
33 
34 

7070 
8260 
9440 

3970 
4440 
4900 

9090 
11000 
12900 

5920 
6940 
7820 

11800 
14800 
17700 

35 
36 
38 

10800 
13000 

5400 
6940 

17380 
20i00 
2770J 

lOSOO 
12300 
15600 

21600 
26000 
37000 

40 

40000 

20400 

54000 

*  Reprinted  by  permission  from  Standard  Handbook. 
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Fig.  11a  and  1  \h  Apply  to  Double-Cotton-Covered 

Charts  for  Determining  the  Length  of   Magnet  Wire  When  Wound 
into  the  Most  Economical  Shape  for  Producing  a  Given  Inductance.  L,  in  a 
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(D.  C.  C.)  Magnet  Wire  of  Even  Gauge  ^Numbers 

Coil  without  Iron;  or  for  Finding  the  Inductance  in  Henries  of  Any  Length 
of  Wire  When  Wound   into  the  Prescribed  Maximum-Inductance  Shape. 

(See  Section  XX). 
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Fig.  12a  and  126  Apply  to  Double-Silk-Covjerei> 

Charts  for  Determining  the  Length  of  Magnet   Wire   When   Wound 
the  Most  Economical  Shape  for  Producing  a  Given  Inductance,  i,  in  a. 
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(D.  S.  C.)  Magnet  Wire  of  Even  Gauge  Numbers 

Coil  without  Iron;  or  for  Finding  the  Inductance  in  Henries  of  any  Length 
of  Wire  When  Wound  into  the  Prescribed  Maximum-Inductance  Shape. 
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Fig.  13a  and  13b  Appi.y  to  Single-Silk-Covered 

Charts  for  Determining-  the  Length  of  Magnet  Wire  When  Wound 
into  the  Most  Economical  Shape  for  Producing-  a  Given  Inductance,  L,  in  a 
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(S.  S.  C.)  Magnet  Wire  of  Even  Gauge  Numbers 

Coil  without  Iron:  or  for  Findng  the  Inductance  in  Henries  of  Any  Length 
of  Wire  When  Wound  into  the  Prescribed  Maximum-Inductance  Shape. 
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Fig.  Ua  and  14b  Apply  to  Enamel-Covered 

Charts  for  Determining  the  Length  of  Magnet  Wire  When   Wound 
into  the  Most  Economical  Shape  for  Producing  a  Given  Inductance,  L,  in  a 
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Magnet  Wire  op  Even  Gauge  Numbers 

Coil  without  Iron;  or  for  i^Mnding  the  Inductance  in  Henries  of  any  Length 
of  Wire  When  Wound  into  the  Prescribed  Maximum-Inductance  Shape. 
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Fig.  15a  and  15&  ake  Charts  for  Indicating  the  Inner  Eadius,  r^ 
OF  Coils  of  Prescribed   Maximum-Inductance  Shape  Wound  with 

Other  Coil  Dimensions  Are  Tlien  Proportional: 
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Any  Length  of  Double-Cottox-Covered  (D.  C.  C.)  Magnet  Wiee  of 
Even  Gauge  Numbers 

a=  1.5  -/•;  h  =  \.2  r;  c=  r.     (See  section  XXI.) 
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Fig.  16(1  AND  16&  are  Charts  for  Indicating  the  Inner  Radius,  ?% 
OF  Coils  of  Prescribed  Maximum-Inductance  Shape  Wound  with  Any 

Other  Coil  Dimensions  Are  Then  Proportional: 
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Length  of  Double-Silk-Covered  (D.  S.  C.)    Magnet  Wire  of  Even 
Gauge  Numbers 

a=  1.5  r;  b—  1.2  r;  c=  r.     (See  section  XXI.) 
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Fig.  17a  and  Ylh  are  Charts  for  Indicating  the  Inner  Radius,  r, 
OF  Coils  of  Prescribed  Maximum-Inductance  Shape  Wound  with  Any 

Other  Coil  Dimensions  Are  Thien  Proportional: 
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Length  of  Single-Silk-Covered  (S.  S.  C.)   Magnet   Wire  of  Even 
Gauge  Numbers 


a^\.hr\  6=1.2r;  c^r.    See  section  (XXI.) 
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Fig.  18a  and  18'j  are  Charts  for  Indicating  the  Inner  Radius,  r, 
OF  Coils  op  Prescribed  Maximum-Inductance  Shape  Wound  with  Any 

Other  Coil  Dimensions  Are  Then  Proportional: 
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Length  of  Enamel-Covered  Magnet  Wire  of  Even  Gauge    Numbers 
a=l.o;-:  6  =  1.2  7-:  c  —  r.    (See  section  XXI.) 
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Fig.  19a  axd  19?>  are  Charts  for  Indicating  the  Xumber  ofHun- 
DBEDS  OF  Turns  for  Coils  of  Prescribed  Maximum-Inductance  Shape 

Chart  Values.  Multiplied  by  100,  Give  X'  in  Formula  (20). 

The  Indicated  Number  of  Turns  is  Subject   to   Adjustment  for  Ob- 
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Wound  with  Axv  Length  of  Double-Cottox-Coteeed  (  D.C.  C;  Mag- 
net WiKE  of  Even  Gauge  Numbers 

taining  Complete  Layers  of  the  Winding,  and   Is  Xot  Directly  Serviceable 
for  Coils  of  Otiier  Shiapes. 
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Fig.  20a 

Fig.  20a  and  20b  are  Charts  for  Indicating  the  Number  of  Hun- 
dreds OF  Turns  for  Coils  of  Prescribed  Maximum-Inductance  Shape 

Chart  Values,  Multiplied  by  100,  Give  N'  in  Formula  (20). 

The  ladicated  Number  of  Turns  Is  Subject  to  Adjustment  for  Ob- 
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Fig  21a  and  216  are  Charts  for  Indicating  the  Number  of  Hun- 
dreds OF  Turns  for  Coils  of  Prescribed  Maximum-Inductance  Shape 

Chart  Values,  Multiplied  by  100,  give  N'  in  Formula  (20). 

The  Indicated  Number  of  Turns  Is  Subject  to  Adjustment  for  Ob- 
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Fig.  22a  and  22?y  are  Charts  for  Indicating  the  Number  of  Hun- 
dreds OF  Turns  for  Coils  of  Prescribed  Maximum-Inductance  Shape 

Chart  Values,  Multiplied  by  100,  Give  N'  in  Formula  (20). 
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Shape-Factor  Chart 
Solenoid  Type 

In  coreless  cyliodrical  coils,  only  those  having  the  relative  propor- 
tions, a=1.5, '--=  1.2,  c=  1,  (see  Fig.  5)  give  the  maximum  inductance, 
wbile  other  shapes  employ  the  conductor  less  effectively. 

Fig.  24  and  25  indicate  the  shape  factor,  or  coefficient  for  reducing 
the  maiimum  inductance  possible  from  any  conductor  to  its  actual  value 
when  wound  into  other  than  the  prescribed  maximum  shape. 

Fig.  24  includes  all  cylindrical  windings,  whose  axial  length,  h.  ex- 
ceeds radial  thickness,  c,  mostly  solenoids.  Curves  apply  to  specified 
values  of  the  ratio, — ,  from  1.2  (which  Includes  the  maximum  shape)  to 
500  for  very  thin  shell  windings.  Points  at  left  indicate  long  solenoids  and 
thick  tubes  of  relatively  small  radius:  while  points  at  the  right  give  values 
for  short  tubes  or  bands  of  large  radius.  For  ratios  of  — -,not  represented 
bj  curves,  points  may  be  interpolated.  For  given  ratio  of  -|-  as  abscissa, 
the  desired  factor  Is  the  ordinate  of  the  curve  or  interpolated  point  for 
the  given  ratio  of—.    See  section  XXIII  for  illustrative  examples. 
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Fig.  25 

'  Shape-Factor  Chart 

Disk  Type 

In  coreless  cylindrical  coils,  only  those  having  the  relative  propor- 
tions 0=1.5,  6  =  1.2,  andc  =  l,  {see  Fig.  5)  give  the  maximum  Inductance, 
while  other  shapes  employ  the  conductor  less  effectively. 

Fig.  24  and  25  indicate  the  shape  factor,  or  coefficient  for  reducing 
the  maximum  inductance  possible  from  any  conductor  to  its  actual  value 
when  wound  int-o  otlier  than  the  prescribed  maximum  shape. 

Fig.  25  Includes  all  cylindrical  windings,  whose  radial  thickness,  c, 
equals  or  exceeds  asiai  length,  b.  mostly  rings  or  "pancake"  coils.    Curves 

apply  to  integral  values  of-r-from    unity    for  single  turns  and  rings  of 

square  section,  to  500  for  very  flat  washer-shaped  coils.  Points  at  left  in- 
dicate relatively  small  radius,  or  colls  of  little  or  no  hole;  at  right  indicate 

large  radius  and  usually  large  hole.    For  ratios  -r-    not     represented    by 

curves,  points  may  be  interpolated.  For  given  ratio  of-v-as  abscissa,  the 
desired  factor  is  the  ordinate  of  the  curve  or  interpolated  point  for  the 
given  ratio  of  -r-.    See  section  XXIII  for  illustrative  examples. 
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MECHANICAL  STRESSES  IN  TRANSMISSION  LINES 


I.     Introduction 

1.  Preliminary. — Owing  to  the  fact  that  the  mechanical  stresses 
in  transmission  Hnes  vary  within  unusually  wide  limits,  many  electrical 
engineers  have  overlooked  the  fact  that  otherwise  well-designed  and 
expensive  electric  power  stations  have  been  seriously  crippled  because 
the  transmission  line,  though  electrically  strong,  was  mechanically  weak. 
There  are  instances  where  it  would  be  a  commercial  impossibility  to 
design  a  transmission  line  that  would  withstand  the  local  combined 
maximum  w'ind  pressure,  ice  load,  and  temperature  range.  If  a 
telegraph  or  telephone  line  should  be  overturned  by  an  exceptionally 
severe  storm,  accompanied  by  sleet  on  the  wires,  comparatively  little 
inconvenience  would  result,  owing  to  the  fact  that  these  small  wires, 
though  frequently  numerous,  carry  harmless  currents.  The  percentage 
of  modern  telegraph  and  telephone  lines  yearly  destroyed  is  fairly 
small ;  and,  for  this  reason,  to  build  all  the  lines  strong  enough  to  resist 
the  most  exceptional  wind  pressure  w^ould  be  more  expensive  than  to 
replace  the  few  lines  destroyed.  Let  a  high-tension  transmission  line 
be  overturned,  however,  and  more  serious  results  will  follow.  The 
transmission  line  is  often  the  most  expensive  part  of  an  electric 
power  development;  therefore,  it  should  be  built  strong  enough  to 
resist  the  exceptionally  violent  local  storms,  and  no  expense  should 
be  spared  to  insure  safety  to  life. 

2.  Object  of  Bulletin. — Transmission  lines  are,  in  general, 
subjected  to  stresses  due  to  the  following  causes:  (i)  dead  weight; 
(2)  wind  pressure;  (3)  changes  of  temperature;  (4)  tensional  unbal- 
ancing. It  is  the  object  of  this  bulletin  to  discuss  the  first  three  of 
the  above  stresses. 

3.  Acknozdcdgmcnts. — Acknowledgment  is  hereby  made  to 
Messrs.  A.  J.  Bowie,  Jr.,  (Electrical  World,  Vol.  48)  and  to  J.  Mayer 
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(Engineering  News,  Vol.  35)    for  the  use  of  material  from  articles 
which  appeared  in  the  above  mentioned  magazines. 

4.    Xotatio)i. — The  following  notation  will  be  used. 
A  =  cross-sectional  area  of  wire. 

a  =  coefficient  of  linear  expansion  per  degree  F. 

c  =  tension  constant  at  lower  temperature. 

c^  =  tension  constant  at  higher  temperature. 

E  =  modulus  of  elasticity  of  wire. 

c  ==  base  of  natural  logarithms. 

f  =  deflection  at  lower  temperature. 
/^  =  deflection  at  higher  temperature. 

(f)  =  angle. 

6  =  angle. 

H=  tension  at  lowest  point  of  wire    (lower  temperature), 
//i  ==  tension  at  lowest  point  of  wire  (higher  temperature). 

/  =  length  of  span. 

L  =  length  of  wire  at  lower  temperature. 
L^  =  length  of  wire  at  higher  temperature. 
M,A^  =  constants. 

s  =  half  length  of  catenary  at  lower  temperature. 
Sj^  =  half  length  of  catenary  at  higher  temperature. 

T  =  tension  at  insulator  at  lower  temperature. 
T^  =  tension  at  insulator  at  higher  temperature. 

T  =  temperature  range. 

u  =  constant.  ■ 

IV  =  resultant  weight  at  lower  temperature. 
zi\  =  resultant  weight  at  higher  temperature. 

X  =  half  length  of  span.  ' 

y  =  any  ordinate ;  when  maximum  =  /. 

II.     Stresses  Due  to  Dead  Weight 


5.  Classification  of  Dead  JVcigJit  Stresses. — The  dead  weight  con- 
sists of:  (i)  weight  of  poles  or  towers;  (2)  weight  of  one  span  of 
wire;  (3)  weight  of  snow  or  ice-coating,  if  any;  (4)  weight  of  foun- 
dation, if  any. 

Stresses  (i)  and  (4)  are,  as  a  rule,  easily  taken  care  of  by  the 
bearing  soil  or  sub-foundation,  as  they  act  vertically  downwards,  or 
nearly  so.  Stresses  (2)  and  (3)  have  both  a  vertical  and  a  horizontal 
component,  but  the  horizontal  component  is  the  more  important.  Under 
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the  heading,  The  Tension  of  Aerial  Lines,  it  will  be  shown  how  great 
this  horizontal  component  may  become  in  extra  long  spans. 

6.  U'^cight  of  Snow  or  Ice  Coating. — Snow  or  ice  load  becomes 
the  more  important,  the  smaller  the  diameter  of  the  wire.  This  may 
easily  be  seen  by  considering  two  wires  of  the  same  length,  but  of 
different  diameters.  Assuming  a  coat  of  ice  ^  in.  thick,  the  increase  in 
weight  per  unit  length,  on  a  wire  0.102  in.  in  diameter  (10  B  &  S 
gauge)  would  be 

[(  I    +0.102)-  (0.102)2]    =    1.204       (l) 

4  4 

i  =  weight  of  ice  in  pounds  per  cubic  inch 

The  increase  in  weight  on  a  wire  0.409  in.  in  diameter  (3-O  B 
&  S)  w^ould  be 

-^  [(I  +  0.409)^^—  (0.409  )2]  =  1.818^ (2) 

4  4 

The  ratio  of  diameters  is  1:4,  but  the  ratio  of  increased  load  is 
I  :i.5,  as  may  be  seen  from  equations  i   and  2. 

7.  Weight  of  Foundation. — Any  foundation  may  be  regarded  as 
having  two  components:  (i)  the  bearing  soil  or  sub-foundation;  (2) 
the  foundation  proper,  consisting  of  the  materials  forming  a  solid  base 
for  the  superstructure.  As  geological  conditions  vary  widely  in 
different  localities,  an  approximate  knowledge  of  the  characteristics 
of  the  soil  under  consideration  is  of  importance. 

(a)  Bearing  Soil. — Sometimes  the  bearing  power  of  the  soil 
must  necessarily  be  increased.  This  can  be  accomplished  by  means 
of  piles.  Trautwine  gives  the  following  formula  for  determining  the 
maximum  load  that  a  pile  will  stand : 

/i  +  I 
where 

W  =  ultimate  load  in  tons  of  2000  pounds  ; 
H  =  fall  in  feet ; 

w  =  weight  of  hammer  in  pounds ; 
h  =  last  sinking  in  inches. 

This  formula  must  be  used  with  a  factor  of  safety  of  from  i  to 
10,  depending  upon  local  conditions. 

Table  i  shows  the  safe  bearing  values  of  ordinary  soils. 
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TABLE  I 
Safe  Bearing  Values  of  Soils 


Kind  of  Material 

Rock,  the  hardest,  in  thick  layers  in  native  bed 

Rock,   the   softest,    easily   worn   by   water   or   exposure   to    the 

weather    

Clay,  in  thick  beds,  always  dry 

Clay,  in  thick  beds,  moderately  dry  

Clay,    soft   beds   

Gravel  and  coarse  sand,  well  cemented  

Sand,    compact    and    well    cemented 

Sand,   clean  and   dry   

Quicksand  and  alluvial  soils  


Bearing 

Values 

tons  per   sq.   ft. 

Maximum 

Minimum 

200 

18 

6 

4 

4 

2 

2 

1 

10 

8 

6 

4 

4 

2 

1 

O.S 

Table  2,  compiled  from  various  authorities,  gives  the  crushing 
strengths  and  moduli  of  rupture  of  the  principal  materials  used  for 
foundations. 

TABLE  2 

Crushing  Strengths  and  Moduli  of  Rupture 


Kind  of   Material 


Granite     

Limestone,  common  varieties  

Oolitic  limestone  

Sandstone    (brownstone)     

Concrete,  1  month,  1  part  portland  cement,  2  parts  sand,  and 

4  parts  broken   stone  

Brick  laid  in  portland  cement,  1  to  2  mortar 

Brick  laid  in  Rosedale  cement,  1   to  2  mortar 


Moduli  of 

Crushing 

Rupture 

Strengths 

lb.  per  sq.  in. 

lb.  per  sq.  in. 

1800 

10400 

1500 

8670 

2338 

6700 

2160 

8300 

250 

1500 

2900 

1700 

(b)  The  Foundation. — Stresses  in  foundations  are  due  to  two 
causes:  (i)  dead  weight  of  poles  or  towers,  plus  weight  of  one  span 
of  wire,  together  with  any  snow  or  ice  coating:  (2)  stresses  due  to 
wind  pressure ;  tensional  unbalancing  caused  by  spans  of  different 
lengths,  breaking  of  one,  two,  or  all  of  the  wires,  changes  in  the  direc- 
tion of  the  line,  changes  of  level,  etc. 

The  total  dead  weight  divided  by  the  area  of  the  foundation,  plus 
the  unit  load  produced  by  the  maximum  wind  pressure,  (see  Stresses 
Due  to  Wind  Pressure),  plus  a  factor  representing  the  unit  load  pro- 
duced by  tensional  unbalancing,  are  represented  by  the  following 
formula : 


L  = 


W    Ml 


(3) 
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where 

L  =  load  on  sub-foundation  per  unit  area; 
ly  =  total  dead  weight ; 
A  =  area  of  foundation ; 
M  ==  moment  of  the  wind ; 
/  =  moment  of  inertia  of  the  area  of  the  base  about  a 
gravity  axis  perpendicular  to  the  direction  of  wind; 
/  =r  distance  of  most  remote  point  of  base  from  this  axis ; 
U  =  factor  representing  unit  load  produced  by  tensional 
unbalancing. 
Considering  a  common  case,  in  which  the  towers  rest  on  square 
bases,  the  direction  of  the  wind  is  at  right  angles  to  the  line,  and  the 
line  is  straight,  there  is  obtained  for  the  maximum  intensity  of  pressure 
■on  the  footing: 

L=   ^+^\M  +  N    (4) 

in  which: 

/  =  length  of  one  side  of  square  base; 
/'  =  moment  of  inertia  of  base  about  a  gravity  axis  par- 
allel to  one  side; 
A^  =  moment  due  to  tensional  unbalancing, 
and  the  other  symbols  have  the  same  meaning  as  above. 

Sometimes  it  is  found  necessary  to  extend  the  base  of  a  foundation 
in  order  not  to  overload  the  bearing  soil.  To  show  how  to  determine 
the  safe  projection  of  this  base,  a  simple  case  will  be  considered. 
(Fig.  I). 
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Let        P  =  the  pressure  in  lb.  per  sq.  in.  at  the  bottom  of  the 
foundation ; 
R  =  the  modulus  of  rupture  of  the  material  of  the  founda- 
tion in  lb.  per  sq.  in ; 
/>  =^  the  projection  in  inches; 
t  =  the  thickness  of  the  base  in  inches ; 
h  =  the  breadth  of  the  base  in  inches ; 
The  projecting  part,  p,  of  the  base  may  be  considered  as  a  canti- 
lever beam  uniformly  loaded.     Therefore,  the  bending  moment  of  this 
beam  may  be  represented  by  the  formula 


Pph^-^  =^  Rbt'' 


Simplifying 


R 


(5) 
(6> 


r 


GroUnd 
Lex/el 


^ 


Ja.         \ 


-a 


Fig.  2 
A  factor  of  safety  ranging  from  5  to  10  should  be  used  in  connec- 
tion with  this  formula  (6). 
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Fig.  I  may  also  be  taken  as  representing  one  of  the  four  separate 
masses  of  concrete  needed,  when  the  four  posts  of  a  tower  are  placed 
so  far  apart  that  it  would  be  uneconomical  to  use  a  single  concrete  block 
to  support  the  whole  structure.  It  could  also  represent  the  slightly 
different  case  (on  account  of  the  earth  on  top)  when  the  four  blocks 
rest  on  a  platform  usually  made  of  reinforced  concrete. 

The  stresses  in  a  foundation  and  the  accompanying  lateral  earth 
pressures  which  are  set  up  when  the  tower  is  subjected  to  lateral  pres- 
sures will  now  be  considered.  Fig.  2  represents  a  longitudinal  section 
of  a  prismatic  concrete  block  of  depth  d  which  supports  a  tower  which 
is  subjected  to  lateral  pressures.  The  longitudinal  section  of  the  block 
is  taken  in  a  plane  parallel  to  the  resultant  lateral  pressure  F  which 
acts  at  a  distance  q  above  the  ground  level.  Neglecting  friction  of 
ground  against  the  sides  of  the  concrete  block,  the  overturning  moment 
of  F  is  resisted  by  earth  pressures  having  resultants  A  and  B  on  oppo- 
site sides  of  the  block.  The  intensity  of  earth  pressure  is  assumed  to 
vary  in  a  straight  line  relation  from  zero  at  some  section  along  the 
block  to  a  maximum  in  one  direction  at  the  ground  level  (/a),  and  to 
a  maximum  in  the  other  direction  at  the  bottom  of  the  block.  If  the 
block  is  of  uniform  cross-section,  the  point  of  application  of  A  will  be 
one-third  the  distance  from  the  ground  level  to  the  section  of  zero 
lateral  pressure ;  similarly,  the  point  of  application  of  B  will  be  one- 
third  the  distance  from  the  bottom  of  the  block  to  the  section  of  zero 
lateral  pressure.  Using  the  notation  of  Fig.  2.  we  obtain  the  following 
equations  for  equilibrium.     Taking  moments  about  B, 

,        h  2  Ad 

B  ^F  =  A 
also  A        a 

'b'^Y 

and 

a  -\-b  =  d 
From  the  above  equations. 

and 

Ad 
'=^A=F 
From  the  straight  line  relation  of  the  lateral  earth  pressures, 

'■       oar' 
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in  which  zv  is  the  width  of  the  block  perpendicular  to  the  line  of  action 
of  F.  f^  should  not  exceed  the  safe  bearing  pressure  for  the  soil  around 
the  block.    The  maximum  bending  moment  on  the  block  is 

2Bd      2{A—F)d 

3     "         3 

and  the  maximum  fiber  stress  due  to  bending  equals  this  maximum 
moment  divided  by  the  section  modulus  of  a  cross-section  of  the  block 
about  an  axis  perpendicular  to  the  line  of  action  of  F.  This  fiber 
stress  should  not  be  greater  than  about  one-sixth  the  strength  of  the 
material  of  the  block  in  cross-bending. 

III.     Stresses  Due  to  Wind  Pressure 

8.  Lateral  Stresses. — The  chief  lateral  stresses  to  which  trans- 
mission line  poles  or  towers  are  subjected  are  due  to  wind  pres- 
sure acting  on  the  wares,  and  on  the  poles  or  towers  themselves;  (the 
pressure  on  cross-arms  and  insulators  may  ususally  be  neglected). 

The  usual  assumed  wind  pressures  in  England,  Germany, 
Switzerland  and  the  United  States  are:  56,  26,  21,  and  30  lb.  per  sq. 
ft.  of  exposed  area.  These  pressures  are  for  wind  acting  normally 
to  a  flat  surface.  The  effective  area  offered  by  a  cylinder  to  the 
pressure  of  wind  is  theoretically  two-thirds  of  the  diameter  multi- 
plied by  the  length.  In  Switzerland,  0.7  of  the  diameter  times  the 
length  is  allowed;  in  England,  0.6. 

9.  Wind  Pressure  on  Flat  Surfaces. — Air  pressure,  especially  on 
curved  surfaces,  is  a  very  complex  quantity,  and,  so  far  as  the  writer 
is  aware,  no  exact  mathematical  treatment  of  the  subject  has  been 
given.  This  is  due  to  the  fact  that  when  a  body  immersed  in  a 
fluid  is  moving  in  the  latter  (or  vice  versa),  there  will  generally 
exist,  at  every  point  of  the  surface  of  the  body,  a  pressure  dif- 
ferent from  that  which  would  have  existed  without  this  movement. 
When  there  is  not  such  motion,  the  resultant  of  all  the  elemen- 
tary forces  due  to  the  static  pressure  of  this  fluid  is  equal  to 
zero.  If  the  body  is  in  motion,  this  can  easily  be  understood,  remem- 
bering that  the  pressure  at  any  point  can  be  regarded  as  composed  of 
the  pressure  due  to  the  direct  stream  of  air  flowing  normal  to  the 
surface  in  question,  and  the  reflected  air  streams  from  other  points 
of  the  surface  near  by. 

Drs.  Finzi  and  Soldati*  give  an  account  of  a  most  interesting 
series  of  experiments  which  they  performed  in  determining  air  pres- 
sures. The  series  of  tests  includes  the  determination  of  the  normal 
pressure  on  planes,  cylinders,  spheres,  and  bodies  of  other  shapes.  The 
method  of  determination  consisted  in  the  use  of  a  tube  connected  to 

*Engineering   (London)   March   17,  April  14,  1905. 
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small  holes,  normal  to  the  surfaces,  the  other  end  of  the  tube  being 
connected  to  a  pressure  gauge.  Thus  the  pressure  over  the  entire 
surface  could  be  observed  by  point  measurements,  the  pressure  at  any 
point  being  of  course  normal  to  the  surface. 

Previous  experiments  on  wind  pressure  had  been  made  by  meas- 
uring the  pressure  as  a  whole  (dynamometric  method)  without  making 
any  determination  as  to  the  distribution  over  the  various  regions  of 
the  body,  and  this  very  fact  explains  why  eminent  authorities  obtained 
radically  different  results.  But  the  experiments  of  Drs.  Finzi  and  Sol- 
dati  have  proved  conclusively  that  the  wind  pressure  on  any  surface 
was  not  evenly  distributed,  and  that,  in  all  cases,  the  pressures  vary 
directly  with  the  first  power  of  the  velocity  heads.  In  the  consideration 
of  fiat  surfaces  normal  to  the  wind,  the  pressure  may  be  regarded  as 
composed  of  two  parts:  (i)  front  pressure,  (2)  back  pressure.  The 
front  pressure  is  greatest  at  the  center  of  the  figure,  where  its  highest 
value  is  equal  to  that  due  to  the  velocity  head.  It  falls  ofif  towards  the 
edges.  The  gross  front  pressure  for  a  circle  is  75  per  cent  of  that  due 
to  the  velocity  head;  for  a  square,  it  is  70  per  cent-,  and  for  a  rectangle 
whose  length  is  very  long  compared  with  its  width  it  is  83.3  per  cent. 

Back  pressures  are  nearly  uniform  over  the  whole  area  except  at 
the  edges.  In  the  above-mentioned  experiments,  the  striking  fact  is 
brought  out  that  the  back  pressure  is  dependent  on  the  perimeter  of 
the  plane,  and  will  vary  between  negative  values  of  40  and  100  per 
cent  of  the  velocity  head,  its  value  being  expressed  by  the  equation, 

V-W 
P=  ——— (0.4-^0.15/  — 0.0044 /-) 

where is  the  velocity  head  and  /  is  the  perimeter  in  meters. 

This  equation  holds  up  to  /  =  4.     From  what  precedes,  the  maximum 

total  pressure  on  an  indefinitely  long  rectangle  of  measurable  width 

is  1.83  times  the  velocity  head  pressure.    For  a  very  small  square,  the 

coefficient  may  be  as  small  as   i.i.     xA.ccording  to  the  theorv  usually 

accepted,  this  coefficient  should  be  2. 

Air  pressures  per  unit  area  may  be  obtained  by  means  of  the 

following  formula : 

V2]V 
p  =  K 

where 

V  =  velocity  of  wind  per  second ; 
JV  =  weight  of  air  per  unit  cube ; 
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g  =  acceleration  of  gravity  in  corresponding  units. 

Table  3,  calculated  from  the  above-mentioned  article  on  air  pres- 
sures, gives  the  coefficient  K  for  various  surfaces. 

10.  Wind  Pressure  on  Oblique  Surfaces. — The  front-face  pres- 
sure at  an  angle  of  less  than  90^  can  be  determined  by  means  of  the 
following  formula : 

VHV  sin '3a 

^=^ — 

TABLE  3 


Description  of  Surface 


10  cm.  diameter  disc  

30  cm.  diameter  disc  

100  cm.   diameter   disc  

10  X    10   cm.    square   

30  X  30  cm.  square  

100  X   100  cm.   square   

10  X  30  rectangle  

10  X  100  rectangle  

30  X   100   rectangle  

4.8  mm.  diameter  x  23  cm.  cylinder 

4.8  mm.  x  25   cm.  rectangle   

Long    rectangle    


Front 

Back 

0.750 

0.447 

0.754 

0.538 

0.747 

0.813 

0.697 

0.453 

0.696 

0.572 

0.697 

0.893 

0.752 

0.516 

0.771 

0.713 

0.753 

0.757 

0.222 

0.401 

0.756 

0.488 

0.833 

1.000 

1.197 
1.292 
1.560 
1.150 
1.268 
1.690 
1.268 
1.484 
1.510 
0.626 
1.244 
1.833 


Experiments  carried  on  by  Drs.  Finzi  and  Soldati  proved  that  the 
exponent  varies  between  1.22  and  1.42.  The  back  depression  for  angles, 
comprised  between  60°  and  90°,  is  fairly  uniform  over  the  whole  area, 
and  very  similar  to  the  values  at  90°  given  in  Table  3. 

II.  Wind  Pressure  on  Large  and  Small  Surfaces. — There  is  a 
great  difference  between  wind  pressure  on  large  and  small  surfaces. 
This  arises  from  the  fact  that  the  wind  pressure  acts  in  gusts  or  is  oscil- 
lating, and  the  oscillations  are  not  synchronous  over  any  considerable 
extent  of  space.  The  English  standard  for  wind  pressure  is  56  lb.  per 
sq.  ft.  of  plane  exposed  surface,  60  per  cent  of  this  being  for  cylin- 
drical surfaces  (counting  diameter  into  length  as  exposed  area).  In 
this  country,  50  lb.  per  sq.  ft.  is  a  frequent  standard ;  but  most  American 
engineers  are  of  the  opinion  that  such  pressures  occur  only  over  small 
surfaces,  and  that  30  lb.  per  sq.  ft.  of  exposed  surface  is  a  liberal  allow- 
ance for  areas  extending  over  considerable  distances.  The  New  York 
building  code  and  many  other  building  codes  prescribe  for  high  build- 
ings 30  lb.  per  sq.  ft. 

The  observed  wind  pressure  greatly  decreases  as  one  approaches 
the  surface  of  the  ground.    This  is  an  additional  reason  why  an  assumed 
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wind  pressure  of  more  than  30  lb.  per  sq,  ft.  is  not  warranted  for  a 
transmission  line,  the  towers  of  which  are  rarely  more  than  60  ft.  high. 
For  the  cylindrical  parts  of  a  transmission  line  (poles,  wires,  etc.),  as 
pressures  on  cylindrical  surfaces  have  been  shown  by  experiment  to  be 
from  50  to  60  per  cent  of  those  on  plane  surfaces,  a  pressure  of  18 
lb-  per  sq.  ft.  (counting  diameter  into  length  as  area)  is,  therefore,  a 
liberal  assumption. 

Mr.  H.  W.  Buck*  has  given  the  results  of  a  series  of  wind-pres- 
sure experiments  made  at  Niagara  on  a  950-ft.  span  of  0.58-in.  stranded 
cable,  erected  so  as  to  be  normal  to  the  usual  wind.  From  the  data 
obtained,  the  following  formula  was  derived : 


where 


p  =  0.0025  v^ 


p=  pressure  in  lb.  per  sq.  ft.  of  projected  area; 
V  =  wind  velocity  in  miles  per  hour. 
For  solid  wire,  previous  experimenters  had  derived  the  formula : 

p  =  0.002  V^ 

Mr.  Buck  attributes  the  25  per  cent  increase  to  the  fact  that,  for  a 
given  diameter,  cable  presents  increased  surface  for  wind  pressure. 
Unfortunately  he  mentions  neither  the  barometer  nor  the  temperature. 
Fig.  3  was  drawn,  using  ]Mr.  Buck's  formula.     He  points  out  in  his 
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paper  that  in  the  reports  of  the  U.  S.  Weather  Bureau,  the  wind 
velocities  are  higher  than  the  actual  velocities  on  a  level  with  the 
average  transmission  line.     This,  of  course,  is  due  to  the  fact  that 

*Paper  read  at  the  World's  Fair  in  St.  Louis,  1904. 
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the  recording  instruments  are  usually  located  on  high,  exposed  places. 
Fig.  4  shows  graphically  his  tabular  comparison  of  indicated  and 
actual  velocities. 

It  is  highly  desirable  that  proper  investigations  should  be  con- 
ducted along  the  line  of  suitable  coefficients  for  wind-pressure,  to  see 
the  effect,  if  any,  which  the  wire  diameter  exerts  on  the  pressure  for 
a  given  projected  area,  and  to  determine  whether  the  values  should  not 
be  still  greater  for  cable  than  for  wire. 
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So 


Based  on  the  fact  that  the  tangent  of  the  angle  made  by  the  plane 
of  the  wire  with  the  vertical  shows  the  ratio  of  the  wind-pressure  to 
the  weight  of  the  wire,  A.  J.  Bowie,  Jr.,  has  suggested  the  following 
simple  and  feasible  method  for  keeping  record  of  or  measuring  the 
wind  pressure  on  wires.  A  pivoted  lever,  provided  with  a  pencil  at 
the  upper  end,  rests  constantly  against  the  wire  at  the  center  of  the 
span.  The  pencil  traces  a  diagram  on  paper  from  which  can  be  de- 
termined the  lateral  sway  of  the  wire  and  hence  the  wind  pressure. 

IV.    Texsiox"  in  Aerial  Lines.* 


12.  Analytical  Discussion. — Let  ABC  represent  a  wire  fast- 
ened to  insulators  A  and  C,  or  in  other  words,  imagine  ABC  to  be 
any  span  of  a  transmission  line.  The  internal  force  or  tension  in  a 
perfectly  flexible  string,  if  hung  as  shown  in  Fig  5,  would  be  directed 

*The  analytical  discussion  immediately  following  is  substantially  that  given 
in  text-books  on  Theoretical  Mechanics.  It  is  inserted  here  for  the  sake  of 
completeness  in  the  presentation. 
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at  every  point  along  the  tangent  line  to  the  string;  but  this  is  not 
exactly  true  of  a  wire ;  for,  if  an  attempt  be  made  to  bend  an  imper- 
fectly flexible  string,  or  a  conductor,  a  certain  amount  of  resistance 
proportional  to  the  degree  of  rigidity  of  the  string  or  wire  is  encoun- 
tered. However,  as  the  wire  under  consideration  hangs  freely,  gravity 
being  the  only  force  acting  upon  it,  for  all  practical  purposes,  the 
curve  ABC  may  be  considered  as  a  catenary.  This  curve  would  be 
a  perfect  catenary  if  the  wire  were  inextensible,  perfectly  flexible, 
and  of  uniform  cross-section  and  density. 

The  properties  of  the  curve  ABC  will  be  the  same  whether  or 
not  the  points  A  and  C  are  at  the  same  level;  but,  for  the  sake 
of  simplicity,  the  equation  of  this  curve,  assuming  A  and  C  to  be 
in  the  same  horizontal  line,  will  be  deduced. 

Consider  a  particle  P  of  the  wire   (Fig.  5).     This  particle,  as 


shown  in  Fig.  6,  is  kept  in  equilibrium  by  the  tensions  T^  and  T2, 
and  by  its  weight,  W  acting  downwards.  Resolving  these  forces 
horizontally. 


Tj  cos  ^1  —  T2  cos  60  =  0 
r^cos  0^  =  ToCos  6n.  .  .  . 


(I) 


^_Jl_ 
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That  is,  the  horizontal  components  of  the  tensions  in  the  differ- 
ent portions  of  the  wire  are  the  same. 

The  equation  of  the  curve  shown  in  Fig.  5  will  now  be  deduced. 
The  X-axis  will  be  located  at  B,  the  lowest  point  of  the  catenary 
and  the  Y-axis  will  also  pass  through  this  point.  Fig.  7  shows  as 
free  and  in  equilibrium,  the  right-hand  half  of  the  catenary  ABC 
(Fig.  5).  The  tensions  H  and  T,  and  the  weight  W,  of  the  wire 
make  this  equilibrium  stable.    For  algebraic  convenience,  make 

//  =  cw   (2) 

That  is,  the  tension  H  at  the  lowest  point  of  the  curve  may  be  con- 
sidered replaced  by  the  weight  of  a  length  c  of  wire  weighing  w  pounds 


Fig.  7 


per  unit  length.     Calling  s  the  length  of  the  curve  shown  in  Fig.  7^ 
resolving  vertically, 


Resolving  horizontally 


dy 
T  ---  =  sw  =  W 
as 


T  —r~=  cw  ^  H 
ds 


Dividing  (3)  by  (4)  and  squaring 

dy^  s^ 

dx^^~c^ 

Remembering  that 

dy-  ==  ds-  —  dx~ , 
substituting  in  (5),  and  solving  for  dx, 


(3) 
(4) 

(5) 
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dx 


V''  + 


and 


x=  c 


ds 


Equation  (6)  can  be  integrated  as  follows : 


p         ds  r-^ 

Jo  ^F+^'^i 


ds 


—    X 


I 


r^Jc^  +  ^'  ^-^  +  ^  ^  ^ 

Jo    Vc2+^2      [^+     Vc2+^2     ^ 
5  Cf  5 

.     ds-\-\jc^--h^-  
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(6) 


loge 


+V'' 


Substituting  (7)  in  (6) 


x=c  logg 


^  + 


V^'  + 


Remembering  that 

(f.v2  =  ds^  —  dy^, 
substituting  in  (5),  and  solving  for  y, 


'=JV^"^ 


s  d  s 

+  ^2 


-V^' 


2  _L   c2 


+  ^2 


Therefore 


V 


3'=-^/c2+>^^  — c 


(7) 


(8) 


(9) 


i8 
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Solving  for  c, 


c  = 


^2  _  -^,2 


2y 


(10) 


Fig.  8  illustrates  a  principle  which   will  be   found  of  great  use 


'^         X 


D     X' 


Fig.  8 


when  it  is  necessary  to  draw  an  accurate  catenary. 
From  equation  (3)  and  (4) 

T  sin  ^      szi' 


T  cos 


tan  ^  =  - 
c 


From    (9), 


y  +  c=yj 


(II) 


(12) 


Therefore.  (Fig.  8 )  if  PD  be  parallel  to  VO  and  equal  to  y  +  c, 
as  shown,  and  EP  (  =  s)  be  the  tangent  at  P,  then  ED  will  be  equal 
to  c  and  perpendicular  to  tangent  EP. 

From  (12)  it  may  easily  be  seen  that  as  y  is  a  variable  and  c  a  con- 
stant, the  point  D  for  any  other  ordinate  will  necessarily  lie  on  the 
line  OD.    This  line  OD  is  called  the  directrix  of  the  catenary. 

Equation   (8)   can  be  written, 


Where  e  is  equal  to  2.718,  the  base  of  the  natural  logarithms. 
Solving  for  s  in  (13) 


-:-[ 


—  ec  —e  c 


(13) 


(14) 
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From   (9)   and    (14),  the  value  of  y  in  terms  of  x  can  be  found. 
Remembering  that  in  the  notation  of  hyperbolic  functions 

if   £- 

-    e*"  -\-  e 

and 


=  cosh 


I 

2 

X              _x^ 

= 

sinh    — 
c 

equation  (14)  may  be  written 

and  equation  (9) 

c 

—  c 

y=\s-  -f  c2_c  = 

sinh2  x^j 
c 

=  c  cosh '-  —  c 
c 

c 

'  2 

'    X                    x' 

6«  -f-e     c 

—  c 

(15) 


(16) 


We  know  how  to  determine  the  tension  at  the  lowest  point  of  the 
wire  (see  equations  (2)  and  (10)).  It  will  now  be  shown  how  the 
tension  at  the  highest  point  (at  the  insulator),  or  at  any  other  point 
of  the  wire,  can  be  determined. 


Equation  (3)  may  be  written, 

ws 


T  = 


sin  6 


(17) 


From  Fig  8, 


Therefore 


T 


sin  $ 


ws 


y-{-c 


sin  0 


■=w  (y-^c) 


(18) 


This  last  equation  shows  that  the  tension  at  any  point  is  equal  to  the 
weight  of  a  portion  of  the  wire  whose  length  is  equal  to  the  ordinate 
of  the  point  plus  c. 

If  we  call  /  the  maximum  value  of  y,  i.  e.,  the  deflection  of  the 
wire,  then  from  (2)  and  (18) 

T  =  H  +  fw (19) 

Remembering  that  y^^^^^f,  equation  (18)  may  be  written 
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7  =  /w  -f  czv  (20) 

Therefore 

T  —  fzv  .       . 

c  = — (2ia> 

zv 

Equating  (10)  and  21a) 

s^—p      T  —  fzv 

Therefore 

T= -T (2I&> 

2/ 

Solving  for  / 

.         X±fczii^'= (22> 

zv 

Equation  (22)  may  be  written 

T  =  fzv±:  Jt^—sHu~ (23) 

Equating   (19)   and   (23) 

H  +  fzu  =  fzv  ±  jT^  —  sHv^ (24) 

and 

H=±  ^T-—sHi>^-  (25) 

This  last  equation  shows  that  the  tension  T  at  the  insulator,  the 
tension  //  at  the  lowest  point  of  the  conductor,  and  the  weight  W 
of  half  the  span  of  wire  can  be  represented  as  shown  in  Fig.  5. 

(The  ±:  sign  in  equation  (25)  may  be  taken  to  show  that  when 
considering  the  right  or  left-hand  half  of  the  span  of  wire  as  free 
and  in  equilibrium,  the  horizontal  tension  H  which  should  be  put  in 


W=sw       \T=w(f+c) 
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(as  shown  in  Fig.  9),  would  point  in  one  or  in  the  other  direction.) 
Equating  equations  (2)  and  (25) 


c  -dJ  =-v/^  —  ^^'^'~ 
whence 

c  =^ <'26) 

For  all  ordinary  spans,  the  tension  H  at  the  lowest  point  of  the 
wire  is  very  large  compared  with  the  weight  i*.'  per  unit  length. 
Hence  from  equation  (2)  the  length  c  is  large  compared  with  x,  and 

the  ratio    -    is  therefore  small.     This  fact  permits  the  use  of  certain 
c 

simplifying  approximations  that  may  be  used  if  the  span  is  not  too 
long.  In  the  following  discussion,  we  shall  first  develop  the  approxi- 
mate equations  and  show  their  application  by  a  numerical  example.  We 
shall  then  take  up  the  case  of  a  very  long  span  and  show  that  for 
such  a  span  the  errors  introduced  by  the  approximation  are  too  large 
to  be  neglected  and  that  the  exact  analysis  should  be  employed. 

13.     Approximate    or  Parabola   Method. — Developing   the    func- 

X  _I 

tions  e<^  and  e    ''  by  the  aid  of  Maclaurin's  formula. 
-  r       jr2  x^         X* 

e'  =i-\---rA~  -fi^  -f."  4-  etc., 

and     e""=r_^+^  _,fi    _^,fi^-etc., 
c^|2  c-      I3  c^^\4  c 

(where   |2  =  i  X  2,|3^=  i  X  2  X  3-  etc)., 
Equation  (14)  therefore  can  be  made  to  assume  the  form, 

x^  x^  x"^  ,      s 

^=^+i3Vn>^ir.'+"'= '-^'^ 

In  a  similar  manner,  making  y^,,  =  j,  equation  (16)  may  be  changed  to 
the  form 

'f^  ^  ^         .        .  ^o«\ 

/=|2C-+!4c^  +  g^    ^^^' ^"^^ 

Since       is  small,  the  higher  powers  may  be  neglected  for  approxi- 
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mate  analysis.     If  1  ^=  2x  and  /,  ==  2.?  (Fig.  10),  equations  (27)  and 

I  H X ^ 

I 

I 

5 

Fig.  10 
(28)  then  become,  respectively, 

^  =  ^  +  277^    (^9) 

^  =  £-    (30) 

The  effect  of  this  approximation  is  to  substitute  a  parabola  for  the  true 
catenary. 

Solving  for  c  in  equation  (30)  and  substituting  (29) 

8/2 

^  =  ^+ir ^31) 

Combining  (2)  and  (30) 

/2ty 

^==87r- ^32) 

r-w 

and  ^^~8f  ^33) 

Equation  (32)  gives  the  deflection  /  at  the  minimum  temperature 
(say,  — 20°  F.)  when  zv  is  made  equal  to  the  resultant  force  pro- 
duced by  the  weight  of  wire  plus  the  ice-covering  (assumed  to  be 
5^in.  thick)  acting  downward,  and  the  maximum  wind  pressure  (18 
lb.  per  sq.  ft.)  acting  normal  to  the  combined  weight. 

Formula  (31)  gives  the  length  of  the  wire  at  the  minimum  tem- 
perature ( — 20°  F).  When  the  temperature  rises  to,  say,  110°  F., 
the  equation  for  the  length,  L^,  of  the  wire  assumes  the  form, 

^^==^  +  ^+"^'— il (34) 
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where 

/      =  length  of  span ; 

f     =  sag  at  minimum  temperature   ( — 20°   F.)  ; 

a     =  coefficient  of  Hnear  expansion  per  degree  F. ; 

L    ==  length    of    wire    at   minimum   temperature ; 

t      =  difference  between  maximum  and  minimum  temperature. 

H  ==  tension  at  lowest  point  of  wire  at  minimum  temperature ; 

H^  =  tension  at  lowest  point  of  wire  at  maximum  temperature ; 

A    =  cross-sectional  area  of  wire ; 

E    =  modulus  of  elasticity  of  wire. 

In  formula  (34)  the  term  aLT  represents  the  expansion  of  the 
wire  due  to  rise  of  temperature  and  the  term  L{H  —  H^)  -^  A  E 
represents  the  corresponding  contraction  produced  by  the  decrease 
in    tension    due    to    the    higher    temperature. 

Equation  (31)  may  be  written 

f=ll   (L-l) (35) 

In  a  similar  manner,  if  /^  is  the  deflection  at  maximum  temperature 
and  Li  the  corresponding  length  of  the  conductor 

/^=|/(L,-/) (36) 

Substituting  the  value  of  L^  given  in  (34),  equation  (36)  becomes 

/;  =  /.  + 3_(„,___.)    (37) 

Equation  (31)  may  be  put  in  the  form, 

L,  =  l-\—^ (38) 

Dividing  (t,?)  by  (35)  and  solving  for  f^, 

/.  =  W —_^  ^  (39) 

In   (39)   there  are  two  unknown  quantities,  f^  and  H^.     Therefore, 
the  value  of  H^  must  be  found  in  order  to  solve  for  /^. 
From  (33) 

^=-8r ^^°^ 


ZlLfHw,    _^ 

SAEzv 


(44) 
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I-  ZU 

and  -H^  =  -^ (41) 

0/1 

In  (41)  zi\  is  used  instead  of  zv,  because  for  temperatures  above 
freezing  point  the  ice  load  disappears.  If  we  want  to  know  both 
the  maximum  tension  and  maximum  sag  at  any  higher  temperature, 
it'i  is,  of  course,  the  resultant,  per  unit  length,  of  the  weight  of  the 
conductor  and  the  maximum  wind  pressure  acting  normal  to  the  weight, 

Combining  (41)  and  (40),  and  solving  for  //^ 

-.=^1^' (-) 

Substituting  this  value  of  H.^  in  equation  (37) 

Multiplying  through  by  f^,  collecting  terms  and  transposing 

3 

f  -h 

Equation  (44)  has  only  one  unknown  quantity,  f-^,  and  may  be  written, 

f\+ZMf,  +  N^  0 (45) 

V.     Practical  Use  of  Foregoing  Formulas. 

To  show  how  the  preceding  formulas  can  be  used  in  solving 
practical  problems,  a  numerical  example  will  be  given.  Several  assump- 
tions will  have  of  necessity  to  be  made  regarding  temperature  range, 
wind  pressure,  ice  coating,  etc.  The  minimum  temperature  T^  will 
be  assumed  to  be  — 20°  F.  and  the  maximum  temperature  T^  equal 
to  110°  F.  Therefore,  the  temperature  range  will  be  assumed  to  be 
130°  F.  A  yo-in.  coat  of  ice  is  a  conservative  figure,  making  the  total 
diameter  i  in.  plus  the  diameter  of  the  wire  or  cable.  The  wind 
pressure  for  the  ice-covered  wire  will  be  assumed  to  be  18  lb.  per  sq.  ft. 
(counting  total  diameter  into  length  as  the  exposed  area).  The  modulus 
of  elasticity,  E*,  of  hard-drawn  copper  strands  will  be  taken  as 
16,000,000  lb.  per  sq.  in.  The  coefficient  of  expansion,  a,  per  degree 
Fahrenheit  is  0.00000956. 

*Mr.  F.  O.  Blackwell  has  shown  that  this  value  of  E  may  be  as  low  as 
12  000  000  lb.  per  sq.  in. 
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As  an  example,  a  strand  having  the  following  constants  will  be 
considered : 

Strand  =  37  hard-drawn  copper  wires  about  No.  10  B  &  S; 
Diameter  =  0.679  i"-  > 
Area  =  350,000  cm.  or  0.275  sq.  in. ; 
Weight  =  1.07  lb.  per  lin.  ft.; 
Elastic  limit  =  9640  lb.  or  35,000  lb.  per  sq.  in. 
Taking  the  weight  of  ice  as  0.0332  lb.  per  cu.  in.,  the  weight 
per  ft.  of  the  ^-in.  coat  of  ice  on  the  strand  would  be 


0.0332  X  12  x- 
4 


(1.679)2—  (0.679)2 


=  0.73  lb. 


Therefore,   the  total  weight  of   and   the  wind  pressure  on   the 
strand  with  its  ice  covering  would  be,  respectively, 

1.07  -f  0.73  =  1.8  lb.  per  foot (46) 

and 

1.679  X  12  X  18  ,,  ,     . 

— ^=2.52  lb.  (47) 

144 

But  (46)  and  (47)  act  at  right  angles  to  each  other,  and,  therefore, 

the  resultant  force  acting  on  the  strand  is, 

w  = -^(1.8)2  4-  (2.52)2  =  3.1  lb.  per  lin.  ft. 

The  permissible  strain  in  the  strand,  if  taken  at  two-thirds  the 
•elastic  limit,  would  be 

2 

-  X  9640  =  6430  lb. 

Tabulating  the  data  given  above,  together  with  the  quantities  to  be 
•determined, 

/    =  length  of  span  =  660  ft. 

/    =  sag  at  minimum  temperature    ( — 20° F.). 

/j  =  sag  at  higher  temperature. 

H  =  tension  at  lowest  point  of  wire  at  minimum  temperature  = 
6430  lb. 

//i=  tension  at  lowest  point  of  wire  at  higher  temperature. 

zv  =  resultant  weight  =  3.1  lb.  per  ft. 

L  =  length  of  wire  in  span  at  minimum  temperature. 

L^  =  length  of  wire  at  higher  temperature. 

T  =  temperature  range  (=130°  F.). 

a    =  coefficient  of   linear   expansion   for   copper    =   0.00000956. 
From  equation  (32),  we  find  the  sag  at  minimum  temperature  to  be 
I'zv       (660)2  X  3.1 
f-W==     8X6430     =^6.24  ft. 
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From   (31),  the  length  of  the  wire  at  minimum  temperature  is 

7   ,  8/-        ^,         8(26.24)2         .^      ^  ^ 
L  =  /+^=66o+  -^ ^  =662.78  ft. 

Before  attempting  to  calculate  either  the  deflection  or  the  length 
of  the  cable  at  the  maximum  temperature  (assumed  to  be  iio°F.)  the 
force  acting  on  this  conductor  when  the  ice  load  disappears  must  be 
determined.  The  weight  of  the  cable  is  1.07  lb,  per  linear  ft.  The 
wind  pressure  acting  on  it  (assuming  18  lb.  per  sq.  ft.),  would  be 

0.679  X  12  X  18 

•=  1.02  lb.  per  Im.  it. 
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Therefore,  as  these  two  forces  act  at  90°  to  each  other,  the 
resultant  force  is 

x«;^=-^(i.07)'+  (1.02)-=  1.48  lb.  per  ft. 

We  are  now  ready  to  calculate  the  deflection  of  the  strand  when 
the  thermometer  stands  at  110°  F.,  and  the  wind  is  blowing  at  such  a 
velocity  as  to  produce  on  the  strand  a  pressui^  of  18  lb.  per  sq.  ft. 

From  (44)  and  (45),  making  the  required  substitutions,  the 
values  of  M  and  N  are  found  to  be 

M  =  — 217.5   (48) 

and  A^  =  —  3005    (49) 

Substituting  the  numerical  values  given  in  (48)  and  (49), 
equation  (45)  assumes  the  form 

/'-652.5  /i  =  3005 (50) 

The  above  equation  solved  either  by  trial  or  by  Horner's  method, 
gives  the  value  of  the  maximum  deflection  as 

/,  =  27.62  feet  (51) 

From  (41),  the  tension  in  the  strand  when  both  temperature  and 
wind  pressure  reach  a  maximum  value  is 

/2^^(66o)^X^=  29201b (52) 

'       8/,  8X27.62  ^ 

That  is,  the  decrease  in  tension  due  to  rise  in  temperature  is 

H  —  i7,  =  6430  —  2920=  3510  lb (53) 
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As  a  check  on  the  above  value,  the  length  of  the  strand  at  maximum 
temperature  will  be  found  following  two  quite  different  methods. 
From  equation  (38) 

^'  =  '  +  lf  =  «»  +  '3W=^3.08ft (54) 

From  (34)  and  (54) 

8f                       L(H  —  HA 
^              3I                           AE 
=  660  -j-  2.78  -f  0.823  —  0.529. 
=  663.074  ft (55) 

Comparing  the  lengths  as  given  by  (54)  and  (55),  we  can  readily 
see  that  they  are  practically  the  same.  This  close  agreement  very 
clearly  shows  that  the  value  of  the  maximum  deflection  given  in  (52) 
is  the  correct  one. 

\'l.     Catexary  jMethod 

The  question  has  often  been  asked, — are  engineers  justified  in 
assuming  the  curve  subtended  by  a  span  of  wire  to  be  a  parabola 
instead  of  a  true  catenary?  The  writer  will  endeavor  to  answer  this 
question,  giving  a  numerical  illustration.  It  is  not  necessary  to  mention 
short  spans  and  small  sags  because  in  this  case,  as  it  is  well  known, 
for  all  practical  purposes,  the  results  obtained  by  one  or  the  other 
method  are  identical.  To  illustrate  this  point  better,  the  same  350,000 
cm,  copper  strand  will  be  discussed.  The  same  constants  will  be  used ; 
but  the  cur^-e  will  be  regarded  as  a  true  catenary. 

The  tension  H  at  the  lowest  point  of  the  span  can  be  found  using 
equation  (19).     Thus 

T  -=  H  -\-  fzv  =  6430  =  //  -f-  26.24  X  3.1  ; 

Therefore, 

H  =  6430  —  81.34  =  6348.66  lb. 

From  equation  (2) 

H     6348.66 
c  =  = =  2048 

H-  3.1 

The  approximate  value  of  /  (=26.24  f t- j  see  Table  4)  has  been 
used  above,  because  in  the  present  case  it  can  easily  be  proved  that  10 
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per  cent  error  in  the  value  of  the  deflection  would  cause  but  0.15  per 
cent  error  in  the  value  of  the  tension  constant  c.  This  assumption 
would  be  justified  even  if  considering  the  longest  span  and  the  greatest 
sag  in  existence.  In  the  present  case,  the  error  introduced  is  only 
1.45  per  cent  (see  Table  4)  instead  of  10  per  cent,  and,  therefore,  the 
error  in  the  value  of  c  will  be  less  than  0.02  per  cent. 
From  (14) 


M^e-n 


(56) 


Let,  as  before,  /  =  2x  and  L  =  2S. 
Then 


X        I 


660 


-?^=  0.1611. 


C        2C       2  X  2048 

flaking  the  required  substitutions,  equation  (56)  assumes  the  form 

-    0.1611  -  0.1611 

L  =  cle''—e    ^"■J=2048[e      -e  J 

=  2048  1. 1748  —  0.8512    =662.74  ft. 

The  values  of  c  in  the  above  were  found  by  interpolation,  using 
Table  5. 

The  deflection  of  the  strand  at  — 20' F  can  be  determined  as. 
shown  below. 


/ 


=V.y2  ^  ^2  _  ^  _  ^ 


Also 


/  = 


(2048)-+  (311.37)2  —  2048 
=  26.62  ft. 


e  -\-e 


=  1024!" 1. 1 748  -|-  0.8512 1—  2048  =  26.62 


ft. 


(For  values  of  c  see  Table  5.) 

Knowing  very  well  that  the  equations  for  the  catenary  are  most 
unwieldly,  the  writer  had  almost  given  up  hope  of  deducing  accu- 
rate equations  for  length,  sag.  etc.,  which,  considering  the  curve  as 
a  catenary,  would  take  into  account  wind  pressure,  ice  load,  tempera- 
ture changes  and  corresponding  elongation  and  contraction,  etc-    After 
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repeated  failure,  he  succeeded  in  deducing  an  equation,  the  derivation 
of  which  will  be  briefly  given  below. 
Equation  (34)  may  be  written, 


jj  =  .y  -|-  a  5r 


AE 


where 

s^  =  half  length  of  wire  at  higher  temperature. 

s    =  half  length  of  wire  at  minimum  temperature. 

T    =  temperature  range. 

7i  =  tension  at  insulator  at  higher  temperature. 
Combining  (20 J  and  (i6j,  solving  for  7^ 


r. 


Substituting  this  value  in   (58) 


.fi  ^  .y  4"  oSt 


AE 


From  (14) 


From  (59)  and  (60) 


(57) 


tt'l 

Ci 

e 

T  e 

fi 

2 

58) 

s 

T  — 

1i\    Ci 

2 

{^'+e 

■'■)] 

(58) 


_fl 

r-          X                            X 

2 

a-                                             a-  T 

(59> 


(60) 


(61) 


All  the  equations  are  known  except  i\.  and  by  trial  the 
exact  value  of  this  constant  can  be  determined. 

To  show  the  application  of  the  above  formulas  for  the  catenary. 
a  numerical  example  will  be  given.  As  before,  the  same  copper 
strand,  the  same  span,  etc.,  will  be  considered. 

Substituting  the  numerical  values  already  given,  formula  (61) 
assumes  the  form 


331-71 


C^ 


Therefore 


^  ''^  X  0.9999  —  1. 0001 12  c 
Ci  =  1872    


'-1 


(62) 
(63) 


30  ILLINOIS    ENGINEERING   EXPERIMENT    STATION 

An  almost  correct  value  of  c^  could  have  been  obtained  using  (27) 
in  the  following  convenient  form 

(330)' 
=  331-71  =  330 — 

6c  ^ 
Therefore 

Ci  =  1871.1. 

As  seen,  the  two  values  for  c^  are  almost  identical.  This  holds 
even  for  very  long  spans. 

Subsituting  in  (60)  the  value  of  c^  given  by  the  exact  formula, 
the  length  of  the  cable  is  found  to  be 


Lj  =  2S^ 


ea—e   ci 


=  1872   ( 1. 1928  —  0.8384)^663.44  ft. 
From  (12),  the  deflection  is  found  to  be 

=  ^(1872)2  +  (331.72)2  —  1872  =  29.17  ft. 

Another  way,  perhaps  more  convenient,  is  to  obtain  the  deflec- 
tion from  (16),  as  follows: 

=^^7^(1.1928  +  0.8384)  — 1872  =  29.2    ft. 
2 

From  an  inspection  of  Table  4  the  conclusion  is  reached  that 
for  very  long  spans  and  great  sags,  the  deflections  and  tensions 
obtained  by  the  parabola  method  are  by  no  means  as  accurate  as  they 
should  be.  The  present  long  span  and  the  much  longer  span  of  the 
future  require  something  better.  The  writer  believes  that  the  ca- 
tenary method  suggested  is  simple  and  accurate,  and  could  easily  be 
used  in  practice. 
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TABLE  4 


.^I 


660-FT.  Spax.    Sags,  Tensions,  and  Lengths  of  350,000  c.  m.  Hard-drawn 

Copper  Strand. 


Sag  in   Feet 

Catenary 

Te 

mperature,— 

-20°  F. 

Temperature, 

iJo'F 

Pa 

rabola 

Per 

cent    Error         Catenary 

Parabola 

Per    cent    Error 

C 

P 

(C-P)H-P                  C 

P 

(C-P)^P 

26.62 

26.24 

1.45                     29.20 
Length  in  Feet 

27.62 

5.72 

C 

P 

(P-C)H-C                 C 

P 

(C-P)H-P 

662.74 

662.78 

0.006                 663.44 
Tension  in  Pounds 

663.03 

O.OS 

C 

P 

(C-P)H-P                     C 

P 

(P-C)-=-C 

6430 

6430 

0                      2814 

2920 

2.77 

TABLE  5 
Hyperbolic  Functions 


X 

J- 
c 

X 

c 

Sinh  - 

Cosh- 

c 

f" 

^ 

c 

c 

0.00 

1.0000 

1.0000 

0.0000 

1.0000 

.01 

1.0100 

0.9900 

.0100 

1.0000 

.02 

1.0202 

.9802 

.0200 

1.0002 

.03 

1.0305 

.9704 

.0300 

1.0004 

.04 

1.0408— 

.9608 

.0400 

1.0008 

.05 

1.0513 

.9512 

.0500 

1.0013 

.06 

1.0618 

.9418 

.0600 

1.0018 

.07 

1.0725 

.9324 

.0701 

1.0025 

.08 

1.0833 

.9231 

.0801 

1.0032 

.09 

1.0942 

.9139 

.0901 

1.0041 

.10 

1.1052 

.9048 

.1002 

1.0050 

.11 

1.1163 

.9858 

.1102 

1.0061 

.12 

1.1275 

.8869 

.1203 

1.0072 

.13 

1.1388 

.8781 

.1304 

1.0085 

.14 

1.1503 

.8694 

.1405 

1.0098 

.15 

1.1618 

.8607 

.1506 

1.0113 

.16 

1.1735 

.8521 

.1607 

1.0128 

.17 

1.1853 

.8437 

.1708 

1.0145 

.18 

1.1972 

.8353 

.1810 

1.0162 

.19 

1.2092 

.8270 

.1911 

1.0181 

.20 

1.2214 

.8187 

.2013 

1.0201 

.21 

1.2337 

.8106 

.2115 

1.0221 

.22 

1.2461 

.8025 

.2218 

1.0243 

.24 

1.2712 

.7866 

.2423 

1.0289 
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STARTING  CURRENTS  OF  TRANSFORMERS 

WITH    SPECIAL    REFERENCE    TO    TRANSFORMERS 
WITH    SILICON    STEEL    CORES 

I.    Introduction 

1.  Prelifnmary. — It  is  generally  knov/n  that,  in  closing  the 
primary  circuit  of  a  transformer,  a  transient  effect  may  take  place  in 
the  form  of  a  momentary  rush  of  current,  due  to  the  residual  magnet- 
ism of  the  transformer  iron.  With  the  introduction  of  the  new  silicon 
steel  for  transformer  cores,  with  the  resulting  increase  in  flux  densities, 
this  transient  effect  has  been  materially  magnified,  and  may,  in  some 
cases,  reach  dangerous  proportions. 

It  is  the  object  of  this  bulletin  to  present  some  facts  with  regard  to 
this  phenomenon,  obtained  by  means  of  commercial  apparatus,  and  to 
show  how  to  protect  the  system  from  injury  due  to  this  cause. 

2.  Acknowledgments. — Valuable  assistance  in  the  preparation  of 
the  oscillograms  has  been  rendered  by  ^Messrs.  C.  E.  Bennett  and  A.  C. 
Hobble,  of  the  Electrical  Engineering  Department. 

3.  Theory. 

(a)  Inductance  zvithout  Iron. — If  an  alternating  e.  m.  f. 
e  =  E^^^  sin  0,  be  impressed  upon  a  circuit  containing  resistance  and  in- 
ductance without  iron,  in  series,  this  impressed  e.  m.  f .  will  be  consumed 
by  the  counter  e.  m.  f.  of  the  inductance,  and  by  the  drop  through  the 
resistance,  and  this  must  be  true  at  every  instant,  i.  e.,  for  every  point 
of  the  imipressed  e.  m.  f.  wave.     We  have,  therefore, 

.  =  £_sin^  =  L   '^J^  +  Ri (I) 


where 
Since 


6  is  the  phase  angle  of  the  impressed  e.  m.  f .  =  27r  ft. 
di      di   do       di         , 

L  -r    =  2  TT  fL  ~r^  =  X     -r^,  where  X    =  inductive  reactance 


dt 


and 


^^^  =  K%  +  ^i 


E^^^  smede  =  X^  di  +  Rid  6 
-E^,,d{zos6)=X^  di  +  RidO 
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di  =  —  ^d  (cos  6)  —^  ids (2) 

If  the  circuit  be  closed  at  that  point  of  the  e.  m.  f.  wave  where 
e  =  £niax)  i-  e-)  when  $  =  go°  ==—  ,  and  if  the  resistance  drop  be 
assumed  negHgible,  (2)  becomes 

di  =  -  %"  ^  (cos  6) (3) 

If  the  circuit  be  closed  at  different  points  of  the  e.  m.  f.  wave,  the 
current  will  rise  to  different  values,  and  these  values  can  now  readily 
be  investigated  by  means  of  the  last  equation. 

Suppose  for  instance,  that  we  close  the  circuit  at  the  90°  point  of 
the  e.  m.  f .  wave,  i.  e.,  when  the  e.  m.  f.  is  a  maximum. 
Integrating  (3)  from  7r/2  to  tt 


f  di^  —  i^  f  , 


d  (cos  6)  =%^^ 


which  is  the  maximum  current  reached,  since  integrating  from    -    to 

TT  -\-  a,  where  a  is  a  constant,  less  than  2  tt,  results  in  a  value  less  than 

E 

showing  that  the  current  decreases  from  this  point. 

Suppose,  in  the  next  case,  that  the  circuit  be  closed  at  the  0° 
point  of  the  e.  m.  f .    wave,  i.  e.,  when  e  =  0  and  ^  =  o. 

Integrating  (3)  from  o  to   -    gives 


d  (cos  ^)  =  -f 


X 


the  same  as  before. 

Integrating  from  o  to  tt,  however, 


*J  O  0 


d  (cose)  =  +  2^ 

A. 


i.  e..  the  maximum  current  obtained  in  this  case  is  twice  that  obtained 
when  the  circuit  is  closed  at  the  90°  point  of  the  e.  m.  f.  wave. 

In  a  similar  way  it  can  be  shown  that  by  closing  the  circuit  at  any 
other  point  of  the  e.  m.  f.  wave,  the  maximum  current  reached  will  lie 
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between 

S^i^  and  2^^ 

In  general,  the  current  assumes  its  normal  value  only  when  the 
circuit  is  closed  at  that  point  of  the  impressed  e.  m.  f.  wave,  where 
the  permanent  value  of  the  current  is  zero.  In  the  above  case,  where 
there  is  negligible  resistance,  this  is  the  90°  point  of  the  wave.  The 
effect  of  the  resistance  is  to  move  this  point  towards  the  zero  point. 

(b)  Inductance  with  Iron. — The  above  calculations  assume  a 
constant  inductance,  i.  e.,  a  straight  line  magnetization  curve,  obtained 
by  using  an  inductance  without  magnetic  material  as  core.  If  an  iron 
core  be  employed,  such  as  is  the  case  with  the  ordinary  induction  coil 
or  the  transformer,  the  inductance  is  not  constant.  As  the  flux 
density  increases,  the  inductance  decreases,  until  the  iron  is  perfectly 
saturated.  After  this  point  is  reached,  the  inductance  remains  constant 
at  a  small  value,  depending  only  upon  the  flux  passing  between  the 
coil  and  the  core  through  the  air  or  non-magnetic  material. 

Since  the  flux  is  not  any  longer  proportional  to  the  current,  the 
counter  e.  m.  f.  due  to  the  inductance  must  be  written 

where  B  =  flux  density  and  A  =  constant, 
instead  of 

^  di         ,,   di 
L-r    or  A    -7-r 

dt  ^de 

and  equation  (i)  becomes 

e=E^^^,me^A^-^Rt  (4) 

—  £^,,  d  (cos  6)  ==  AdB  -f  Rid  6 

dB=  — ^^d  {cos  0)—  ^idO (5) 

Und?r  normal  conditions,  the  resistance  drop  due  to  the  magnetizing 
current  of  a  transformer  is  negligible,  and 

dB  ==  ^  d  (cos  6) 
The  normal  maximum  value  of  B  is  then  obtained  by  integrating  dB 


from    —    to 
2 


i 


^^  ^max  ^max    I  cqS 


E    r 


T        E 
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^  =  5„,,and^=|n- 


(6) 


Substituting  (6)  in  (5) 

dB  =  -B^^^d  (cose) 


B. 


Ride    (7) 


Since  the  relation  between  the  magnetizing  current  and  the 
resulting  flux  can  not  be  expressed  mathematically  in  any  practical 
equation,  the  magnetizing  current  necessary  to  produce  the  required 
flux  according  to  the  above  equation  can  be  determined  only  analyt- 
ically, as  follows : 


^ 

^ 

^f,i>^                          Safurafion  Curv^e- 

d 

/B  res /da  a/  ■^i 

il 
1/ 

f5  Max/rr?c/m 

jo 

/^/?<J^/s^/'^/A'<s  c///i'/F^/vr 

e  T 

c^ 

d 

Fig.    I 

Suppose  Fig.  I  to  represent  the  saturation  curve  of  a  transformer 
and  the  hysteresis  loop  for  normal  voltage  and  frequency.  The  hys- 
teresis loop  shows  what  residual  magnetism  remains  in  the  iron  after 
the  current  has  been  removed,  oh  and  od  represent  this  residual 
magnetism,  depending  upon  whether  the  current  has  died  down  from  a 
positive  or  a  negative  value. 

Suppose  the  circuit  is  closed  when  the  impressed  e.  m.  f.  passes 
through  0  from  negative  to  positive,  i.  e.,  ^  =  0,  and  that  the  residual 
magnetism  is  oh.  It  is  evident  then  that  the  change  of  flux  to  pro- 
duce the  counter  e.  m.  f.  must  start  from  h.  If  equation  (7)  be  re- 
written in  the  form 


A^  =  -5™ax^(cos^)  -  ^ 


^7?iA 


(8) 


and  small  intervals  of  B,  say  10°,  be  taken,  the  actual  conditions  can 
very  nearly  be  approached.  Starting  from  h,  the  flux  will  follow  a 
curve,  such  as  the  dashed  curve  between  h  and  a,  and  will  continue  on 
the  saturation  curve.     From  equation  (8),  AB  can  be  calculated  for 
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each  increment  of  lo",  starting  from  0°  in  this  case,  and  from  Fig.  i 
can  be  obtained  the  corresponding  magnetizing  current  required  to 
produce  the  total  flux,  B^-\-  t^B,B^  being  the  total  flux  at  the  beginning 
of  the  interval.  After  having  determined  the  magnetizing  current,  the 
resistance  drop  effect  is  calculated,  equal  to 

^?^  Rib.e (9) 

max 

This  will,  however,  reduce  the  value  of  A  B,  and  a  few  trials  will  have 
to  be  made  before  the  correct  value  of  A  5  is  found. 

Proceeding  in  this  manner,  the  flux  and  the  corresponding  mag- 
netizing current  may  be  determined  for  any  number  of  cycles.  For 
decreasing  values  of  flux,  the  upper  dashed  curve  in  Fig.  i  has  to  be 
used.  It  will  be  found  that  the  magnetizing  current  may  reach  for- 
midable values  under  unfavorable  conditions,  particularly  for  the  first 
cycle.  The  ampHtude  of  the  peaks  decreases  rapidly,  the  more  so  the 
larger  the  amplitude  of  the  first  peak,  on  account  of  the  more  pro- 
nounced eft'ect  of  the  resistance  in  that  case. 

4.  Method  of  Investigation. — In  Part  II  (a)  will  be  taken  up 
the  actual  measurements  of  the  magnetizing  current  of  a  transformer 
upon  closing  the  primary  circuit  at  a  predetermined  point  of  the  e.  m.  f. 
wave,  and  with  a  known  residual  magnetism  in  the  iron.  These  meas- 
urements were  made  by  means  of  oscillograms,  showing  the  impressed 
e.  m.  f.,  the  primary  magnetizing  current,  and  the  secondary  induced 
e.  m.  f . 

Part  II  (b)  takes  up  the  calculations  of  the  flux  and  magnetizing 
current  for  the  conditions  under  which  the  oscillograms  were  taken. 
In  order  to  do  this,  all  the  characteristics  of  the  circuit  and  transformer 
having  any  bearing  upon  the  magnetizing  current  were  carefully  ob- 
tained. The  curves  plotted  show  that  there  is  very  close  agreement 
between  the  actual  curves,  as  obtained  by  means  of  the  oscillograms, 
and  the  calculated  curves  as  obtained  by  means  of  the  circuit  and 
transformer  characteristics.  This  agreement  §hows  that  it  is  possible 
to  make  calculations  of  these  phenomena,  that  can  be  fully  relied  upon, 
and  that  it  is  unnecessary  to  resort  to  the  oscillograph  in  order  to 
obtain  reliable  results.  It  was  therefore  deemed  sufficient  for  the 
investigation  of  the  rest  of  the  transformers,  covered  by  this  bulletin, 
to  obtain  the  transformer  data  necessary  to  make  the  calculations 
as  shown  in  Part  III.  These  calculations  cover  the  most  critical  condi- 
tion only,  namely,  the  rush  of  current  upon  closing  the  circuit  at  the  o** 
point  of  the  e.  m.  f.  wave  with  the  residual  magnetism  in  the  same 
direction  in  which  the  increase  of  flux  will  take  place  upon  closing 
the  circuit. 
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In  Part  IV,  is  given  the  result  of  placing  a  resistance  or  air  core 
inductance  in  series  with  the  transformer,  and  it  is  shown  how  to  cal- 
culate a  resistance  or  inductance  sufficient  to  limit  the  rush  of  current 
to  safe  values. 

II.     (a)    Actual  Measurements  of  Phenomena  by  Means  of 

Oscillograms. 

5.  Connections. — Fig.  2  is  a  diagram  of  the  connections  used  for 
obtaining  the  oscillograms.  G  is  a  10  kw.  440-v.  alternator,  60  cycles, 
with  taps,  so  as  to  give  either  3-phase  or  2-phase  current,  as  shown  in 
Fig.  20.  Taps  I,  3  and  5  are  used  for  3-phase.  taps  1-4,  2-6,  for  2-phase. 
The  closing  switch  was  designed  and  built  specially  for  the  investiga- 
tion of  these  phenomena.^  It  was  attached  to  the  end  of  the  generator 


A'es/sfance  Vransformfr 


C/osina  Styife/)]    ^ 


shaft,  and  can  be  set  so  as  to  close  the  circuit  at  any  predetermined 
point  of  the  e.  m.  f .  wave.  However,  it  would  not  operate  satisfactorily 
at  the  normal  speed  of  the  generator,  1800  r.  p.  m.  A  speed  of  650 
r.  p.  m.  was  finally  decided  upon,  which  resulted  in  a  frequency  of  22 
cycles. 

6.  Transformer. — A  5-kw.  60  cycles  2200,  1100/220,  iio-volt 
transformer  of  the  newest  type  was  used  in  this  test.  It  was  connected 
for  no  volts  primary,  i.  e.,  with  the  low  tension  coils  in  parallel.  As 
the  normal  frequency  is  60  cycles,  and  22  cycles  was  used,  the  voltage 
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had  to  be  reduced  in  proportion,  i.  e.,  the  impressed  voltage  was 

22, 

1 10  X  7^^  ^40  volts,    to  give  normal  magnetizmg  current. 
60 

As  it  was  desirable  to  use  as  stiff  a  field  as  possible  in  the  gener- 
ator, in  order  to  prevent  too  much  of  a  voltage  drop  upon  closing  the 
transformer  circuit,  taps  2-3,  (Fig.  2a),  were  used,  giving  40  volts  with 
about  full  field  and  650  r.  p.  m.  The  oscillograms  show  that  the  voltage 
is  kept  up  fairly  well  at  the  maximum  rush  of  current. 

7.  Residual  Magnetism. — The  normal  magnetizing  current  was  ob- 
tained by  impressing  no  volts  at  60  cycles  upon  the  transformer.  The 
result  is  shown  in  the  following  table. 


Table  i 


Volts 

Current 

Watts 

Freq. 

E 

h. 

W 

F 

no 

.90 

46.5 

60 

The  maximum  value  of  the  exciting  current  =  .90  X  V  2  =  1.27  am- 
peres, and  this  is  the  current  that  produces  the  normal  residual  mag- 
netism. 

A  series  of  experiments  was  made  to  ascertain  the  decrease  of 
the  residual  magnetism  after  the  removal  of  the  e.  m.  f.  These 
experiments  are  described  in  the  Appendix.  The  following  results 
were  obtained : 

1.  There  is  no  decrease  in  the  residual  magnetism  of  transform- 
ers under  normal  conditions. 

2.  The  decrease  of  residual  magnetism  due  to  vibration  or  shock 
is  very  small,  almost  negligible. 

The  oscillograms  ivere  taken  with  a  residual  magnetism  in  the  iron 
that  would  remain  after  the  removal  of  the  normal  voltage  at  normal 
frequency,  which  would  be  the  case  under  normal  operating  con- 
ditions. 

This  residual  magnetism  was  produced  by  means  of  direct  current 
from  a  storage  battery,  as  shown  in  Fig.  2.  The  current  used  was  that 
corresponding  to  the  normal  exciting  current  of  the  transformer,  the 
maximum  value  of  which  is  1.27  amp.  Hence  1.27  amp.  D.  C.  was 
used. 

By  means  of  a  reversing  switch,  Sr,,  the  current  could  be  reversed, 
producing  a  residual  magnetism  in  the  opposite  direction.  In  order  to 
be  sure  that  the  correct  residual  magnetism  was  produced,  the  iron  was 
sent  through  the  regular  hysteresis  loop  a  number  of  times,  at  least 
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ten,  by  reversing  the  current  by  means  of  switch  S2.  Let  Fig.  3  rep- 
resent the  normal  hysteresis  loop.  Suppose  the  residual  magnetism,  at 
the  beginning,  is  at  2'.  Sending  -j-I^  amperes  through  the  transformer 
increases  the  magnetism  to  i'  along  the  lower  dashed  curve.  Opening 
the  switch  decreases  the  magnetism  to  2^  Reversing  the  switch  brings  it 
near  3.  Again  opening  the  switch  brings  it  near  4.  Going  through 
the  same  operations,  the  loop  will  approach  1-2-3-4  and,  after  a  few 
reversals,  practically  coincide  with  it,  so  that  when  the  switch  is  finally 
opened,  the  residual  magnetism  will  be  0-2  or  0-4,  according  to  whether 
the  last  current  was  -{- 1^^  or  —  7^^. 


Fig  3 

8.     The  Oscillograms. — Out  of  a  total  number  of  eleven  oscillo- 
grams  taken,    four   are   here   reproduced,   as    follows : 
Oscil.  7.  Circuit  closed  at  0°  point  of  e.  m.  f.  wave. 
Residual  magnetism,  positive. 
Maximum  rush  of  current  =  52.1  amp. 
Oscil.  9.  Circuit  closed  at    90°    point    (more    accurately  85°  point) 
of  e.  m.  f.  wave. 
Residual  magnetism,  positive. 
Alaximum  rush  of  current  =  18.0  amp. 
Oscil.  8  (a)*  Circuit  closed  at  0°  point  of  e.  m.  f.  wave. 
Residual  magnetism,  negative. 
Maximum  rush  of  current  =  3.78  amp. 
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8  (b)*     Same  conditions. 

Maximum  rush  of  current,  unknown. 
Oscil.  4.     Circuit  closed  at  0°  point  of  e.  m.  f.  wave. 
Residual  magnetism,  uncertain. 
Maximum  rush  of  current  ==  32.0  amp. 
By  positive  residual  magnetism  is  meant  that  the  magnetism  was  in  the 
same  direction   in   which   the  flux   would   increase  upon  closing  the 
circuit. 

II.    (b)    Theoretical  Calculations  from  Transformer  Data. 

9.  Magnetization  Curves  and  Hysteresis  Loop. — These  were  ob- 
tained in  the  following  way.  The  transformer  was  connected  as  shown 
in  Fig.  4.    Direct  current  from  a  storage  battery  was  supplied  the  high 

Transformer-  r 

A/WWWW-i 


@ — '    hmmm-^ 


Fig.  4 

tension  side  P  of  the  transformer  through  a  reversing  switch,  S,  and 
a  resistance  R^.  The  low  tension  side  was  connected  to  a  high  resist- 
ance R,  and  a  D'Arsonval  galvanometer,  connected  across  a  small  part 
of  the  resistance,  with  a  very  high  resistance  in  series.  A  change  of 
flux  in  the  transformer  would  then  produce  a  deflection  of  the  galvano- 
meter coil,  proportional  to  the  total  change  of  flux.  R,  R^  and  r  were 
not  changed  during  the  experiment,  so  that  the  deflections  obtained,  mul- 
tiplied by  a  constant  K,  gave  the  flux  density  in  the  transformer  core. 
In  this  investigation,  the  absolute  flux  density  in  gausses  was  not  cal- 
culated, as  it  is  only  the  relative  flux  values  that  are  needed.  The  flux 
density  is  therefore,  throughout  this  bulletin,  expressed  as  a  galvano- 
meter deflection  multiplied  by  a  constant,  K,  K^,  K^,  etc.  for  different 
transformers. 

To  obtain  the  curves,  the  desired  current  was  sent  through  the 
transformer  primary,  reversed  a  number  of  times  to  be  sure  that  the 
iron  had  entered  the  corresponding  loop,  and  the  current  left  on  in  the 

*NoTE. — Two  exposures  were  made  on  Oscil.  8:  8  (a)  in  which  the  cur- 
rent only  appeared;  8  {b)  containing  all  quantities.  The  two  exposures  have 
been  traced  separately. 
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Fig.  5.     Magxetizatiox  Curve  and  Hysteresis  Loop  for  Traxsformer  A. 
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positive  direction,  corresponding  to  point  i  in  Fig.  3.  The  galvano- 
meter was  then  connected.  Opening  the  circuit,  the  resulting  deflection 
corresponded  to  a  change  of  flux  1-2,  reversing  the  current  produced 
a  change  2-3  ;  opening  it  produced  a  change  3-4 ;  again  reversing  it  pro- 
duced a  change  4-1,  completing  the  loop. 

Fig.  5  shows  the  hysteresis  loop  and  magnetization  curves  for  the 
transformer  used  for  the  oscillograms.  It  was  obtained  by  the  method 
explained  above.  As  an  example,  is  given  the  galvanometer  deflec- 
tions for  1.22  amp. 


Current 


1.22 


Table 

2 

lange 

Deflection 

<^inax 

Resid.  Mag. 

=  Ac^X^ 

4> 

1-2 
2-3 

9-5 
50.0 

%■'      ^9.75 

29-75  — 9-5 

3-4 
4-1 

9-5 
50.0 

'1-'  -29-75 

=  20.25 

The  saturation  curve  was  carried  up  to  119  amp.  It  is  seen  that 
at  this  point  the  curve  has  become  a  straight  line,  which  means  that  the 
iron  has  become  saturated,  and  the  increase  in  flux  is  taking  place 
only  in  the  non-magnetic  space  between  the  iron  and  coil.  Conse- 
quently, the  curve  can  be  extended  indefinitely. 
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Fig.  6.    Rush  of  Currext  on  Closing  the  Primary  Circuit  of  Transformer  A, 
Circuit  closed  at  0°  point  of  e.  m.  f .  wave.     Residual  magnetism  =  -|-  20  X  X". 
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9.     Calculations. — The  data  needed   for  the  calculations  of  the 
magnetizing  current  are  as  follows  : 

1.  Normal  hysteresis  loop ; 

2.  ^Magnetization  curve  up  to  straight  line  relation; 

3.  Total  effective  voltage  impressed  upon  the  transformer  circuit; 

4.  Total  resistance  of  circuit ; 

5.  Total  inductance  of  circuit. 

Sine  wave  e.  m.  f.  is  assumed  in  these  calculations.     Equation    (8), 
gives  the  relation : 


A5  =  -5_A(cos^)-|^i?fA^ 


(8) 


assuming  the  circuit  to  have  negligible  inductance  outside  the  trans- 
former. 
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Fig.  7.  Rush  of  Currext  ox  Closing  the  Primary  Circuit  of  Transformer  A. 
Circuit  closed  at  85°  of  e.  m.  f .  wave.     Residual  magnetism  equals  -f  20  X  X". 
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B  =  flux,  B^^^  =  max.  flux  of  normal  hysteresis  loop ; 

^max  =  "1^^-  impressed  e.  m.  f.  =  yA2E^f^; 

R  =  total  resistance  of  circuit; 

»■=  instantaneous  value  of  magnetizing  current. 

In  the  present  case, 

^max  (from  Fig.  5)  =29.5  X  K,  where  i^  =  const. 

£,„  =  40  volts.    E^^^  =  -y/2  X  40  =  56.5  volts. 

R  =  .745  ohms. 
Substituting  in  (8),  for  increments  of  0  of  10°,  i.  e.  A  ^  ==  10^ 
radians, 

AB  =  ~  29.5  K  A  (cos  6)  —  .0685  K  i. 


=  .175 
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Fig.  8.    Rush  of  Current  on  Closing  the  Primary  Circuit  of  Transformer  A. 
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In  Table  3  are  given  the  calculations  for  a  number  of  different 
conditions,  viz., 

Conditions 


Closing 

Point 

on  e.  m.  f. 

Residual 

Impressed 

Frequency 

Resist,  of 

wave 

^lagnetism 

e.  m.  f.    ,, 

eff 

Cycles/Sec. 

Circuit 

Columns    4  to    7 

0° 

+  20  K 

40  volts 

22 

•745 

Columns    8  to  11 

85° 

+  20  K 

40  volts 

22 

•745 

Columns  12  to  15 

90° 

+  20  K 

40  volts 

22 

•  745 

Columns  16  to  19 

0° 

—  20  K 

40  volts 

22 

■745 

Columns  20  to  23 

90° 

—  20  K 

40  volts 

22 

•745 

These  conditions  correspond   to  those  under  which   the  oscillograms 
were  taken. 
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Fig.  9.    Rush  of  Current  ox  Closing  the  Primary  Circuit  of  Tr.\xsformer  A. 
Circuit  closed   at  0°   point   of  the  e.   m.    f.  wave.     Residual  magnetism  equals 

—  20  X  K. 
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Fig.  10. 
Circuit 
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Rush  of  Current  on  Closing  the  Primary  Circuit  of  Transformer  A. 
closed  at  90°  point  of  the  e.  m.  f.  wave.  Residual  magnetism  =  —  20  Y.  K. 


In  Fig.  II  are  plotted  the  calculated  values  of  current,  flux  and 
impressed  e.  m.  f.  for  the  various  conditions,  to  the  same  scale,  in 
order  to  compare  readily  the  effect  of  the  closing  point  and  the  resi- 
dual magnetism.  Fig.  11  is  a  summary  of  Fig.  6  to  10  inclusive  and 
Table  3. 

iia.  corresponds  to  Table  3,  Columns  4-7,  and  Fig.  6. 
11&  corresponds  to  Table  3,  Columns  12-15,  ^^d  Fig.  8. 
lie  corresponds  to  Table  3,  Columns  16-19,  ^^^  Fig-  9- 
iid  corresponds  to  Table  3,  Columns  20-23,  ^^^  Fig.  10. 

11^  represents  the  condition  in  which  the  circuit  is  closed  at  the 
90°  point  of  the  e.  m.  f .  wave  with  no  residual  magnetism.  This  is  the 
condition  for  normal  closing,  since  the  flux  and  current  then  will  enter 
at  once  upon  their  normal  path.  The  same  result  would  be  obtained 
under  conditions  of  Fig.  iia.  if  the  initial  magnetism  were  negative 
maximum;  under  conditions  in  Fig.  11&,  if  the  initial  magnetism  were 
o;  under  conditions  of  Fig.  iic,  if  the  initial  magnetism  were  negative 
maximum,  and  under  conditions  of  Fig.  iid  if  the  initial  magnetism 
were  o.   It  is  seen  that  the  closer  the  conditions  come  to  these  normal 
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conditions,  the  less  rush  of  current  takes  place.  Fig.  iic  comes  very- 
close  to  these  normal  conditions,  while  Fig.  iia  is  farthest  away.  Fig. 
11&  and  d  are  practically  identical,  with  the  exception  that  in  Fig.  lib 
the  rush  of  current  is  positive,  while  in  Fig.  iid  it  is  negative. 

10.  Agreement  hetzveen  Oscillograms  and  Calculated  Curves. — 
The  values  of  flux  and  current  from  Table  3  have  been  plotted  in  Fig. 
6  to  10  inclusive,  together  with  the  actual  currents,  as  given  by  the 
oscillograms.  The  full  lines  give  the  calculated  currents.  The  dashed 
lines  give  the  calculated  fiux.    The  dotted  lines  give  the  actual  currents. 

From  these  plates  it  may  be  seen  that  the  agreement  between 
the  actual  curves  and  the  calculated  curves  is  very  close.  Indeed,  for 
the  first  case,  corresponding  to  Oscil.  7  and  Table  3,  Columns  4-7, 
the  two  current  curves  practically  coincide.  For  the  second  case,  cor- 
responding to  Oscil.  9  and  Table  3,  Columns  12-15,  the  maximum  dis- 
agreement is  only  4.5  per  cent,  while  in  the  third  case,  corresponding 
to  Oscil.  8a  and  Table  3,  Columns  16-19,  the  disagreement  is  25  per 
cent. 

The  closer  agreement  in  the  first  case  was  to  be  expected,  con- 
sidering that  a  small  variation  in  the  residual  magnetism  in  Oscil.  8 
would  have  a  greater  effect  than  in  Oscil.  7.  on  account  of  the  dampen- 
ing effect  of  the  resistance  in  7,  while  the  resistance  has  practically  no 
effect  in  8.  \\'hile  the  attempt  was  made  to  have  the  residual  magnetism 
constant  in  all  cases,  it  is  possible  that  it  may  have  varied  a  small 
amount.  Assume,  for  instance,  that  the  residual  magnetism  for  Oscil. 
8  was  —  18.0  K  instead  of  — 20  K,  the  maximum  positive  flux  would 
be  approximately  37.8  -)-  2.0  =  39.8  K  corresponding  to  a  current  of 
3.75  amp.  (instead  of  2.8  amp.)  which  is  the  current  shown  by  the 
oscillogram. 

However,  the  agreement  between  the  oscillograms  and  the  calcula- 
tions is  such  as  to  warrant  the  conclusion  that  reliable  results  of  the 
starting  current  of  transformers  can  be  obtained  by  calculations,  if  the 
complete  data  of  the  transformer  and  circuits  are  at  hand,  as  tabulated 
on  p.  15. 


III.    Calculation  of  Maximum  Starting  Current  of  Trans- 
formers OF  Various  Types  and  Makes. 

In  the  preceding  section,  have  been  given  the  starting  currents 
of  a  iio-volt  60-cycles  transformer  by  impressing  upon  it  40  volts  at 
22  cycles.  While  this  resulted  in  normal  magnetizing  currents  under 
normal   operating   conditions,    the   percentage   of    resistance    drop    in 
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terms  of  total  impressed  e.  m.  f.  is  much  greater  for  the  same  current 
than  if  no  volts  were  impressed. 

For  no  volts,  60  cycles,  equation  (8)  takes  the  following  form: 
(the  resistance  of  the  circuit  remaining  .745  ohms) 


a5  = 


29.  c  K 
29.5  K  A  (cos  6)  —  — ^ — —   Ri  A  e 


no 


A  B  ^  —  29.5  K  A  (cos  6)  —  .025  Ki 

which  shows  that  the  effect  of  the  resistance  in  decreasing  A  B,  and 
consequently  the  current,  is  decreased  by  110/40,  or  in  proportion  to 
the  voltage. 

In  this  section,  calculations  are  given  for  the  case  in  which  the 
transformers  are  connected  directly  to  constant  potential  busbars 
with  sufficient  power  behind  to  maintain  the  voltage  constant  in  spite 
of  large  starting  currents.  The  potential  in  this  case  is  the  normal 
voltage  of  the  transformers,  and  the  resistance  of  the  leads  is  assumed 
negligible. 

The  following  transformers  have  been  treated: 


Capacity 

K.V.A. 

VOLTS 

Freq. 
60 

Make 
X 

Year  of 
Mfg. 

Designation 

Primary 

Secondarj- 

Remarks 

Transformer  A 

5 

2200/1 100 

220/110 

1910 

Same 

transfor- 

mer as 

, 

was  used 

in  obtain- 

ing oscil- 

lograms. 

Transformer  B 

5 

2080/1040 

460/230 

60 

X 

Old 
Type 

Transformer  C 

50 

?200/lI00 

440/220 

60 

Y 

1910 

Transformer  D 

7V2 

440 

no 

60 

Y 

Old 
Type 

Transformer  E 

15 

440/220 

220/110 

60 

Z 

1911 

The  transformers  will  now  be  taken  up  in  order,  and  the  current 
calculated  for  the  case  where  the  circuit  is  closed  at  the  0°  point  of 
the  e.  m.  f,  wave,  with  the  residual  magnetism  positive,  i.  e.,  for  the 
conditions  of  Oscil.  7,  which  give  the  maximum  rush  of  current. 


Transformer  A 


5-kw.,  2200,  1100/220,  no  volts,  60  cycles,  new  type, 
iio-volt  winding  used  as  primary. 
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Data 

Hysteresis  loop  and  magnetization  curve  are  given  in 

Fig-  5- 
Normal  eftective  voltage  ==  no  volts. 
Resistance  of   circuit  =  resistance  of   transformer  = 

.0253  ohms. 
^Maximum   value   of    normal   exciting   current  =1.27 
amp. 
Hence  equation  (8)  becomes 

aB  =  —  29.5  K  A  (cos  6)  —  .00084  Ki. 

Table  4  gives  the  calculations  for  this  and  the  following  cases  from  o 
to  200^.    For  transformer  A,  it  gives  a  maximum  current  of  390  amp., 

while  the  maximum  value  of  the  full  load  current  is  only  ^2  X45  = 
64.3  amp.,  i.  e.,  the  maximum  rush  of  current  is  6.1  times  normal 
full  load. 

Transformer  B 

5-kw.  2080,  1040  460,  230  \'..  60  cycles,  old  type,  2080- 
volt  winding  used  as  primary. 

Hysteresis  loop  and  magnetization  curve  are  given  in 

Fig.  12. 
Normal  eft.  e.  m.  f .  =  2080  volts. 
Resistance    of     transf.     (2080-volt    winding)  =  9.35 

ohms. 
Maximum    value    of    normal    exciting    current  ==o.i 

amp. 
From  Fig.  12 

Normal   residual   magnetism  =  20.0  X  ^4- 

^max  =    \/2  X  2080  =  2940. 

Equation  (8)  becomes 

A  B  =  —  26.25  X  ^'4  ^  (cos  0)  —  .0146  K^i. 
From  Table  4,  Columns  8-1 1,  the  maximum  current  is  13.5  amp.  or 
about  4  times   the    maximum  value   of   the   full   load   current,    viz., 
V2  X  2.4  =  3.4  amp. 

Transformer  C 

50  kw.  2200.  1100/440,  220  volts,  60  cycles,  new  type, 
2200-volt  side  used  as  primary. 


Data 
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Fig  12.     Magnetization  Curve  and  Hysteresis  Loop  of  Transformer  B. 
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Data 


Hysteresis  loop  and  magnetization  curve  are  given  in 

Fig-  13- 
Normal  eff.  e.  m.  f.  =  2200  volts. 
Resistance  of  transformer  (2200-volt  winding)  =  .446 

ohms. 
Maximum  value  of  normal  exciting  current  =  .5  amp. 


From  Fig.  13 
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-as  0  05  /£>  /s  eo  es 

Fig.  13.    Magxetization  Curve  and  Hysteresis  Loop  for  Transformer  C. 
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Normal  residual  magnetism  =  15.25  K.^ 

^max  =  \/  2  X  2200  =  3110   volts 

Equation  (8j  becomes 

A  .S  =  —  20.75  ^2  '^  (cos  ^^  —  .00052  K^  i 

From  Table  4,  Columns  12-15.  the  maximum  current  is  235  amp.  or 
about  7.3  times  the  maximum  value  of  the  normal  full  load  current, 
viz.,  ^2  X  22.y  =  32.1  amp. 
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Fig.  14.     Magnetization  Curve  and  Hysteresis  Loop  for  Transformer  D. 
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Transformer  D 
Data 
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From  Fig.  14 


7^-k\v.  440/110  volts,   60  cycles,  old   type,  440-volt 
side  used  as  primary. 

Hysteresis  loop  and  magnetization  curve  are  given  in 

Fig.  14. 
Normal  eff.  e.  m.  f .  =  440  volts. 
Resistance   of  transformer    (440  volt-winding)  =  .26 

ohms. 
Maximum   value  of   normal   exciting  current  =  .655 

amp. 


^max  =  33-0  X  K^ 

Normal  residual  magnetism  =  28.0  A'^ 

^max  =  ^2  X  440  =  622.5  volts. 
Equation  (8)  becomes 

A  5  ^  —  33  i^j  A  (cos  6)  —  .0024  K^  i 
From  Table  4,  Columns  16-19,  ^^^  maximum  current  is  62  amp.  or 
about  2.6  times  normal  full  load  current,  viz.,  -J  2  X  17  =  24.1  amp. 

Transformer  E 

440,  220/220,  1 10  volts,  60  cycles,  new  type,  440-volt 
side  used  as  primary. 


Data 


From  Fig.  15 


Hysteresis  loop  and  magnetization  curve  are  given  in 

Fig-  15- 
Normal  eff.  e.  m.  f .  =  440  volts. 
Resistance  of  transformer  (440-volt  winding)  =  .195 

ohms. 
Maximum  value  of  normal  exciting  current  =  .87  amp. 

Normal  residual  magnetism  =  25.0  K^ 

^max  =^2  X  440  =  622.5    volts 
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Equation  (8)  becomes 

A  5  =  —  38.0  /C3  A  rcos  6)  —  .0021  KJ 
From  Table  4,  Columns  20-23.  the  maximum  current  is  255  amp.  or 
5.3^  times  the  maximum  value  of  the  normal  full  load  current,  viz., 
■^2  X  34-1  =  482  amp. 
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Fig.  15.    :Magxetizatiox  Curve  axd  Hysteresis  Loop  for  Transformer  E. 
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IV.     Effect  of  Resistaxce  axd  Ixductaxce  in  Series  with 
Transformer  Primary. 

In  the  preceding  section,  have  been  presented  the  results  of  con- 
necting some  transformers  directly  to  the  busbars  with  negligible 
resistance  in  the  leads.  It  was  shown  that  with  the  old  type  of  trans- 
formers, the  initial  rush  of  current  may  amount  to  two  to  four  times 
normal  full  load  current,  while  with  the  new  type,  with  silicon  steel 
cores,  the  initial  rush  may  exceed  seven  times  full  load  current. 

The  only  remedy  for  reducing  these  abnormal  currents,  where  the 
transformer  is  to  be  connected  to  constant  potential  busbars,  is  the 
introduction  of  resistance  or  inductance  in  series  with  the  primary 
winding,  i.  e.,  that  side  of  the  transformer  which  is  to  be  connected  to 

twwwws rmim      ^^^^^'-^^^ 


T r-VWYVYYV^T pWJOXmX/i r 


•max. 


S/r?d       ^~^^  \(fff  ^aji 


Fig.  i6. 

the  power  station.  This  inductance  or  resistance  will  take  care  of  a 
part  of  the  impressed  e.  m.  f .,  leaving  only  a  fraction  of  it  to  be  taken 
care  of  by  the  counter  e.  m.  f.  of  the  transformer.  This  is  shown 
diagrammatically  in  Fig.  i6.    The  general  equation  then  is 

£„„sin<)-^f +X    ^;+i?,-  (lo) 

which,  if  solved  for  A  5  in  the  same  way  as  in  Part  I,  gives 

A^  =  -5_A(cos^)-f^X     {M)-^Ri{^6)    (II) 

This  reduces  to   (8)  if  X     is  negligible. 

R  is  the  total  resistance  of  the  circuit,  including  the  transformer  pri- 

mar}'-,  and  X^    is  the  inductive  reactance  outside  the  transformer. 

In  the  following,  will  be  calculated  the  maximum  rush  of  current 
with  either  resistance  or  inductance  in  series  with  the  transformer 
primary  for  two  of  the  silicon  steel  transformers,  transformer  A  and 
transformer  C. 

Transformer  A. 

Case  I. — For  negligible  inductance  outside  the  transformer  equa- 
tion (ii)  becomes 
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Suppose  now  that  R^  1.21^  ohms,  i.  e.,  that  the  outside  resistance  is 
1.21  —  .025=1.185  ohms,  since  the  resistance  of  the  transformer 
primary  is  .025  ohms.     For  10°  intervals  of  6,^0  =  -IZS- 

E„,,=  In;  volts 


m^x 


R  ^  1. 2 1  ohms 
A  5  =  —  29.5  K  A  (cos  0)  —  .0403  K  i. 

Case  2. — For  negligible  resistance  in  the  leads,  the  total  resistance 
of  the  circuit  may  be  neglected,  and  Tii)  becomes 

A5  =  -B„,,A(cos^)-|5^^  Z,   rAO 
Assume  X^  =1.21  ohms 

A  5  =  —  29.5  K  A  (cos  B)  —  .23  K  (Az) 

Table  5  gives  the  calculations  for  these  and  the  following  cases.     It 

is  seen  from  this  table  that  the  maximum  rush  of  current  for  Case  i 

is  78.0  amp.,  and  for  the  second  case  86.0  amp.  or  less  than  twice  full 

load  current. 

Transformer  C. 

Case  I — Negligible  inductance  outside  transformer. 

„       _       ^  normal  voltage       iioo  , 

For  R  =  ^  ■  --  , ^_  — =  43  -  ohms 

full  load  current  24  ^  ^ 

or  43.5  —  .5  =  43  ohms  in  series  with  the  2200-volt  winding,  equation 

(11)  reduces  to 

AB  =  —  20.75  ^2  ^  (cos  6)  —  .051  K^  i. 

Case  2. — Xegligible  resistance  outside  transformer. 
For  X^  =43-5  ohms  in  series  with  the  2200  volt-winding,  equation 
(11)  becomes,  neglecting  resistance: 

A5  =  — 20.75i^2A  (cos^)  —  .29i^2  (At). 
From  Table  5,  Columns  12-14,  it  may  be  seen  that  the  maximum  rush 
of  current  for  Case  i  is  50.0  amp.,  and  for  Case  2,  55  amp.,  i.  e.,  in  both 
cases  less  than  twice  full  load  current. 

From  the  above  calculations,  it  may  be  seen  that  the  initial  rush  of 
current  upon  closing  the  primary  circuit  of  a  transformer  can  be  lim- 
ited to  safe  values  by  inserting  either  a  resistance  or  an  air  core  in- 
ductance in  series  with  the  primary  circuit.  In  the  particular  cases 
above,  the  current  was  limited  to  less  than  twice  full  load  current  by 

*This  resistance  multiplied  by  full  load  current,  45.5,  gives  a  drop  equal  to 
half  normal  voltage:  1.21X45.5  =  55  volts. 
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inserting  a  resistance  or  inductive  reactance  equal  to 

J-, Y         y2  normal  voltage 

I-         full  load  current 
in  series  with  the  primary.^ 

V.    Summary  and  Conclusions 

Table  6  gives  the  results  of  the  calculations  of  the  previous  sec- 
tions. Columns  9  and  10  give  the  results  for  the  case  in  which  the 
transformers  are  connected  to  the  busbars  with  sufficient  power  behind 
to  keep  the  voltage  constant  and  with  negligible  resistance  and  induct- 
ance in  the  leads.  Columns  11  and  12  give  the  results  for  the  same 
conditions,  but  with  a  resistance  of 

-'full   load 

in  series  with  the  primary. 

Columns  13  and  14  give  the  results  for  the  same  conditions  but 
with  a  reactance 

V->  E 

-*  full   load 

in  series  with  the  primary. 

Transformers  A,  C,  and  E  are  of  recent  manufacture  with  silicon 
steel  cores,  while  B  and  D  are  of  an  old  type. 

In  the  preceding  sections,  it  has  been  shown  that  transient  currents 
amounting  to  several  times  the  maximum  value  of  full  load  current 
may  occur  upon  closing  the  primary  circuit  of  a  transformer.  While 
this  transient  current  for  the  old  type  transformers  may  amount  to  two 
to  four  times  full  load  current,  it  may  rise  above  seven  times  the  maxi- 
mum value  of  full  load  current  for  transformers  with  cores  made 
from  silicon  steels  with  high  flux  densities- 

This  transient  current  becomes  a  serious  problem  only  for  sta- 
tions containing  step-up  transformers,  that  are  connected  directly  to 
the  station  busbars  through  leads  of  negligible  resistance  and  induct- 
ance. If  the  generators  are  belted  and  of  only  moderate  capacity,  the 
system  may  be  flexible  enough  to  stand  the  shock  due  to  the  enormous 
current  that  may  follow  upon  closing  the  transformer  switches.  If, 
however,  the  generators  are  of  large  capacity  and  direct-connected,  the 
shock  may  be  sufficient  to  cause  a  rupture  between  the  generator  and 
the  prime  mover.  It  will  readily  be  seen  that  this  current  will  be  of 
the  same  order  as  a  direct  short-circuit  current  of  the  generator. 

^For  calculations  of  inductance  coils  for  this  purpose  reference  is  made  to 
University  of  Illinois  Bulletin  53,  by  Prof.  Morgan  Brooks  and  Mr.  H.  M. 
Turner,  entitled,  "Inductance  of  Coils". 
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If  each  set  of  transformers  be  connected  to  one  generator,  the 
problem  will  consist  simply  in  bringing  the  voltage  up  slowly  with  the 
transformers  connected,  but  in  cases  where  it  becomes  necessary  to 
connect  transformers  to  busbars  of  full  potential,  it  becomes  necessary, 
for  safe  operation,  to  insert  in  the  primary  circuit  a  resistance  or  in- 
ductance to  limit  the  transient  current  to  safe  values.  It  has  been 
shown  that  a  resistance  or  inductive  reactance  amounting  to 

Yz  normal  voltage 
full  load  current 
will  limit  the  current  to  less  than  twice  full  load  current  under  the 
most  critical  conditions. 

This  resistance  or  inductance  needs  to  be  in  the  circuit  for  only 
a  very  short  time,  since  the  current  will  fall  down  to  below  full  load 


Fron}  3us  Bars 


Transformer 


Fig.   17 

current  after  a  few  cycles.  The  resistance  or  inductance  may  be  con- 
nected as  shown  diagramatically  in  Fig.  17,  where  an  extra  contact,  A, 
is  provided  on  the  switch,  in  such  a  way  that,  in  closing  the  switch  the 
contact  A  is  reached  before  the  main  contact  B  is  reached.  It  might 
be  possible  to  provide  such  a  contact  even  on  oil  switches.  As  the  in- 
terval between  the  time  the  switch  touches  A  until  it  touches  B,  need 
be  only  a  fraction  of  one  second,  no  change  in  the  operating  mechanism 
of  the  switch  would  be  necessary.  Usually,  it  takes  an  oil  switch  about 
0.5  second  to  close,  i.  e.,  from  the  time  it  starts  until  the  switch  is  closed. 
If  the  contact  A  is  located  1/3  of  the  way  from  the  closed  position,  it 
may  take  the  contact  o.i  second  to  travel  from  A  to  B,  and  this  time 
will  be  sufficient  even  for  25  cycle  systems. 
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Appendix 

Residual  Magnetism. — It  has  been  generally  believed  that  residual 
magnetism  is  of  a  transient  nature,  i.  e.,  that  the  magnetism  that  re- 
mains in  the  iron,  after  removing  the  magnetizing  force,  gradually 
decreases. 

As  this  point  is  very  important  in  connection  with  the  starting 
current  of  transformers,  an  experiment  was  undertaken  to  ascertain 
whether  the  residual  magnetism  is  a  permanent  quantity  or  not.  Con- 
nections were  made  as  shown  in  Fig.  18. 


Fig.    18 


Referring  to  the  hysteresis  loop  of  Fig.  3,  it  may  be  seen  that, 
starting  at  i,  opening  the  circuit  produces  a  change  of  flux  correspond- 
ing to  1-2 ;  reversing  the  current  produces  a  change  2-2),  etc.  However, 
if  the  residual  magnetism  at  2  decreases  before  the  current  is  reversed, 
the  change  of  flux  will  be  less  than  2-3.  Consequently,  the  problem 
consists  in  determining  whether  this  change  varies  with  the  time  elaps- 
ing between  opening  the  circuit  and  closing  it  again  in  the  opposite 
direction. 

The  time  interval  was  controlled  by  means  of  a  pendulum  and  four 
contacts,  A,  B,  C  and  D.  By  tracing  out  the  connections  in  Fig.  18,  it 
will  be  seen  that  with  all  the  levers  in  the  upright  position,  the  current 
flows  through  the  circuit  in  the  direction  of  the  arrows,  while  the 
galvanometer  G  is  shortcircuited  by  means  of  contact  B.  If  now  the 
pendulum  is  started  from  the  position  shown,  lever  A  is  first  knocked 
down  opening  the  primary  circuit.  The  change  of  flux  1-2  does  not 
produce  any  deflection  of  the  galvanometer,  because  it  is  shortcircuited 
until  lever  B  is  knocked  down.     Finally,  C  and  D  are  knocked  down, 


42  ILLINOIS    ENGINEERING    EXPERIMENT    STATION 

reversing  the  current,  producing  a  change  of  flux  2-3,  and  since  the 
galvanometer  is  no  longer  shortcircuited,  this  change  produces  a  de- 
flection of  the  galvanometer,  proportional  to  the  change  of  flux. 

The  shortest  distance  between  A  and  D  corresponded  to  about  .1 
second,  and  it  could  be  increased  to  about  Yz  second. 

The  transformer  used  v^^as  the  5-kw.  2080,  1040/460, 230  volt, 
60-cycle  transformer,  designated  as  transformer  B.  A  resistance  R^, 
of  400  ohms,  was  inserted  in  the  primary  to  decrease  the  time  constant, 
and  the  current  was  maintained  at  the  maximum  value  of  the  normal 
magnetizing  current,  namely,  .1  amp. 

1.  The  deflection  corresponding  to  change  2-3  and  .1  second 
interval  between  A  and  D  was  48.0  cm.  The  interval  was  then  in  turn 
increased  to  Yz  second,  and  by  hand  operation  to  i  min.,  5  min.,  90  min., 
12  hrs.,  and  24  hrs. 

The  deflection  corresponding  to  the  change  2-^  was  in  every  case 
the  same. 

2.  To  ascertain  whether  there  was  any  decrease  of  flux  during 
the  .1  second  period,  the  resistance  R^  amounting  to  more  than  i 
megohm  was  cut  out.  The  sensitiveness  of  the  galvanometer  is  such 
that  10"®  amp.  corresponds  to  i  mm.  deflection.  The  transformer  core 
has  a  cross-section  of  about  4  sq.  in.  and  the  number  of  turns  of  the 
230-volt  winding  is  80.  The  normal  flux  density  is  about  50  000  lines 
per  sq.  in.,  and  the  resistance  of  the  galvanometer  circuit  was  less  than 
1000  ohms.  Hence  to  produce  a  deflection  of  one  cm.  required  lO"'' 
amp,  or  lO"^  X  10^  =  lO"*  volts. 

80  X«^ 


£=  10" 


108 


lO"*  10^     10*  ,. 

d)  ==  — =  - —  =  I2t;  Imes  per  sec. 

^  80  80  ^  f 

That  is,  it  requires  a  change  of  flux  of  125  lines  per  sec.  to  produce  a 
large  deflection  of  the  galvanometer.  As  the  total  normal  flux  is 
50000  X  4  =  200000  lines,  this  is  less  than  i/io  per  cent,  so  that  any 
material  change  of  flux  occurring  within  the  first  i/io  sec.  after  open- 
ing A  would  be  recorded.  The  time  elapsing  between  A  and  B  was  less 
than  .01  sec.  The  pendulum  was  stopped  after  knocking  down  B,  so 
that  any  deflection  occurring  after  the  change  1-2  would  be  due  to  the 
decrease  of  the  residual  magnetism. 

As  a  result  of  the  several  trials,  not  the  slightest  deflection  could 
be  detected. 

3.  It  was  finally  attempted  to  determine  the  effect  of  vibration 
and  blows  upon  the  permanency  of  the  residual  magnetism.  With  the 
same  connections  as  in  2,  A  and  B  were  knocked  down.     The  trans- 
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former  core  was  then  given  a  series  of  blows  with  a  hammer.  The 
first  blow  produced  a  deflection  of  about  50  cm.,  and  the  successive 
blows  produced  deflections  decreasing  very  rapidly.  This  deflection 
corresponds  to  about  50/1000  =  .05  cm.  with  the  resistance  R^  in 
circuit. 

Change  1-2  produced  a  deflection  of     8.5  cm. 

Change  2-3  produced  a  deflection  of  48.0  cm. 

Total  change  =  56.5  cm. 

This  means  that  the  maximum  value  of  the  normal  flux  corresponds 
to  28.3  centimeters  deflection,  and  the  residual  magnetism  to  28.3 
—  8.5  =  19.8  cm.  deflection.  Consequently,  a  deflection  of  .05  on. 
corresponds  to  a  decrease  of  residual  magnetism  due  to  severe  blows 
of  5/20  per  cent  =  1/4  per  cent. 

The  transformer  was  finally  given  continuous  hard  blows  for  5 
minutes  (one  blow  every  other  second)  after  point  2  had  been  reached. 
With  the  resistance  R^  cut  out,  the  effect  of  the  last  blows  could  hardly 
be  noticed.  R^  was  then  replaced  in  the  circuit  and  the  deflection  cor- 
responding to  the  change  2-3  was  observed.  The  result  showed  that 
the  effect  of  the  above  severe  treatment  was  to  decrease  the  residual 
magnetism  by  4  per  cent. 

Conclusion. — From  the  above,  the  conclusion  seems  justified  that 
there  is  no  decrease  in  the  residual  magnetism  of  a  transformer  under 
normal  conditions,  and  that  the  decrease  due  to  vibration  and  ordinary 
shocks  is  negligible. 
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TESTS    OF    COLUMNS:  AN    INVESTIGATION    OP    THE 

VALUE  OF  CONCRETE  AS  REINFORCEMENT 

FOR  STRUCTURAL   STEEL  COLUMNS. 

I.     Introduction. 

1.  Preliminary. — In  reinforced  concrete  building  construc- 
tion columns  form  an  important  element,  and  in  the  case  of  very 
high  or  very  heavily  loaded  buildings,  the  size  of  the  columns  and 
the  space  they  occupy  become  important  considerations.  Various 
types  of  reinforced  columns  are  in  use.  Columns  with  longitudi- 
nal reinforcement  and  hooped  columns  are  common.  During  the 
past  few  years  designers  have  used  structural  steel  columns  en- 
cased in  concrete.  Sometimes  the  structural  steel  shapes  form  a 
relatively  small  proportion  of  the  column  section  and  are  con- 
sidered as  reinforcement  for  the  concrete.  In  other  designs  the 
amount  of  steel  is  much  larger  and  the  structural  shapes  will 
carry  a  large  proportion  of  the  load  so  that  the  column  instead  of  be- 
ing a  reinforced  concrete  column  is  really  a  steel  column  reinforced 
with  the  concrete  in  which  it  is  embedded.  Such  columns  may 
occupy  less  space  than  the  reinforced  concrete  column  as  usually 
designed. 

Two  points  of  view  seem  to  exist  with  reference  to  columns 
having  a  large  percentage  of  structural  steel:  (a)  that  the  con- 
crete surrounding  the  steel  simply  affords  protection  from  fire 
and  corrosion  and  that  the  additional  strength  afforded  by  the 
concrete  is  not  considerable  in  amount  and  is  not  available  for 
design;  and  (b)  that  if  the  concrete  be  present  it  must  act  in  uni- 
son with  the  steel  and  that  its  strengthening  effect  and  its  effect 
upon  the  permissible  deformation  of  the  column  should  be  taken 
into  account.  The  present  building  codes  either  directly  or  through 
the  relation  of  stresses  allowed  virtually  occupy  the  first  position 
when  the  steel  column  forms  more  than  8%  of  the  column  section. 

The  series  of  tests  described  in  this  bulletin  was  planned  to 
throw  light  upon  the  action  of  columns  formed  of  structural  steel 
shapes  by  filling  the  space  between  the  shapes  with  concrete  or 
encasing  them  in  concrete  as  exemplified  in  a  form  of  column 
section  which  has  been  used  in  reinforced  concrete  building 
construction.  It  is  hoped  that  the  results  will  be  helpful  in  dis- 
cussing fundamental  principles  underlying  the  design  of  such 
columns. 
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2.  Scope  of  Bulletin. — The  investigation  was  planned  with 
the  view  of  securing  information  on  the  following  principal  points 
for  the  section  and  type  of  column  tested:  (1)  the  effect  of  length 
and  slenderness  on  the  strength  of  the  plain  steel  columns;  (2) 
the  effect  of  length  upon  the  strength  of  similar  columns  made 
up  with  a  core  of  concrete;  (3)  the  effect  of  richness  of  concrete  in 
the  core  filling  upon  the  strength  of  the  column;  (4)  the  effect  of 
adding  an  exterior  coat  around  the  steel  section  upon  the  strength 
of  the  column,  and  the  action  of  this  coat  under  load;  (5)  the 
effect  of  spiral  hooping  upon  the  strength  and  stress- deformations 
of  the  column. 

The  tests  were  planned  in  an  effort  to  obtain  the  most  in- 
formation on  these  points   with  the  32  columns   available  for  the 
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Fig.  1.    Details  of  Test  Columns. 
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tests.     The  results  may  not  be   applicable  to  sections  or  types  of 
columns  which  differ  from  the  form  used. 

3.  Acknotvledgment. — The  steel  columns  used  in  the  tests 
were  furnished  throuj?h  the  courtesy  of  the  Illinois  Steel  Company, 
Mr.  E.  J.  Buffington,  President,  and  were  made  at  the  ISorth 
Works  of  the  Company  in  Chicago.  The  spirals  for  the  six  spi- 
raled  columns  were  furnished  by  the  American  System  of  Con- 
crete Reinforcing,  of  Chicago.  The  work  of  concreting  the  col- 
umns was  directly  supervised  by  Mr.  D.  A.  Abrams,  Associate  in 
the  Engineering  Experiment  Station  of  the  University  of  Illinois. 
The  tests  were  made  by  Mr.  Lord  with  the  assistance  of  Mr.  R. 
K.  Steward  and  members  of  the  staff  of  the  Engineering  Experi- 
ment Station.  Mr.  Lord  is  responsible  largely  for  outlining  the 
scope  of  the  tests  and  for  working  up  the  results.  Mr.  W.  A. 
Slater,  First  Assistant  in  the  Engineering  Experiment  Station, 
has  given  helpful  assistance  in  putting  the  bulletin  into  final 
form.  Especial  acknowledgment  is  made  to  Professor  Prank  P. 
McKibben  and  the  Department  of  Civil  Engineering  of  Lehigh 
University  for  the  work  of  testing  the  four  spiraled  columns  sent 
to  the  Fritz  Engineering  Laboratory  and  for  the  great  interest 
and  care  so  freely  given. 

II.     Materials,  Test  Pieces,  and   Methods 
OF  Testing. 

4.  The  Steel  Columns.— The  structural  steel  columns  used 
were  of  the  Gray  type  and  were  composed  of  eight  angles,  3x22 
XxV-in-j  tied  at  intervals  of  16  inches  by  5ixi-in.  plates  as 
shown  in  Fig.  1.  This  type  of  column  has  been  used  in  the  con- 
struction of  reinforced  concrete  buildings  and  has  proved  very 
satisfactory.  The  size  of  angles,  radii  of  gyration,  dimensions  of 
tie  plates,  slenderness  ratio  of  the  flanges  between  tie  plates, 
radius  of  gyration  of  column  and  slenderness  ratio  of  columns 
give  relations  which  are  in  many  ways  comparable  to  column 
sections  which  have  been  used  in  reinforced  concrete  building 
construction. 

The  method  of  fabricating  these  columns  was  in  no  sense 
unusual.  The  ends,  although  milled,  did  not  present  a  true  bear- 
ing as  they  were  received  in  the  laboratory.  The  steel  was  open 
hearth  structural  steel.  Tension  tests  of  I2  x  1%  x  18-in.  speci- 
mens cut  from  an  untested  flange  gave  an  ultimate  strength  of 
62  000  lb.  per  sq.  in.  and  a  yield  point  of  39  800  lb.  per  sq.  in. 
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The  ultimate  compressive  strength  of  flanges  composed,  of  two 
3  x2ix  fV-in.  angles  riveted  back  to  back  averaged  39  700  lb.  per 
sq.  in.  for  two  specimens  32  inches  long,  and  38  200  lb.  per  sq. 
in.  for  two  specimens  7  ft.  10  in.  long. 

5.  Sections  of  Columns. — Table  5,  page  14,  gives  the  schedule 
of  the  columns  tested.  Ten  steel  columns  were  tested  without 
concrete  reinforcement;  these  columns  are  called  '"plain  steel 
columns"  in  the  schedule  and  in  the  discussion.  For  studying 
the  effect  of  concrete  in  connection  with  the  steel,  the  space  in- 
closed within  the  outline  of  the  structural  shapes,  as  shown  in 
Fig.  1,  was  filled  with  concrete.  This  combination  of  structural 
shapes  and  concrete  will  be  termed  the  "core  type  of  column". 
It  was  adopted  as  the  principal  form  of  test  piece  because  it  was 
believed  wisest  to  obtain  the  larger  part  of  the  data  with  the 
section  which  is  considered  to  be  the  effective  section  in  design. 
For  purposes  of  comparison  three  columns  were  made  with  2 
inches  of  concrete  outside  of  the  steel  (see  Fig.  1),  and  the  action 
of  this  outer  shell  under  load  was  studied.  This  combination  of 
steel  and  concrete  is  here  termed  the  "fireproof ed  type."  The 
effect  of  richness  of  concrete  upon  the  strength  of  the  core  type 
was  sought  by  the  testing  of  columns  with  1-1-2  and  1-3-6  mix- 
tures in  addition  to  the  1-2-4  mixture.  In  six  columns  the  steel 
was  inclosed  within  a  wire  spiral  and  the  space  filled  with  con- 
crete to  the  outer  face  of  the  spiral.  The  spirals  were  14  in.  in 
diameter,  were  of  i-in.  steel  wire  with  a  pitch  of  2  in.  and  li  in. , 
respectively,  the  percentages  of  spiral  reinforcement  used  being 
0.75  and  1.0.  The  percentage  of  the  structural  steel  section  in 
terms  of  the  whole  column  area  varied,  being  10.8  %  for  the  core 
type,  6.1  7f  for  the  fireproofed  type  and  8.5  %  for  the  spiraled 
columns. 

TABLE    1. 
Tensile  Strength  of  Cement. 


Age  7  Days 

Age  28  Days 

Rel. 

No. 

Neat 

1  :3 

Standard 

Sand 

1:3 

Sand 

Used  in 

Columns 

Neat 

1:3 

Standard 
Sand 

1  :3 

Sand 

Used  in 

Columns 

1 
2 
3 

589 
684 
653 

198 
227 
240 

265 

674                        278 
709          1              283 
731                        319 

323 
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6.  Cement  and  Aggregates. — The  cement  used  was  furnished 
by  the  Universal  Portland  Cement  Company.  Tests  of  samples 
taken  at  times  through  the  season  and  made  by  B.  L.  Bowling, 
Assistant  in  charge  of  the  Cement  Laboratory,  are  given  in 
Table  1.  Sample  No.  1  was  taken  October  1-4,  No.  2  November  22, 
and  No.  3  January  15.  In  the  fineness  test  98.5  per  cent  passed 
No.  50 sieve,  96.5  per  cent  passed  No.  100  sieve,  and  82.5  per  cent 
passed  No  200  sieve- 

The  sand  used  was  torpedo  sand  from  Attica,  Indiana.  It 
was  of  good  quality,  fairly  sharp,  clean  and  well-graded.  It 
combined  with  the  cement  used  in  a  very  satisfactory  manner 
and  gave  a  higher  briquette  test  than  did  the  same  cement  with 
standard  Ottawa  sand.  It  was  from  the  same  locality  and  of  the 
same  quality  as  the  sand  used  in  making  reinforced  concrete  test 
specimens  for  several  years  at  the  University  of  Illinois. 

A  good  quality  of  rather  hard  limestone  from  Kankakee, 
Illinois,  specified  to  pass  through  a  1-in.  screen  and  over  a  i-in. 
screen,  was  used.  It  is  representative  of  the  stone  most  used  in 
building  construction  of  reinforced  concrete  in  Illinois  and  it  was  of 
the  grade  which  has  been  used  in  the  previous  experimental  work 
of  the  Laboratory.  In  the  columns  tested  the  failure  did  not  ap- 
pear to  result  from  the  crushing  or  breaking  of  the  stone  in  any 
way. 

7.  Concrete. — Table  2  gives  the  proportions  of  the  materials 
used  in  the  different  batches  of  concrete  from  which  the  columns 
were  made.  The  sand  and  stone  were  first  measured  by  loose  vol- 
ume. A  bag  of  cement  (95  lb.)  was  considered  as  1  cubic  foot  of 
cement.  The  resulting  proportions  by  weight  are  given  in  the 
table. 

Men  skilled  in  mixing  concrete  and  making  test  pieces  were 
employed  in  the  work.  The  foreman  and  the  other  workmen  are 
experienced  concrete  workmen;  they  have  made  the  specimens 
for  the  laboratoi'y  for  six  seasons.  The  mixing  was  done  with 
shovels  by  hand.  The  sand  and  cement  were  first  mixed  dry; 
the  stone,  which  had  previously  been  thoroughly  moistened,  was 
added  and  the  mix  then  turned  until  of  a  uniform  appearance. 
Usually  the  first  operation  included  five  or  six  turnings  and  the 
second  three  or  more.  Water  was  added  in  sufficient  quantity  to 
produce  a  distinctly  wet  mixture  which  would  run  rapidly  from 
the  shovel.     The  whole  was  then  turned  until  thoroughly  mixed. 
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8.  Making  of  Columns. — The  forms  for  the  core  type  were  ex- 
tremely simple  inasmuch  as  the  concrete  was  confined  to  the 
octagon  determined  by  the  edges  of  the  steel  flanges.  Four  planks 
of  the  correct  length  were  placed  in  a  vertical  position  direct- 
ly against  the  flanges  and  were  held  in  position  by  means  of 
yokes.  For  the  fireproofed  type  octagonal  forms  of  wood  were 
built. to  give  the  required  2  inches  of  clearance  over  all  faces. 
For  the  spiraled  type  circular  metal  forms  were  placed  directly 
against  the  wire  spiral  and  held  in  place  by  bands  as  shown  in 
Fig.  1  of  Bulletin  No.  20  of  the  University  of  Illinois  Engineering 
Experiment  Station. 

TABLE    2. 
Proportions  of  Concrete  Ingredients. 


' 

By  Volume 

By  Weight 

Column 

No- 

Cement 

Sand 

Stone 

Cement 

Sand 

Stone 

8907 

2 

4 

2.16 

3.55 

8908 

2 

4 

2.05 

3.55 

8912 

2 

4 

2.16 

3.55 

8913 

2 

4 

2.05 

3.55 

8917 

2 

4 

2.11 

3.35 

8918 

2 

4 

1.88 

3.62 

8922 

2 

4 

2.09 

3.42 

8923 

2 

4 

2.04 

3.54 

8925 

1 

2 

1.06 

1.81 

8926 

1 

2 

1.04 

1.76 

8927 

3 

6 

3.14 

5.43 

8928 

3 

6 

3.02 

5.30 

8929 

2 

4 

2.04 

3.52 

■    8930 

2 

4 

2.13 

3.60 

8931 

2 

4 

2.07 

3.60 

8933 

2 

4 

2.08 

3.61 

8934 

2 

4 

2.02    ■ 

3.51 

8935 

J 

4 

8936 

2 

4 

2.02 

3.56 

8937 

2 

4 

2.04 

3.52 

8938 

2 

4 

2.08 

3.67 

The  concrete  was  placed  by  pouring  it  into  the  forms  at  the 
top  of  the  column  a  bucketful  at  a  time.  It  was  worked  around  the 
sides  and  in  the  center  by  means  of  a  pole.  As  an  aid  in  secur- 
ing uniform  concrete  successive  bucketfuls  were  taken  from  dif- 
ferent portions  of  the  pile.  The  forms  were  filled  practically 
level  with  the  top  of  the  steel. 

Previous  to  pouring  the  concrete,  the  steel  column  was 
placed  in  a  vertical  position  on  a  14xl4xl-in.  cast-iron  bearing 
plate  (upon  which  it  was  later  tested)  and  the  forms  were  placed 
in  position.  The  day  after  pouring,  after  the  concrete  in  the 
column  had  had  time  to  shrink,  the  top  of  the  column  was   pre- 
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pared  for  testing  by  setting  another  bearing  plate  upon  it,  using 
a  neat  cement  mortar  as  a  bed.  Care  was  taken  to  have  this 
plate  rest  equally  upon  the  four  flanges  and  also  to  bear  on  the 
mortar.  The  layer  of  mortar  between  the  plate  and  the  steel  was 
kept  as  thin  as  possible.  A  film  of  cement  over  the  end  of  the  steel 
was  necessarily  present;  but  in  most  cases  it  was  extremely  thin 
and  in  no  case  did  this  thickness  reach  i  inch.  In  pouring  the  spi- 
raled  type  it  was  found  that  the  concrete  did  not  flow  into  the 
small  space  at  the  back  of  the  flanges  between  the  wires  of  the 
spiral,  and  it  was  necessary  to  grout  into  this  space  with  a  sand 
mortar.  In  columns  of  the  fireproofed  type  the  concrete  outside 
the  flanges  was  found  to  be  less  dense  and  in  some  cases  the  sur- 
face over  the  flanges  was  more  or  less  pitted.  As  has  always 
been  the  practice  in  the  preparation  of  concrete  specimens  in  the 
laboratory,  the  fabrication  was  done  seriatim,  one  specimen  of  a 
kind  well  through  the  series,  followed  later  with  the  fabrication 
of  the  second  specimen  seriatim.  By  this  means  any  accidental 
variation  of  cement  or  aggregate  or  of  temperature  conditions 
would  be  likely  to  have  the  same  effect  on  one  type  of  specimen 
as  on  another,  whereas  if  all  the  specimens  of  the  same  kind 
were  made  at  the  same  time  the  presence  of  such  variations  might 
be  mistakenly  considered  to  be  caused  by  variations  in  type. 
This  practice  is  explained  at  some  length  here,  because  consid- 
erable variation  was  found  in  the  concrete  of  specimens  of  the 
same  type  made  at  different  times.  The  dates  of  making  speci- 
mens were  as  follows:  On  October  2,  1910,  No.  8907  and  8912 
were  made  from  one  batch  of  concrete  and  No.  8917  from  another 
batch.  On  October  29,  No.  8922  was  made  from  one  batch  and  No. 
8925  from  another  batch.  On  November  4,  No.  8927  was  made. 
On  November  8,  No.  8908  and  8913  were  made  from  the  same 
batch,  No.  8918  from  a  batch,  and  No.  8923  from  another  batch. 
November  12,  No.  8926  was  made  and  November  19,  No.  8928  was 
made. 

9.  Auxiliary  Test  Specimens. — From  each  batch  of  concrete 
used  three  6-in.  cubes  and  one  8xl6-in.  cylinder  were  made  from 
which  to  determine  the  properties  of  the  concrete  in  the  columns. 
These  were  stored  in  damp  sand  until  a  few  days  before  the  cor- 
responding column  was  to  be  tested  when  they  were  removed  to 
the  testing  laboratory  and  two  faces  prepared  for  the  test  by  the 
addition  of  a  thin  coat  of  plaster  of  paris.  It  was  originally  in- 
tended to  test  all  these  specimens  at  the  same  date  as  the  cor- 
responding column,  but  an  unexpectedly  low  strength  was  found 
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in  the  cube  tests  of  the  first  specimens  made.  One  cube  from 
each  of  the  later  batches  was  then  reserved  for  test  at  90  days  in 
order  to  know  whether  the  concrete  was  poor  or  whether  it  mere- 
ly lacked  curing.  It  was  found  that  these  later  specimens  gave 
what  may  be  considered  to  be  normal  strength,  and  hence  no 
light  was  thrown  on  the  cause  of  the  low  strength  of  the  concrete 
from  the  first  batches.  The  results  of  the  cube  and  cylinder  tests 
are  given  in  Table  3.  These  auxiliary  tests  show  that  the 
strength  of  the  concrete  at  the  time  of  testing  was  far  from  uni- 
form. The  possible  causes  of  this  are  discussed  in  a  later 
paragraph. 

TABLE   3. 

Compression  Tests  of  Cubes  and 
Cylinders. 

Loads  are  given  in  pounds  per  square  inch. 


6-in 

Cubes 

Corresponding 

Hx  16-in. 

Column 

Cylinders 

No. 

60  days 

90  days 

60  days 

8907 

1790 

1350 

8908 

2430 

2650 

1490 

8912 

1790 

1350 

8913 

2430 

2650 

1490 

8917 

1420 

1140 

8918 

2150 

2600 

1260 

8922 

1320 

970 

8923 

1970 

2640 

1150 

8825 

2970 

2420 

8926 

3280 

4000 

2520 

8927 

1320 

1800 

700 

8928 

1440 

1740 

660 

8929 

1760 

2580 

1370 

8930 

2020 

2740 

1330 

8931 

1670 

2760 

1280 

8933 

1440 

2000 

1160 

8934 

2070 

2350 

1340 

8935 

2270 

2720 

1330 

8936 

1780 

2180 

1110 

8937 

1620 

2900 

1460 

8938 

1980 

2580 

1120 

10.  storage  and  Handling . — The  columns  were  stored  in  the 
Toom  where  they  were  made.  Forms  were  removed  at  the  end 
of  a  week  and  from  that  time  on  the  columns  were  occasionally 
sprinkled.  The  records  show  that  the  room  temperature  varied 
from  60°  to  70°  B^ahrenheit,  but  it  seems  probable  that  a  larger 
variation  may  have  occurred  in  different  parts  of  the  building. 
It  is  also  probable  that  the  later  columns  dried  out  much  more  and 
attained  a  higher  percentage  of  their  final  concrete  strength  than 
did  the  cubes  at  the  same  age. 
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Before  removing  the  columns  to  the  testing  laboratory  the 
bearing  plates  at  top  and  bottom  were  connected  by  rods  to  pre- 
vent displacement,  and  these  rods  were  not  removed  until  the 
column  was  in  its  final  position  in  the  testing  machine. 

11.  Method  of  Measuring  Deformations. — The  extensometer 
used  and  the  method  of  attachment  are  shown  in  Fig.  2,  For  the 
determination  of  deformations  in  the  steel,  holes  were  tapped  in 
the  flanges  at  the  lower  point  to  receive  the  shaft  of  a  wire- wound 
dial  extensometer  and  at  the  upper  point  to  receive  a  bolt;  from 
this  bolt  a  wire  was  suspended,  wrapped  once  around  the  drum  of 
the  extensometer  and  weighted  with  a  nut  at  the  end.  The  def- 
ormation occurring  in  the  gauge  length  between  the  bolt  and  the 

TABLE   4. 

Gauge  Lengths  and  Precision  op 
Measurements. 


Length  of 
Column 

Gauge 
Length 

Least  Unit-deformation 
Measurable 

2  ft.-O  in. 

10  in. 

.00002 

4  ft. -8  in. 

40  in.* 

.000005 

10  ft.-O  in. 

100  in. 

.000002 

15  ft. -4  in. 

150  in. 

.000001 

19  ft. -4  in. 

200  in. 

.000001 

♦Average. 

lower  shaft  was  registered  by  the  movement  of  the  pointer  of  the 
dial.  Measurements  were  made  on  each  of  the  four  flanges,  four 
instruments  being  used  for  the  purpose.  Where  measurements  were 
desired  on  concrete  faces,  specially  prepared  plugs  were  inserted  in 
the  column  during  the  pouring  and  these  were  tapped  to  receive 
the  bolts  and  the  shafts  of  additional  extensometers.  The 
wire  suspended  upon  the  upper  bolts  was  in  general  1  inch  from 
the  face  of  the  column,  and  the  accuracy  of  the  observations  de- 
pends upon  the  conservation  of  the  plain  section  in  the  column  as 
a  whole.  The  results  obtained  indicated  that  this  condition  was 
not  fully  satisfied  in  the  case  of  plain  steel  columns.  An  arrange- 
ment of  instruments  which  gave  the  deformations  at  the  center 
of  gravity  of  the  flanges  direct  was  used  in  the  test  of  flanges 
and  on  column  No.  8914.  The  result  indicated  that  the  error  in 
the  first  arrangement  of  instruments  was  not  great.  The  gauge 
lengths  used  varied  with  the  lengths  of  the  specimens.  The  dials 
could  be  read  to  an  indicated  movement  of  0.0002  inch.  The  gauge 
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length  and  the  least  unit- deformation  obtainable  for  the  different 
lengths  of  the  columns  are  given  in  Table  4. 

In  the  case  of  the  plain  steel  columns  10  feet  or  more  in 
length,  in  addition  to  the  four  measurements  of  deformation  taken 
over  the  gauge  lengths  noted  in  Table  4,  six  other  measurements  of 
deformation  were  taken  over  gauge  lengths  about  one-third  as 
long.  These  shorter  gauge  lengths  were  located  at  different 
portions  of  the  columns  in  an  effort  to  detect  local  bending.  The 
measurements  did  not  show  that  material  bending  occurred  at 
loads  below  the  maximum  load,  and  if  such  bending  occurred,  it 
was  confined  to  shorter  distances. 

12.  Method  of  Testing. — The  columns  were  tested  in  the 
Riehle  vertical  600  000-lb.  screw-power  testing  machine  in  the 
Laboratory  of  Applied  Mechanics  of  the  University  of  Illinois. 
It  was  appreciated  in  advance  that  the  full  strength  of  the 
spiraled  columns  could  not  be  developed  in  the  600  000-lb.  test- 
ing machine,  but  it  was  thought  that  there  would  be  a  sufficient 
indication  of  their  action  to  determine  the  critical  yield- point. 
However,  after  testing  them  it  was  concluded  that  a  determina- 
tion of  the  action  of  such  columns  at  higher  loads  would  be  of 
value,  and  further  tests  of  four  of  the  columns  were  made  in  the 
Riehle  800  000-lb.  testing  machine  at  Lehigh  University.  In  the 
case  of  the  plain  steel  columns  a  specimen  was  placed  with  its 
lower  end  bearing  directly  on  the  weighing  table  of  the  testing 
machine  and  centered  with  respect  to  the  screws.  The  compres- 
sion head  of  the  machine  was  then  lowered  until  the  suspended 
spherical  bearing  block  rested  on  top  of  the  column.  This  block 
was  then  centered  on  the  column.  Although  the  ends  of  the  col- 
umns were  milled  in  the  shops,  in  some  cases  it  was  necessary  to 
file  the  ends  to  secure  a  satisfactory  bearing  and  in  some  cases  to 
use  carefully  prepared  steel  shims.  In  the  case  of  the  con- 
creted columns  the  bearing  plates  of  the  columns  rested  directly 
on  the  weighing  table.  When  the  column  was  in  its  final  position 
in  the  machine,  the  rods  connecting  the  end  bearing  plates,  used 
while  transporting  the  column  to  the  testing  room,  were  removed 
and  the  spherical  bearing  block  was  lowered  into  position  as 
noted  for  the  plain  steel  columns.  An  initial  reading  of  the  ex- 
tensometer  was  taken  with  no  load  on  the  column  except  the 
weight  of  the  spherical  bearing  block.  The  compression  head  of 
the  testing  machine  was  then  brought  to  bear  on  the  bearing 
block  and  was  run  down  at  the  slowest  speed  (0.05  inch  per  minute) 
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until  a  load  of  25  000  lb.  was  registered.  The  machine  was  stopped 
at  this  load  and  after  an  interval  of  30  to  45  seconds  the  ex- 
tensometers  were  read.  In  like  manner  the  load  was  increased 
by  increments  of  25  000  lb.  at  the  speed  of  0.05  inch  per  minute, 
with  readings  of  the  extensometers  between  applications  of  load, 
until  the  maximum  strength  of  the  column  was  passed  or  the 
capacity  of  the  testing  machine  was  reached.  With  the  first  five 
columns  tested  (No.  8905,  8906,  8910,  8915,  8920)  no  effort  was 
made  to  restrain  any  movement  of  the  spherical  bearing  block. 
In  the  remaining  tests,  when  a  load  of  50  000  lb.  had  been  applied, 
special  wedges  were  inserted  and  adjusted  in  the  bearing  block 
to  restrain  it  from  a  rolling  movement.  In  the  tests  of  many  of  the 
columns  the  operation  of  the  machine  was  continued  after  the 
maximum  load  was  passed,  to  determine  the  effect  of  a  further 
application  of  load  and  a  further  shortening  of  the  column.  This 
was  done  in  order  that  the  critical  section  might  be  definitely 
determined  and  the  nature  of  the  final  failure  observed. 

Three  conditions  mentioned  incidentally  above  merit  more 
complete  discussion: 

(a)  It  is  evident  that  the  speed  at  which  the  testing  machine 
is  run  is  of  importance  and  that  a  column  will  carry  a  higher 
maximum  load  if  the  load  be  applied  rapidly  than  it  will  under  a 
slow  application.  In  actual  use  the  load  is  not  momentarily 
applied  but  it  is  a  dead  weight  and  follows  at  once  any  shortening 
or  other  movement  of  the  column.  In  testing,  the  load  should  be 
held  a  sufficient  time  to  ensure  that  the  material  has  attained  its 
full  deformation.  In  the  tests  herein  described  the  slowest  speed 
of  the  machine  (0.05  in.  per  min.)  was  used  in  all  cases.  The  in- 
struments were  read  starting  about  30  seconds  after  the  indicated 
load  had  been  momentarily  applied. 

(b)  The  condition  of  the  bearing  surfaces  at  the  ends  of  the 
column  has  an  important  effect  upon  the  load  which  the  column 
will  carry.  In  a  building  a  column  receives  its  load  from  story 
to  story  and  especial  attention  is  given  to  the  bearing  arrange- 
ment at  its  base,  but  in  a  testing  machine  the  load  is  applied 
directly  upon  the  end  section.  If  the  load  is  to  be  uniformly  dis- 
tributed-, the  bearings  of  the  ends  must  be  perfect.  In  these  tests 
care  was  taken  to  get  a  fairly  good  bearing,  but  it  should  be  noted 
that  the  load  was  not  always  uniformly  distributed  over  the 
section  and  that  some  of  the  flanges  were  more  highly  stressed 
than  others.  The  records  of  observed  deformations  of  the  various 
gauge    lengths  in  the  different  flanges  show  this  effect.     When 
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TABLE    5. 

Data  of  Test  Columns. 


Column 
No. 

Description 

Length 
ft.  in. 

I 

r 

Area  of 
Gross 
Section 
sq.  in. 

Concrete 
Mixture 

Age  of 
Test 
days 

8902 

Plain  Steel 

2-0 

6.1 

13 

8905 
8906 

Plain  Steel 
Plain  Steel 

4-8 

4-8 

14.4 
14.4 

13 
13 

8907 
8908 

Core  Type 
Core  Type 

4-8 
4-8 

120 
120 

1-2-4 
1-2-4 

60 
59 

8910 
8911 

Plain  Steel 
Plain  Steel 

10-0 
10-0 

30.8 
30.8 

13 
13 

8912 
8913 

Core  Type 
Core  Type 

10-0 
10-0 

120 
IJO 

1-2-4 

1-2-4 

60 
62 

8914 

Plain  Steel 

10-0 

30.8 

13 

8915 
8916 

Plain  Steel 
Plain  Steel 

15-4 
15-4 

47.2 

47.2 

13 
13 

8917 
8918 

Core  Type 
Core  Type 

15-4 
15-4 

120 
120 

1-2-4 
1-2-4 

61 
59 

8920 
8921 

Plain  Steel 
Plain  Steel 

19-4 
19-4 

59.5 
59.5 

13 
13 

8922 
8923 

Core  Type 
Core  Type 

19-4 
19-4 

120 
120 

1-2-4 

i-e-4 

60 
60 

89J5 
8926 

Core  Type 
Core  Type 

10-0 
10-0 

120 
120 

1-1-2 
1-12 

61 
60 

8927 
8928 

Core  Type 
Core  Type 

10-0 
10-0 

180 
120 

1-3-6 
1-3-6 

59 
60 

8929 
8930 
8931 

Fi  reproofed 
Fireproofed 
Fireproofed 

10-0 
10-0 
10-0 

213 
213 
213 

1-2-4 
1-2-4 
1-2-4 

60 
60 
60 

8933 
8934 
8935 
8936 

Spiraled* 
Spiraled* 
Spiraled* 
Spiraled* 

10-0 
10-0 
10-0 
10-0 

153 
153 
153 
153 

1-8-4 

1-2-4 
1-2-4 
1-2-4 

60 
59 
59 

•60 

8937 
8938 

Spiraledt 
Spiraledt 

10-0 
10-0 

153 
153 

1-2-4 
1-2-4 

60 
59 

*0.75  ^  of  spiral  reinforcement. 
+ 1.0  ^  of  spiral  reinforcement. 

the  load  is  unevenly  distributed  over  the  section  the  tendency 
towards  bending  is  increased.  The  effect  of  poor  end  conditions  is 
more  serious  in  short  columns  than  in  long  ones;  in  the  19  ft.  4-in. 
columns  its  effect  is  probably  negligible.  In  studying  the  effect 
of  length  on  column  strength  the  effect  of  end  conditions  must  be 
borne  in  mind.  Columns  No.  8902  and  8914  had  the  best  end  con- 
ditions of  any  tested.  In  the  2-ft.  column  (No.  8902)  a  test  was 
found  to  be  impracticable  without  carefully  turning  the  ends  in  a 
lathe. 
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TABLE    6. 
Maximum  Loads  Carried  by  Columns  and  by  Steel  and  Concrete. 


Total  Load  in  Pounds 

Pounds  per  square 
inch  of  Section 

Column 
No. 

i 
Column 
Load 

Load 

Considered 

as  Carried 

toy  Steel 

Load          1 
Considered 
as  Carried 
by  Concrete 

Steel 

Concrete 

8902 

487  300 

8905 
8906 

440  200 
449  000 

33  700 

34  700 

8907 
8908 

577  000 
602  000 

444  600 
444  600 

132  400 
157  400 

34  200 
34  200 

1240 
1470 

8910 
8911 

410  400 
425  600 

31  600 

32  700 

8912 
8913 

510  000 
584  700 

418  000 
418  000 

92  000 
166  700 

32  150 
32  150 

860 
1560 

8914 

424  000 

32  600 

8915 
8916 

368  000 
376  000 

28  300 

28  900 

8917 
8918 

468  500 
532  200 

372  000 
372  000 

96  500 
160  200 

28  600 
28  600 

900 
1500 

8920 
8921 

374  200 
345  000 

28  800 
26  500 

8922 
8923 

491  400 
495  500 

359  600 
359  600 

131  800 
135  900 

27  650 
27  650 

1230 
1270 

8925 
8926 

636  000 
655  000 

418  000 
418  000 

tl8  000 
237  000 

32  150 
S2  150 

2040 
2210 

8927 
8928 

516  000 
530  500 

418  000 
418  000 

98  000 
112  500 

32  150 
32  150 

920 

1050 

8929 
8930 
8931 

600  000* 
6.30  700 
635  700 

418  000 
41«  000 

212  700 
217  700 

1      32  150 
1      32  150 

1060 
1        1090 

8933 
8934 
8935 
8936 

600  000 
600  000 
600  000 
625  000 

Maximum  load  applied  five 
Not  broken. 

Maximum  load  applied  thre 
Not  broken. 

times:  not  broken. 
3  times;  not  broken. 

8937 
8338 

600  000 
600  000 

Maximum  load  applied  thre 
Not  broken. 

;  times;  not  broken. 

8934 
8935 
8936 

856  000 
830  000 
600  000 

Second  test;  near  ultimate. 
Second  test;  near  ultimate. 
Second  test;  not  broken. 

8937 
8938 

830  000 
827  000 

Second  test;  not  broken. 
Second  test;  not  broken. 

8937 

714  000 

Third  test  with  spiral  and  o 

utside  concrete  removed 

*.^Iot  broken 

(c)  The  conditions  of  the  end  restraint  will  affect  the  curve 
taken  by  a  column.  The  lower  end,  bearing  on  the  unyielding 
weighing  table  of  the  testing  machine,  is  quite  lirmly  restrained  un- 
til serious  bending  occurs  in  the  column.  The  upper  end  is  loaded 
through  a  spherical  bearing  block  in  order  to  secure  adjustment 
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with  the  compression  head  of  the  testing  machine.  With  this 
arrangement,  this  adjustable  bearing  block  may  finally  move  on 
itself  as  the  tendency  to  bend  in  the  column  overcomes  the  friction 
between  the  surfaces  of  the  spherical  bearing  block,  and  thus  only 
partial  restraint  will  exist.  In  the  first  five  plain  steel  columns 
tested  (No.  8905,  8906,  8910,  8915,  8920)  no  effort  was  made  to  pre- 
vent this  movement,  and  the  column  was  in  the  condition  of  one 
end  fixed  and  one  end  partly  restrained.  Neither  the  fixedness  nor 
the  freedom  of  the  ends  can  be  considered  as  in  any  sense  abso- 
lute; they  must  be  taken  as  relative  terms.  In  all  the  column 
tests  after  the  five  noted  above,  special  wedges  and  angle  blocks 
were  driven  under  the  upper  head  (at  a  load  of  50  0001b.),  the 


TABLE    7. 

Loads  Carried  at  Various  Untit-defgrmations. 

Loads  are  g-iven  in  thousands  of  pounds  for  the  unit-deformation 
given  in  the  column  caption  and  in  the  last  column  for  the  maximum 
load  applied. 


Column 
No. 

.0002 

.0004 

.0006 

.0008 

.0010 

.0012 

.0014 

.0016 

.0018  1  .0020 

.0030 

.0040 

Max. 
L,oad 

8905 

83 

160 

229 

290 

341 

379 

405 

422 

440 

8906 

83 

161 

235 

300 

355 

396 

421 

449 

8907 

115 

206 

286 

360 

419 

467 

515 

557 

577 

8908 

120 

216 

311 

390 

465 

529 

565 

592 

602 

8910 

82 

158 

226 

286 

338 

372 

393 

410 

8911 

82 

155 

221 

281 

335 

377 

402 

426 

8912 

121 

207 

286 

355 

414 

455 

510 

8913 

123 

S24 

319 

390 

461 

516 

548 

585 

8914 

80 

160 

233 

300 

355 

390 

410 

419 

423 

424 

8915 

84 

154 

216 

271 

319 

352 

368 

8916 

86 

159 

221 

276 

321 

353 

373 

376 

8617 

109 

193 

268 

336 

393 

432 

468 

8918 

118 

208 

288 

363 

429 

482 

509 

532 

8920 

80 

150 

211 

262 

308 

349 

374 

8921 

84 

156 

214 

265 

310 

345 

8922 

115 

199 

269 

331 

387 

491 

8923 

114 

206 

2»5 

358 

427 

477 

495 

8925 

132 

240 

336 

426 

505 

568 

604 

624 

636 

8926 

119 

226 

320 

405 

486 

553 

594 

619 

635 

647 

655 

8927 

107 

190 

265 

334 

397 

447 

480 

500 

516 

8928 

105 

187 

264 

335 

399 

452 

486 

500 

530 

8929 

141 

257 

357 

452 

534 

594 

600t 

8930 

117 

218 

310 

398 

474 

536 

581 

611 

631 

8931 

144 

254 

347 

424 

492 

546 

585 

610 

626 

636 

8933 

126 

231 

322 

409 

489 

550 

588 

600» 

8931 

134 

235 

321 

394 

459 

511 

545 

.568 

588 

600t 

8935 

136 

242 

338 

430 

516 

578 

600 

600 

600{ 

8936 

129 

234 

324 

406 

483 

541 

579 

685t 

8937 

135 

242 

338 

427 

508 

567 

600 

600i 

8938 

124 

230 

326 

416 

491 

543 

581 

600t 

8934* 

112 

220 

325 

430 

525 

625 

6P5 

715 

737 

755 

808 

835 

856i 

8935* 

100 

200 

300 

410 

525 

640 

690 

720 

743 

761 

815 

830t 

8936* 

110 

200 

290 

375 

460 

540 

592 

600t 

8937* 

96 

194 

295 

404 

520 

628 

680 

710 

733   753 

815 

830i 

8938* 

110 

218 

322 

430 

540 

653 

705 

730 

750  1  768 

820 

827J 

8937t 

111 

225 

340 

453 

567 

656 

700 

712 

™i 

714 

♦Second  test:  all  second  tests  made  at  Lehigh  University  except  column  No.  8936. 

+Third  test;  made  at  Lehigh  University. 

iThe  column  did  not  fail  under  maximum  load  applied. 
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spherical  bearing  block  having  had  opportunity  to  adjust  the 
bearing  satisfactorily  by  this  time  and  no  appreciable  tendency  to 
bend  having  yet  developed  in  the  column.  In  this  manner  the 
spherical  bearing  block  was  restrained  from  further  motion  and 
became  in  effect  as  rigid  a  loading  block  as  the  base.  Fig.  2, 
facing  p.  16,  shows  the  arrangement  used  in  the  later  tests.  That 
the  apparatus  accomplished  the  desired  purpose  is  evidenced  by 
the  fact  that  failure  in  bending  occurred  almost  invariably  at  or 
near  the  center  of  the  column.  It  may  be  noted  in  this  connection 
that  the  conditions  of  restraint  in  the  testing  machine  are  probably 
not  as  neir  fixed-end  conditions  as  are  those  of  a  reinforced  con- 
crete building. 

III.     Experimental  Data  and  Discussion. 

13.  Data. — In  Table  6,  page  15,  are  given  the  maximum  loads 
carried  by  the  test  columns.  The  loads  carried  at  various  unit- 
deformations  (interpolated  between  readings)  are  given  in 
Table  7.  The  load  deformation  diagrams  are  given  in  Fig.  6, 
7,  11,  15,  18,  19,  and  20.  Complete  data  for  all  tests  are  on  file 
in  the  Laboratory  of  Applied  Mechanics  of  the  University  of 
Illinois,  but  as  there  were  two  hundred  or  more  readings  of 
deformations  for  most  of  the  tests,  only  the  summarized  data  are 
given  in  this  bulletin. 

The  discussion  of  the  tests  will  be  made  under  the  following 
heads:     A.    Plain   Steel  Columns — Effect  of    Length;    B.    Core 
Type— -Effect   of    Length;    C.    Core   Type — Value   of   Concrete 
D.  Fireproofed  Columns;  E.  Spiraled  Columns;  F.  Summary. 

A.    Plain  Stkel  Columns— Effect  of  Length. 

14.  Phenomena  of  the  Tests. — The  plain  steel  columns  showed 
test  phenomena  which  were  consistently  uniform.  At  loads  of 
from  225  000  to  250  000  pounds  cracking  sounds  were  heard  and 
these  continued  intermittently  throughout  the  remainder  of  the 
test.  The  time  required  to  add  the  25  000-lb.  increment  of  load 
gradually  became  longer  with  the  testing  machine  running  at 
a  uniform  speed,  and  at  the  maximum  load  the  weighing  beam 
floated  within  a  range  of  1000  lb.  for  a  period  of  10  or  15  minutes. 
At  maximum  load  no  bending  was  visible  to  the  eye  except  in 
the  longer  columns  and  very  little  was  shown  by  the  deformation 
readings.  After  the  maximum  load  was  reached  and  the  machine 
head    was  run    down  to  complete  the   failure    of    the    column 
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(generally  at  a  faster  speed),  bending  developed  very  gradually. 
In  general  this  bending  was  fairly  symmetrical  about  the  middle 
of  the  length, 

15.  Stress- deformation  Relations. — The  load- deformation  dia- 
grams for  the  plain  steel  columns  are  given  in  Fig.  6.  It  is 
seen  that  the  load-deformation  curves  bend  at  low  loads.  This 
may  be  due  partly  to  imperfect  end  bearings  of  the  steel  shapes 
and  to  the  arrangement  of  instruments  which  presupposed  the 
conservation  of  a  plane  section  in  the  column  during  the  test. 
Column  No.  8914  whose  ends  were  dressed  quite  carefully  to  a 
fairly  true  surface  and  for  which  the  extensometer  was  arranged 
to  avoid  any  effect  of  bending  shows  a  straight  line  up  to  175  000 
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Fig.  6.    Load-deformation  Diagrams  for  Plain  Steel  Columns. 
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lb.  load  and  also  an  increase  in  stiffness  over  the  other  two  col- 
umns of  the  same  length.  Even  in  this  case  a  marked  bending 
is  present  in  the  diagram  well  below  the  maximum  load. 

In  Table  8,  page  22,  are  given  the  secant  moduli  of  elastic- 
ity, calculated  from  the  curves,  for  unit-deformations  of  .0004, 
.0007,  .0010,  and  for  a  point  near  the  ultimate  load.  From  these 
computations,  it  would  appear  that  the  modulus  of  elasticity  for 
low  deformations  may  be  considered  as  l.ying  between  80  000  000 
and  31500  000  lb.  per  sq.  in.  In  Fig.  7  the  average  load- 
deformation  curves  for   the  several  lengths  of  column  are  also 
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Fig.  7.    Average  Deformation  Diagrams  for  Plain  Steel  Columns 
OF  Various  Lengths. 

shown.  It  is  apparent  that  the  modulus  of  elasticity  of  the  col- 
umn as  a  whole  decreases  as  the  length  of  the  column  increases. 
It  is  also  seen  that  the  unit-deformation  in  the  column  as  a  whole 
at  the  maximum  load  becomes  less  as  the  length  of  the  column 
increases.  This  is  an  indication  of  localized  high  stresses  in  the 
column. 

16.  Relation  of  Strength  to  Length. — In  Table  6,  page  15, 
are  given  the  maximum  loads  carried  by  the  plain  steel  columns 
of  the  several  lengths. 

Tests  which  have  been  made  in  the  past  on  relatively  small 
columns  indicate  that  for  columns  having  a  ratio  of  length  {l)  to 
radius  of  gyration  (r)  less  than,  say,  100,  the  results  may  be  ex- 
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pected  to  fall  along  a  line  slightly  inclined  to  the  —7  axis.  In  ar- 
riving at  an  expression  for  the  effect  of  length  upon  strength  it  may 
add  to  oar  clearness  of  perception  to  trace  the  development  of  the 
effect  of  length  upon  strength  at  various  stages  of  the  test.      In 
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Pig.  8  the  results  for  the  four  lengths  of  column  are  plotted  for 
unit-deformations  of  .0005,  .0008,  .0010,  and  for  ultimate  load.     The 

four  equations  give  the  relation  between  —   and  unit-stress   at 

these  deformations.  The  equations  show  that  the  effect  of  length 
upon  stress  is  small  at  low  deformations  and  is  relatively  much 
higher  at  the  higher  deformations.  In  a  similar  manner  results 
were  plotted  for  other  unit-deformations  from  .0003  to  .0012,  and 
from  these  data  Pig.  9  has  been  prepared.     In  this  figure  values 

P  I 

of /and  li  for  the  column  formula  —r  —  f—  k —  are  given  for    a 

A  r 

range  of  values  of  the  unit- deformation.  The  lower  curve  also 
shows  the  increasing  effect  of  the  slenderness  ratio  on  the 
strength  as  the  test  progresses.  If  we  should  produce  the 
tangent  back  to  the  horizontal  axis  the  intersection  is  at  .OOO-l, 
and  it  is  not  far  from  the  facts  to  say  that  up  to  a  unit-deforma- 
tion of  .0004  the  slenderness  ratio  has  no  effect  and  that  beyond 
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this  deformation  it  increases  in  a  constant  ratio  to  the  increase 
in  deformation.  From  these  diagrams  it  appears  that  a  straight 
line  will  represent  the  results  very  satisfactorily  for  any  given 
unit-deformation. 

For  the  ultimate  load,  the  nature  of  the  strength-length  re- 
lation is  somewhat  affected  by  the  fact  that  the  ultimate  general 
unit- deformation  of  a  column  at  its  maximum  load  is  smaller  for 
the  greater  lengths  of  column,  as  is  shown  in  Fig.  7.  While  for 
deformations   less  than  the  ultimate  the   straight-line  equation 
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alone  appears  to  apply,  at  the  ultimate  it  is  possible  to  construct 
an  equation  of  the  Rankine  type  which  will  represent  the  result 
quite  closely.  In  Fig.  10  such  an  equation  and  a  straight-line 
equation  are  plotted.      The  equations  are  as  follows: 

Straight- line:    -^  =  36  500  -  155  — 
^  A  r 

Rankine  type:  — -  = 


^^  12000  r^ 
It  appears  that  the  straight  line  equation  represents  the  test 
results  as  closely  as  the  Rankine  equation.     The  ultimate  load  for 

—  =  0  is  higher  for  the  straight-line  equation  than  by  the  Ran- 
r 

kine  equation,  and  both  are  lower  than  the  stress  of  37  5001b.  per 
sq.  in.  carried  by  the  test  column  two  feet  long  and  the  stress  of 
39  700  lb.  per  sq.  in.  carried  by  the  compression  test  pieces  taken 
from  the  flanges.  After  making  a  study  of  the  data  it  is  believed 
that  the  straight-line  equation  given  above  may  be  considered 
best  to  represent  the  effect  of  length  upon  ultimate  load  for  the 
plain  steel  columns  tested. 

B.    Core  Type— Effect  of  Length. 

17.  Phenomena  of  the  Tests. — The  columns  in  which  the  core 
only  was  filled  with  concrete  acted  in  much  the  same  way  as  the 
plain  steel  columns.  The  concrete  was  somewhat  restrained  by 
the  structural  shapes,  but  the  capacity  for  carrying  an  increasing 
load  accompanied  by  the  development  of  very  high  deformations 
which  has  been  found  in  hooped  concrete  columns  was  not  pres- 
ent. The  columns  exhibited  much  toughness  and  gave  slow 
failures. 

All  the  columns  were  tested  with  the  upper  bearing  block 
restrained  from  motion,  and  in  all  cases  the  bending  was  symmet- 
rical about  the  center  or  it  occurred  below  the  center.  Very  little 
bending  was  apparent  at  the  maximum  load.  The  bending  shown 
in  the  view  in  Pig.  3,  facing  p.  16,  occurred  some  time  after  the 
maximum  strength  of  the  column  had  been  developed.  In  the 
final  failure  of  the  column,  at  deformations  well  beyond  the  maxi- 
mum load,  the  crushing  of  the  concrete  was  frequently  more 
marked  at  the  top  of  the  column  than  elsewhere,  due  probably  to 
the  smaller  density  of  the  concrete  at  this  place.  In  the  columns 
4  ft.  8  in.  long  practically  no  bending  occurred,  and  the  columns 
failed  by  general  crushing  which  was  more  marked  over  the  up- 
per half.      The  columns  10  feet  long,  in  the  continuation  of  the 
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test  beyond  .the  maximum  load,  failed  finally  in  bending,  No  8912 
bending  about  the  center  and  No.  8913  bending  sharply  near  the 
base.  The  columns  15  feet  -4  in.  long  and  19  feet  4  in.  long,  after 
passing  the  maximum  load,  bent  symmetrically  about  the  center. 
In  the  latter  part  of  the  test,  the  concrete  crushed  on  one  side  of 
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Fig.  11.    Load-deformation  Diagrams  for  Core  Type  of  Column. 
the  column  at  the  center  and  on  the  opposite  side  at  the  top  and 
bottom.     The  varying  density  of  the  concrete  caused  by  the  ob- 
struction to  settlement  and  shrinkage  in  setting  offered  by  the 
steel  was  shown  in  the  final  crushing.     In  all  cases  the  crushing 
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was  more  marked  at  points  at  or  immediately  above  the  tie  plates 
in  the  steel  columns  than  at  points  between  these  plates.  Ap- 
parently the  concrete  was  less  dense  at  the  first-named  places. 
As  noted  above,  and  as  was  to  be  expected,  the  concrete  at  the 
top  of  the  column  was  weaker  and  less  dense  than  that  lower 
down. 

18.  Stress -de  for  mat  ion  Relations. — Fig.  11,  page  21,  gives 
load-deformation  diagrams  for  these  columns.  It  was  evi- 
dent from  the  test  results  that  in  these  columns  the  conservation 
of  plane  section  was  well  maintained  during  the  test,  and  this  con- 
dition has  been  assumed  in  the  interpretation  of  the  data.  The 
load-deformation  curves  are  similar  to  those  of  the  plain  steel  col- 
umns. In  the  diagrams  in  Pig.  11  the  average  load-deformation 
curve  for  the  two  plain  steel  columns  of  the  same  length  has  also 
been  drawn. 

19.  Effect  of  Test  Conditions. — The  thickness  of  the  mortar 
cushion  between  the  end  of  the  steel  column  at  the  top  and  the 
bearing  plate  may  have  exerted  an  influence  on  the  strength  of 
the  columns,  but  it  is  difficult  to  arrive  at  any  estimate  of  the 
amount  of  this.  Where  the  joint  was  extremely  thin,  as  was 
generally  the  case,  its  effect  was  undoubtedly  negligible,  but  in 
one  case  where  this  joint  was  nearly  ^  inch  thick  it  may  have 
exerted  an  appreciable  influence  on  the  strength  developed  by  the 
column. 

20.  E^ffect  of  Length. — The  maximum  loads  carried  by  the 
columns  are  given  in  Table  6,  page  15. 

In  the  discussion  of  the  effect  of  length  of  column  the    slen- 

derness  function  may  be  expressed  in  terms  of  —  where    I  is  the 

length  of  the  column  and  d  is  the  short  diameter  of  the  column 
section.     In  a  following  paragraph  the  effect  of  the  length  will 

be  expressed  in  terms  of  —  ,  where  r  is  the  radius  of  gyration  of 

r 

the  steel  section. 

In  Pig,  12  are  plotted  the  loads  for  eight  columns  for  unit  defor- 
mations of  .0005,  .0008,  .0010  and  also  for  ultimate  load.  Owing 
to  variations  in  the  concrete  strength  these  points  can  not  be  ex- 
pected to  show  as  close  agreement  as  did  the  plain  steel  columns. 
It  may  be  noted  that  for  each  length  of  column  the  specimen 
showing  greater  strength  was  made  on  Nov.  8  and  the  weaker  one 
on  an  earlier  date,  the  variation  in  the  strength  agreeing  with 
variation  of  strength  of  cubes  and  cylinders,  as  discussed  else- 
where.    The  straight  lines  on  this  diagram  express   fairly  well 
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the  relation  between 


and   the    average   unit-stress  over   the 


cross- section  of  the  column  for  several  unit- deformations  and  for 
the  maximum  loads.  P  represents  the  load  on  the  column  and  A 
the  area  of  the  cross-section  of  both  steel  and  concrete.      The 

P  I 

equation  for  the  maximum  load  is  seen  to  be  —  =  5150—52  — . 
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Pig.  13  gives  values  of  /,  the  first  term  of  the  second  member 
in  the  straight-line  column  formula,   and  of  A;,  the   coefficient  of 

— ,  for  the  range  of  unit-deformations. 

it 

21.  Comparison  with  Plain  Steel  Columns. — In  order  to  obtain 
a  comparison  of  the  effect  of  slenderness  in  columns  of  the  core 
type  and  in  plain  steel  columns,  Fig.  14  has  been  prepared.  In 
this  diagram^  for  the  purpose  of  comparison,   the  total  load  has 
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Load-length  Diagram  in  Terms  of   the  Steel  Section  for 
Core  Type  of  Column. 


been  considered  to  be  carried  by  the  steel  alone.  A  is  the  area  of 
the  cross- section  of  the  steel  and  r  is  its  radius  of  gyration.     By 

comparing  with  Fig.  8  it  is  seen  that  the  coefficients  of  —  agree 

r 

very  closely  with  the  coefficients  of  —  found  in  the  tests  of  plain 

r 

steel  columns  at  the  same  compression  deformations.      Thus   at 

ultimate  load  the  coefficient  of  —  is  155  for  the  plain  steel  col- 

r 

umns  and  160  for  the  reinforced  steel  columns.  This  would  indi- 
cate that  in  the  core  type  of  column  within  the  limits  of  length 
tested,  the  effect  of  length  upon  strength  of  column  is  a  function 
of  the  slenderness  ratio  of  the  steel  itself  and  is  almost  independ- 
ent of  the  slenderness  ratio  of  the  concrete.  This  conclusion  is 
in  accord  with  results  of  tests  of  long  concrete  columns  made 
in  the  Laboratory  of  Applied  Mechanics,  plain  concrete  columns 
20  diameters  long  giving  nearly  as  great  strength  as  columns  10 
diameters  long.  The  discussion  of  the  amount  of  stress  taken  by 
the  concrete  is  given  in  a  later  paragraph. 
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C.  Core  Type— Value  of  Concrete. 
22.  Test  Phenomena  and  Stress-deformation  Relations  for  Various 
Mixtures. — All  the  columns  of  the  core  type  showed  substantially 
the  same  test  phenomena  for  the  different  mixtures  of  concrete, 
a  fact  which  may  be  accounted  for  by  the  presence  of  sufficient 
steel  to  make  the  concrete  effect  the  smaller  element.  As  in  none 
of  these  columns  did  the  total  load  taken  by  the  concrete  exceed 
one  half  of  that  taken  by  the  steel,  it  would  be  expected  that  the 
steel  would  govern  the  general  behavior  of  the  column  under  test. 
The  1-1-2  columns  were  found  to  sustain  a  greater  ultimate  unit- 
deformation  than  the  columns  of  leaner  mixtures.  The  load- 
deformation  diagrams  for  the  columns  of  1-1-2  mix  and  1-3-6 
mix  are  given  in  Pig.  15.  The  close  similarity  of  the  load  defor- 
mation diagrams  and  those  of  the  1-2-4  mix  of  the  same  length, 
shown  in  Fig.  11  and  15,  may  be  noted. 
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Fig.  15.    Load-deformation  Diagrams  for  Columns  with  Lean  and 

Rich  Concrete. 

23.  Basis  for  Determining  Load  Taken  by  Concrete. — In  study- 
ing the  strengthening  effect  of  the  concrete  on  the  steel  column 
it  is  necessary  to  decide  upon  some  basis  of  division  of  the  total 
load  into  the  part  considered  to  be  carried  by  the  steel  and  the 
part  carried  by  the  concrete  of  the  columns.     The   load-deforma- 
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tion  diagrams  given  for  the  tests  of  plain  steel  columns  (Fig,  6, 
page  18)  show  that  the  compression  deformations  of  these  col- 
umns vary  considerably  from  a  straight  line,  which  would  be  the 
form  if  a  constant  modulus  of  elasticity  were  assumed  for  the  col- 
umn. A  straight  line  relation  does  not  take  into  account  the  ad- 
justments in  the  bearing  of  the  rivets  and  in  the  loading  of  the 
tie  plates  or  lacing  bars,  the  local  flexure  of  the  flanges,  and  the 
later  changes  in  the  stiffness  of  the  material  itself.  Of  course,  it 
can  not  be  told  to  what  extent  the  presence  of  the  core  concrete 
in  columns  will  overcome  the  agencies  which  cause  curvature  in 
a  plain  steel  column  before  parts  of  the  steel  reach  the  yield 
point.  It  seems  probable  that  there  will  be  some  such  action  and 
that  the  concreting  of  the  column  will  add  stiffness  to  the  steel 
section  itself.  However,  for  the  purpose  of  the  discussion  it  seems 
best  to  consider  that  the  steel  section  in  any  concreted  column 
carried  the  same  amount  of  load  as  was  carried  by  a  plain  steel 
column  of  the  same  length.  For  this  purpose  the  average  load- 
deformation  diagram  for  the  plain  steel  columns  of  the  same  length 
are  plotted  on  the  load  deformation  diagrams  of  the  tests  of  columns 
of  core  type.  (See  Fig.  11  and  15j.  For  any  given  unit-deforma- 
tion we  may  then  obtain  the  amount  of  load  considered  to  be  car- 
ried by  the  concrete  by  subtracting  the  load  carried  by  the  plain 
steel  columns  at  this  deformation  from  the  total  load  carried  by 
the  concreted  column.  The  results  have  been  plotted  on  the  line 
marked  "Concrete".  It  seems  possible  that  the  values  given  by 
this  line  will  be  somewhat  in  excess  of  the  part  actually  taken  by 
the  concrete,  though  of  course  it  may  be  of  little  consequence 
whether  this  small  part  of  the  load  is  taken  by  the  concrete  or  is 
carried  by  the  steel  by  reason  of  the  greater  stiffness  given  it  by 
the  concrete.  A  similar  method  was  used  for  determining  the 
part  of  the  load  taken  by  the  concrete  at  the  maximum  strength 
of  the  column.  The  values  thus  found  are  given  in  Table  6. 
These  methods  of  dividing  load  between  steel  and  concrete  will 
be  used  in  the  later  discussion  of  the  ratio  of  steel  stresses  to 
concrete  stresses. 

24.  Development  and  Amount  of  Concrete  Stress. — A  considera- 
tion of  these  derived  curves  for  the  concrete  (Fig.  11  and  15)  en- 
ables the  unit-stress  on  the  concrete  to  be  determined  (a  com- 
parative and  not  an  absolute  figure)  and  also  the  manner  of  de- 
velopment of  this  stress  throughout  the  test.  For  all  mixtures 
it  was  found  that  at  the  beginning  of  the  test  the  concrete  took 
the  load  rapidly,  with    constant  speed   in   the   testing   machine, 
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much  the  same  as  does  the  concrete  in  the  cube  or  the  cylinder, 
la  Pig.  16  the  stress- deformation  diagrams  are  shown  for  the 
concrete  of  several  columns  and  for  the  cylinder  made  from  the 
s  line  batch  of  concrete.  In  the  earlier  stages  of  the  test  the 
curves  are  not  dissimilar.  As  the  deformation  increases,  how- 
ever, the  concrete  in  the  columns  takes  proportionately  less  and 
less  stress.  In  general,  too,  the  concrete  in  the  column  may  be 
said  to  be  less  stiff  than  the  same  concrete  placed  in  the  cylinder. 
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Fig.  16.    Comparison  of  Stress-deformation  in  Column  Concrete 
AND  in  Cylinders. 

For  the  1-1-2  concrete  there  are  no  exceptions  to  this  statement. 
For  the  1-2-4  mixture  6  out  of  8  columns  follow  the  rule  and  the 
other  two  follow  the  rule  up  to  a  medium  load.  For  the  1-3-6 
mixture  both  columns  show  less  stiffness  up  to  a  medium  load  and 
greater  stiffness  at  the  latter  stages  of  the  test  than  do  the  cor- 
responding concrete  cylinders.  None  of  the  concrete  curves  of 
Fig.  11  and  15  reaches  its  maximum  value  before  the  column  as  a 
whole  reaches  its  ultimate  load,  but  the  curve  becomes  very  flat  at 
the  higher  deformations  and  shows  a  tendency  for  the  concrete 
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stress  to  become  nearly  constant  in  value  over  a  considerable  range 
of  shortening.  This  tendency  is  one  to  be  considered  in  deciding 
upon  permissible  stresses  for  use  in  designing  columns  of  the 
core  type. 

The  amount  of  stress  considered  to  be  taken  by  the  concrete, 
upon  the  assumptions  previously  discussed,  is  given  in  Table  6, 
page  15.  It  is  to  be  noted  that  the  columns  with  1-2-4  concrete 
made  on  October  28  and  29  give  concrete  stresses  much  lower 
than  those  made  on  November  8,  so  much  so  that  the  concrete  of 
the  columns  falls  into  two  distinct  groups.  The  cube  and  cylinder 
tests  fall  into  two  similar  groups.  The  materials  were  taken 
from  the  same  lot  and  it  is  reasonably  certain  that  the  measure- 
ments and  weights  of  materials  are  correct.  The  tests  indicate 
that  the  cement  used  early  in  the  season  acquired  its  strength 
more  slowly  than  that  used  later,  (the  later  specimens  acquired 
a  normal  amount  of  additional  strength  between  the  ages  of  60  and 
90  days)  and  the  room  temperature  the  last  of  October  and  the  first 
of  November  was  lower  than  later  in  the  year.  It  is  thought  then 
that  part  of  the  difference  in  strength  is  due  to  differences  in  rate  of 
hardening.  Under  the  circumstances  it  will  be  best  to  treat  the 
1-2-4  columns  as  made  of  two  grades  of  concrete,  dividing  them 
into  two  groups,  those  made  October  28  and  29  in  group  (a)  (No. 
8907,  8912,  8917  and  8922)  and  those  made  November  8  in  group 
(b)  (No.  8908,  8913,  8918  and  8923).  The  columns  with  1-1-2  con- 
crete gave  a  similar  but  smaller  variation.  The  distinctions 
named  above  have  been  indicated  in  Pig.  12  and  14,  the  solid 
symbols  representing  group  (a)  and  the  open  symbols  group  (b). 

25.  Comparison  of  Cube  and  Cylinder  IStrengtli  loith  Column 
Strength. — In  Fig.  17  the  values  of  the  ultimate  stresses  taken  by 
the  concrete  determined  as  described  in  a  preceding  paragraph 
are  plotted  as  abscissas  and  the  strengths  of  the  corresponding 
cubes  and  cylinders  made  from  the  same  batch  of  concrete  as 
ordinates.  The  results  of  the  two  groups  of  1-2-4  concrete  are 
shown  by  separate  symbols.  The  relation  between  the  cube  and 
the  column  strengths  seems  to  be  well  expressed  by  a  straight 
line;  it  indicates  that  the  column  concrete  developed  about  two- 
thirds  the  strength  of  the  same  concrete  tested  in  6-in.  cubes. 
The  relation  between  the  cylinder  and  the  column  strengths  seems 
more  uncertain.  For  the  1-2-4  mixtures,  the  ratio  seems  to  be 
about  1.  For  the  1-1-2  mixture  the  cylinder  shows  higher 
strength  and  for  the  1-3-6  mixture  the  core  concrete  shows  higher 
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strength.      The   average    of    all   the  ratios   of  cylinder- column 
strength  is  about  1. 

26.  Values  of  E  and  n. — An  accurate  determination  of  the 
modulus  of  elasticity  of  the  column  concrete  can  not  be  made,  but 
for  the  purposes  of  comparison  it  may  be  proper  to  use  the 
stresses  obtained  by  the  method  given  in  "23.  Basis  for  Deter- 
mining Load  Taken  by  Concrete".   Assuming  these  concrete  stress- 
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Fig.  17.    CoMPARisoM  of  Strength  of  Concrete  in  Cubes, 
Cylinders  and  Columns. 

es  to  be  correct,  the  secant  moduli  of  elasticity  {E)  have  been  cal- 
culated and  are  given  in  Table  8,  page  22,  for  unit  deformations  of 
.0004,  .0007,  .0010  and  for  a  deformation  near  the  ultimate.  The 
ratio  between  this  modulus  of  elasticity  and  the  modulus  of 
elasticity  of  the  plain  steel  column  at  the  same  deformation 
(values  of  n)  are  also  given  in  Table  8.  This  ratio  expresses  the 
relation  between  the  unit- stress  taken  by  the  steel  and  the  unit- 
stress  taken  by  the  concrete.  It  is  to  be  noted  that  these  values 
of  the  ratio  n  a^-e  larger  than  ordinarily   assumed  in  reinforced 
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concrete  design.  This  is  probably  due  largely  to  the  fact  that 
the  concrete  in  the  column  is  less  dense  than  the  same  concrete 
would  be  if  allowed  to  settle  and  shrink  freely.  A  striking  fact 
is  that  for  widely  different  values  of  the  unit- deformations  the 
value  of  n  varies  but  little. 

If  the  columns  with  1-2-4  concrete  are  divided  into  the  two 
groups  noted  in  "24.  Development  and  Amount  of  Concrete 
Stress",  we  shall  obtain  the  values  for  the  stresses  taken  by  the 
concrete  and  the  values  of  the  ratio  n  given  in  Table  8.  In 
discussing  the  value  of  n  to  be  used  in  design  it  must  be  borne  in 
mind  that  the  concrete  in  the  columns  was  not  as  well  seasoned 
as  would  ordinarily  be  the  case  in  building  construction.  It  should 

TABLE    9. 

Average  Strength  of  Specimens  and  Values  of  n. 

Stresses  are  given  in  pounds  per  square  inch. 


Compressive  Strength 

Average 
Values  of  n 

Suggested. 

Mixture 

Cube 

Cylinder 

Column 
Concrete 

Values  of  n 

1-3-6 

1400 

690 

990 

36 

35 

1-2-4     (a) 
(b) 

1500 
2200 

1150 
1300 

1050 
1450 

35 
23 

25 

1-1-2 

3100 

2475       / 

2125 

16 

16 

also  be  said  that,  as  in  this  type  of  column  the  steel  will  be  used 
as  the  basis  of  design,  the  value  of  the  ratio  n  to  be  accepted  in 
design  should  be  greater  than  the  average  value  found,  rather 
than  less,  in  order  to  be  on  the  safe  side.  In  Table  9  values  of  n 
for  the  different  mixtures  of  concrete  are  given  which  seem 
reasonable  for  use  in  design. 

Another  Basis  for   Design. — Another   basis   for  design   which 
seems  rational  is  to  determine  the  strength  of  the   steel  column 

for   the  —of  the  steel  column,  taking  this  from  the  straight-line 

r 
equation  on  page  23,  and  then  to  use  as  the  strength  of  the 
concrete  of  the  core  section  (without  reference  to  the  length  of 
the  column  for  the  column  slenderness  usual  in  buildings)  a  value 
taken  from  the  strength  of  plain  concrete,  say  two-thirds  of  the 
cube  strength,  in  this  way  combining  the  strength  of  steel  and 
concrete.     This  seems  to  be  in  accord  with   the   results  of  tests 

I 


within  the  limits  of  the  -^here  used 

a 

tor  of  safety  would  then  be  applied. 


Of  course  a  suitable   fac- 
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D.      FlREPBOOFED  COLUMNS. 

27.  Phenomena  of  the  Tests. — Three  columns  in  which  a  2-in. 
shell  of  concrete  was  added  to  the  core  section  were  tested  to  de- 
termine the  additional  strength  afforded  by  this  covering  and  to 
study  the  behavior  of  a  fireproofed  column  under  load.  During 
the  earlier  stages  of  the  test  there  was  no  difference  between  the 
behavior  for  this  type  of  column  and  one  of  the  core  type  except 
that  the  outer  shell  did  not  take  the  expected  proportion  of  the 
load.  The  concrete  shell  remained  intact  until  the  ultimate  def- 
ormation of  the  column  was  practically  reached,  the  unit-defor- 
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mation  being  .0018  or  over  at  first  crack.  The  steel  was  then 
evidently  starting  to  yield  and  the  concrete  in  the  core  was  very 
close  to  its  ultimate  deformation  and  strength.  When  the  shell 
cracked,  the  total  load  on  the  column  dropped  off  about  65  000  lb. 
and  the  strength  of  the  core  itself  was  well  evidenced  by  the 
length  of  time  during  which  the  load  remained  at  this  second  ulti- 
mate  although  the  machine  was  in  operation  in  the  meantime. 
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The  load  rose  2000  to  4000  lb.  after  its  first  drop,  showing  that  the 
strength  of  the  steel  and  of  the  enclosed  concrete  was  not  quite 
fully  developed  when  the  shell  cracked.  Pig.  4  gives  a  view 
after  the  maximum  strength  had  been  developed  and  the  shell 
had  cracked. 

28.  Stress-deformation  delations.  — The  stress-deformation  dia- 
grams are  given  in  Fig.  18.  The  moduli  of  elasticity  of  the  col- 
umns and  the  values  of  n  are  given  in  Table  8,  page  22.  Owing 
to  the  presence  of  the  shell,  which  constituted  47%  of  the  area  of 
the  total  concrete  section,  and  which  it  will  be  seen  did  not  carry 
its  full  share  of  the  load,  the  value  of  the  modulus  of  elasticity  of 
the  column  concrete  is  somewhat  less  for  the  fireproof ed  type  than 
for  the  core  type.  Where  n  for  the  latter  averaged  about  23  for 
concrete  of  the  same  grade,  it  becomes  more  nearly  30  for  the  for- 
mer. Since  undoubtedly  it  is  wisest  not  to  figure  on  any  load  on 
the  shell  in  designing,  this  value  of  n  is  significant  only  in  show- 
ing that  the  use  of  values  of  n  herein  recommended  does  not 
threaten  the  safety  and  integrity  of  the  shell. 

29.  Comparison  of  Concrete  Stresses  on  Gross  Section  and  on 
Gore  Section. — The  maximum  load  carried  by  the  fireproof  ed  col- 
umns is  given  in  Table  6,  page  15.  The  division  of  load  between 
steel  and  concrete,  determined  on  the  assumptions  used  in  the  dis- 
cussion of  the  core  type  of  column,  is  also  given  in  this  table. 

Of  the  three  fireproofed  columns  tested  two  were  tested  to 
failure.  Xo.  8930  took  a  maximum  load  of  630  700  lb. ;  the  load 
fell  to  565  000  lb.  when  the  shell  failed,  indicating  that  a  load  of 
65  700  lb.  was  carried  by  the  shell.     For  Xo.  8931  the  maximum 

TABLE  10. 

Stress  Carried  by  Conxrete  ix  Shell  and 
IN  Core  of  Fireproofed  Columns. 


Column 

Stress 

in  pounds  per  square  inch 

No. 

Gross 

Concrete 

Shell 
Concrete 

Core 

Concrete 

8930 
8931 

1  060 
1  090 

710 
680 

1  370 
1  440 

load  was  635  700  lb.  and  the  core  load  was  572  000  lb.,  the  differ- 
ence, 63  700  lb. ,  apparently  being  carried  by  the  shell.  Of  the  core 
load  418  000  lb.  may  be  considered  to  have  been  carried  by  the 
steel  (determined  from  the  average  strength  of  the  plain  steel  col- 
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umns  of  the  same  length),  leaving  on  the  core  concrete  147  0001b. 
for  No.  8930  and  154  000  lb.  for  No.  8931.  The  area  of  the  shell 
was  93  square  inches  and  of  the  core  concrete  107  square  inches. 
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The  unit-stresses,  as  found  by  the  method  just  outlined,  are 
given  in  Table  10.  These  values  indicate  that  the  concrete  shell 
carried  roughly  one-half  as  much  load  in  pounds  per  square  inch 
as  the  concrete  of  the  core . 

30.  Permissible  Deformation  as  Governing  Design. — The  ques- 
tion always  arises  in  design  as  to  the  effect  of  large  deformation 
in  a  column  under  load  upon  the  integrity  of  the  shell.  If  the 
shell  goes  to  pieces  at  relatively  low  unit- deformations,  it  is  evi- 
dent that  deformation  rather  than  stress  must  govern  in  the 
selection  of  the  working  stresses  to  be  used  in  design.  As  al- 
ready noted,  the  shell  did  not  crack  or  the  load  drop  off  until  the 
unit-deformation  exceeded  .0018,  and  this  is  practically  the  def- 
ormation at  the  maximum  load  for  the  core  type  of  column  also. 
In  other  words,  the  action  of  the  shell  during  the  test  did  not 
seem  to  be  such  as  to  impose  any  restriction  on  the  selection  of 
working  stresses. 

31.  Need  of  a  Tie  to  Prevent  Stripping  of  Shell. — Although  the 
shell  maintains  itself  intact  under  high  unit-deformation,  yet  it 
seems  that  a  tie  of  some  sort  (wire  mesh,  spiral,  or  other  binder) 
should  be  imbedded  in  the  outer  shell  to  make  its  permanence 
certain.  The  backs  of  the  flanges  occupy  one-fourth  of  the 
bonding  surfaces  between  the  shell  and  the  core,  and  in  prac- 
tice this  proportion  might  be  even  greater.  It  seems  unwise  to 
trust  the  fireproofing  shell  of  the  column  to  .stand  uninjured  un- 
der collisions  and  accidents  with  so  large  a  surface  uncertainly 
supported.  This  tie  would  also  prevent  the  rapid  and  complete 
failure  of  the  shell  at  maximun  load,  as  it  occurred  in  the  test  of 
the  columns,  although  this  advantage  is  not  very  great  in  actual 
construction.  The  prevention  of  spalling  away  from  the  steel  in 
case  of  a  severe  fire  is  a  more  important  reason  for  requiring 
a  metal  binder  to  hold  the  exterior  concrete  in  place.  From  the 
tests  of  spiraled  columns  it  is  concluded  that  a  spiral  is  an  excel- 
lent tie  for  this  purpose. 

E.    Spiraled  Columns. 

32.  Phenomena  of  Tests  and  Stress-deformation  Relations. — For 
loads  within  the  capacity  of  the  University  of  Illinois  testing 
machine  (600  000  lb.)  the  load-deformation  curves  of  the  columns 
with  4  %  and  with  1  %  spiral  reinforcement  (see  Fig.  19)  are 
practically  identical  in  nature  with  those  for  the  core  type.  The 
tests  were  not  carried  to  the  point  where  the  thin  concrete  coat- 
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ing  over  the  spiral  would  be  expected  to  spall.  In  three  of  the 
spiraled  columns  the  maximum  load  was  applied  three  to  five 
times,  the  result  being  increased  deformations  under  maximum 
load  and  increased  set  upon  the  release  of  load. 

Four  of  the  spiraled  columns  were  subsequently  tested  a  sec- 
ond time  at  Lehigh  University,  where  a  load  of  830  0001b.  was  ap- 
plied. Even  with  the  heavier  testing  machine,  the  full  strength 
of  the  columns  was  not  developed,  though  No.  8934  evidently  was 
loaded  nearly  to  its  maximum  strength.  The  load-deformation 
diagrams  are  shown  in  Fig.  20.  The  deformations  at  the 
first  tests  of  the  same  columns  are  also  given  by  the  broken  lines. 
It  must  be  borne  in  mind  that  the  columns  were  about  three 
months  older  at  the  second  test  than  when  first  tested,  and  the 
increased  strength  of  the  concrete  at  a  given  unit  deformation  may 
be  accounted  for  by  the  increased  age.  To  secure  some  conception 
of  the  amount  of  the  added  strength  due  to  the  greater  age  of  the 
concrete,  No.  8987  was  tested  a  third  time,  the  spiral  first  being 
removed,  the  outer  concrete  stripped  off,  and  the  column  reduced 
to  the  section  of  the  standard  core  type.  The  column  in  this 
condition  carried  a  load  of  714  000  lb. ,  as  compared  with  547  000  lb. 
carried  by  the  two  corresponding  columns  of  the  core  type  at  an 
age  of  60  days,  (see  Fig.  20)  and  it  is  evident  from  this  that  a  con- 
siderable portion  of  the  added  load  carried  in  the  second  test  was 
due  to  the  greater  age  of  the  concrete.  It  is  well  to  call  attention 
to  the  fact  that  this  increase  of  strength  was  gained  after  the 
concrete  had  been  subjected  to  high  stresses  at  an  age  of  60  days. 
The  large  lateral  deflection  of  the  four  columns  tested  at 
Lehigh  University  is  of  interest.  In  No.  8934,  at  a  load  of 
752  1001b.  the  deflection  was  .09  in.  and  at  this  load  the  concrete 
began  to  spall.  At  a  load  of  856  0001b.  the  deflection  was  .26  in., 
a  deflection  set  of  .21  in.  remaining  when  the  load  was  released. 
At  the  fourth  application  of  a  load  of  about  850  000  lb.  the 
deflection  became  .54  in.,  a  set  of  .50  in.  remaining  with  the 
release  of  the  load.  In  No.  8935,  at  a  load  of  750  000  lb. 
the  deflection  was  .084  in.  At  a  load  of  825  000  lb.  the  deflection 
became  .31  in.,  and  the  concrete  at  the  bottom  scaled  off 
between  wires.  Upon  the  release  of  load  the  set  was  .31  in. 
At  a  fifth  application  of  the  load,  the  deflection  became  .48  in. 
and  the  deflection  set  shown  upon  the  final  release  of  this  load 
was  .43  in.  There  was  no  marked  bending  in  No.  8937  until  the 
third  application  of  a  load  of  830  000  lb.,  when  it  became  .12  in. 
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In  No.  8938,  at  a  load  of  776  000  lb.  the  deflection  was  .08  in.,  be- 
coming .17  in.  at  a  load  of  825  000  lb.,  with  a  set  of  .16  in.  shown 
upon  release  of  load.  At  the  fifth  application  of  the  load,  the 
deflection  became  .25  in.  with  a  resulting  set  of  .22  in.  This 
marked  bending  of  the  spiraled  columns  at  loads  above  those 
which  would  be  carried  by  an  unspiraled  column  is  in  keeping  with 
the  large  deflections  found  in  hooped  concrete  columns  of  the 
usual  type. 

The  phenomena  of  the  second  test  were  not  essentially  dif- 
ferent from  those  described  for  the  first  test.  At  a  load  of  about 
750  000  lb.  spalling  of  the  outer  concrete  began  on  the  columns 
having  f  %  spiral  reinforcement,  and  this  spalling  continued  dur- 
ing the  remainder  of  the  test.  It  seems  evident  from  the  action 
of  the  columns  and  the  amount  of  deformation  developed  that 
these  columns  were  very  close  to  their  maximum  load  at  the  end 
of  the  second  test.  The  view  in  Pig.  5  shows  the  spalling  of  the 
concrete  and  the  buckling  of  the  spacing  strip.  With  the  columns 
having  1  %  of  spiral  reinforcement  the  spalling  was  slight  even 
at  the  highest  load  carried,  and  these  columns  evidently  would 
have  carried  considerably  more  load.  An  examination  of  the 
structural  steel  after  the  second  test  showed  no  crimping  of  the 
flanges  and  no  movement  of  the  parts  relatively  to  one  another, 
although,  of  course,  the  total  shortening  of  the  column  was  not 
large.  The  spiral  seems  to  have  acted  to  hold  the  steel  in  align- 
ment and  to  permit  a  greater  shortening  than  would  otherwise 
have  taken  place. 

33.  Effect  of  Spiral.— The  maximum  loads  placed  on  the 
spiraled  columns  are  given  in  Table  6,  page  15.  It  must  be 
borne  in  mind  that  the  capacity  of  the  testing  machines  used  did 
not  permit  the  maximum  strength  of  these  columns  to  be 
developed. 

Within  the  limits  of  the  first  test  (600  000  lb.  load)  the  load- 
deformation  diagrams  do  not  show  any  effect  which  may  be  at- 
tributed  to  the  variation  in  the  percentage  of  spiral  reinforce- 
ment or  even  to  the  presence  of  the  spiral.  A  study  of  the  stress- 
es in  these  columns  of  the  core  type  shows  that  the  spiral  has- 
little  apparent  effect  upon  the  action  of  the  column  within  the 
load  of  600  000  lb. 

In  the  second  test  the  maximum  load  applied  evidently  ap- 
proached very  closely  to  the  maximum  strength  of  the  columns 
with  4  %  of  spiral  reinforcement,  but  it   did  not  stress    the   col- 
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umns  with  1  %  of  spiral  reinforcement  nearly  as  severely.  The 
load- deformation  curves  (Fig.  20,  page  38)  show  that  the  marked 
yielding  of  the  column  takes  place  at  about  the  same  load  for 
both  percentages  (650  000  to  700  000  lb.)  and  that  at  this  yield 
point  the  spiral  begins  to  play  an  important  part.  During  this 
later  part  of  the  test  the  difference  in  amount  of  spiraling  becomes 
apparent  and  the  heavier  spirals  show  greater  strength.  Since 
the  tests  were  not  carried  to  destruction,  the  amount  of  this  added 
strength  can  not  be  ascertained,  but  its  existence  seems  well 
€stablished. 

For  most  purposes,  then,  the  significant  point  on  the  stress- 
deformation  curves  is  the  point  where  the  curve  bends  sharply 
and  becomes  flat  and  which  may  be  considered  to  be  the  load 
which  would  be  carried  by  an  unspiraled  column.  Beyond  this 
point  any  additional  load  is  carried  only  by  virtue  of  very  greatly 
increased  deformations.  For  the  four  columns  tested  this  point 
lies  at  or  below  750  000  lb.,  and  it  will  be  interesting  to  compare 
this  with  the  strength  of  the  column  without  spiral  reinforce- 
ment. P'or  the  purpose  of  this  comparison  the  results  of  the 
third  test  of  No.  8937,  after  it  was  stripped  of  its  spiral  and 
reduced  to  the  standard  core  type,  may  be  used  to  estimate  the 
strength  of  the  concrete  at  the  time  of  the  later  test.  This  col- 
umn carried  714  000  lb.  load  as  against  580  000  lb.  load  carried  by 
columns  of  the  core  type  at  60  days  of  age.  If  we  consider  all 
the  concrete  within  the  spiral  in  the  second  test  to  be  as  effective 
as  the  core  concrete  in  No.  8937,  the  load  carried  without  aid 
from  the  spiral  would  be  about  800  000  lb.  This  figure  is  prob- 
ably a  little  high,  as  the  concrete  outside  the  core,  although  in- 
side the  spiral,  would  probably  take  somewhat  less  load  per 
square  inch  than  the  concrete  in  the  core.  This  tends  to  confirm 
the  view  that  the  load  at  the  point  when  the  load- deformation 
curve  bends  sharply  and  becomes  flat  is  approximately  equal  to 
the  strength  of  the  unspiraled  column,  and  that  only  the  part  of 
the  strength  developed  after  this  yield  point  is  passed  should  be 
attributed  to  the  spiral  directly.  In  No.  8934,  this  added  load 
amounts  to  about  100  000  lb.  which  is  715  lb.  per  sq.  in.  of  in- 
closed concrete.  This  is  at  the  rate  of  950  lb.  per  sq.  in.  of  coh 
umn  concrete  per  1  %  of  spiral  reinforcement.  Applying  this 
figure  to  the  1  %  spiral  columns,  the  computed  probable  maxi- 
mum load  becomes  900  000  lb.,  a  value  which  the  deformations  of 
the  second  test  seem  to  indicate  as  a  reasonable  expectation  for 
these  columns. 
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34.  Availability  of  Spiral  Strength  for  Desicfu. — The  tests  of 
this  series  of  columns  indicate  that  up  to  a  unit-deformation  of 
.0015  no  appreciable  difference  in  the  action  of  columns  with  or 
without  spiral  reinforcement  is  found.  In  building  construction 
the  safe  unit-deformation  may  ordinarily  be  placed  at  .0007  or 
less.  It  would  seem  that  any  attempt  to  use  an  imaginary  spiral 
strength  at  working  loads  could  result  only  in  very  high  actual 
unit- deformations.  The  marked  tendency  of  the  column  to  bend 
laterally  after  the  yield  point  was  passed  and  the  large  amount  of 
set  found  are  also  evidence  of  the  unavailability  of  the 
higher  strengths.  The  spiral  does  afford  protection  against 
sudden  failure,  and  gives  a  tougher  and  safer  column,  and 
these  properties  may  be  considered  to  warrant  the  use  of 
higher  unit-stresses  in  spiraled  columns.  In  the  columns 
of  the  core  type  tested  the  need  of  a  spiral  is  much  less  than 
in  the  ordinary  reinforced  concrete  column,  since  these  columns 
are  found  to  possess  toughness  and  the  flanges  of  the  structural 
angles  restrain  the  core  concrete  to  some  extent.  It  thus  appears 
that  the  use  of  a  large  percentage  of  spiral  reinforcement  in  col- 
umns of  the  type  here  considered  is  hardly  justifiable.  A  light 
spiral  may  serve  to  tie  the  shell  together  securely  and  protect  it 
from  accident,  but  this  spiral  should  not  be  directly  considered 
in  the  computations  for  strength  of  column. 


F.    Summary. 

35.  General  Comments. — The  columns  tested  were  of  a  form 
now  frequently  used  in  building  construction.  The  percentage 
of  steel  used  (area  of  steel  section  10.8  %  of  the  area  of  the  octa- 
gon inclosing  the  structural  shapes)  is  within  the  range  used  in 
building  construction.  The  conclusions  given  in  the  discussion 
relate  to  the  properties  of  columns  which  have  the  forms  and 
sections  of  the  columns  tested,  and  variations  in  proportions  of 
metal  and  concrete  may  give  somewhat  different  results.  The 
tests,  however,  may  be  expected  to  throw  light  on  the  properties 
of  columns  of  the  same  general  type  within  the  limits  of  ordinary 
design.  The  principal  conclusions  found  in  the  discussion  are  as 
follows: 
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1.  The  maximum  load  carried  by  the  plain  steel  columns  is 

P  I 

expressed  by  the  straight-line  formula,  -7-  =  ^6  500  —  155—,  where 

—  is  the  ratio  of  length  of  column  to  radius  of  gyration  of  the 
r 
section  of  the  steel  column. 

2.  Earlier  in  the  test  the  effect  of  length  upon  load  carried 
at  a  given  unit- deformation   was   less    proportionately   than   at 

maximum  load,  the  coefficient  of  —  in  the  equation  beirg  only  55 

T 

for  a  unit-deformation  of  .0008,  and  27  for  a  unit-deformation  of 
.0005,  as  compared  with  155  in  the  equation  for  maximum  load. 

3.  The  load-deformation  diagrams  diverge  from  a  straight 
line  at  loads  well  below  the  maximum. 

4.  In  the  concreted  columns  of  the  core  type,  the  effect  of 
length  upon  strength  of  column  was  almost  identical  with  that 
found  in  the  tests  of  plain  steel  columns.  In  other  words  the  stress 
taken  by  the  concrete  may  be  considered  to  be  nearly  independent 
of  the  slenderness  ratio  of  the  column,  within  the  limits  of  the 
lengths  tested,  and  the  stress  taken  by  the  steel  may  be  considered 
to  be  the  same  as  that  taken  by  a  plain  steel  column  of  the 
same  slenderness  ratio. 

5.  In  the  tests  the  concreted  columns  of  the  core  type  showed 
considerable  toughness,  though  at  the  maximum  load  there 
was  no  material  lateral  deflection.  The  final  failure  of  the  con- 
crete generally  occurred  at  or  above  tie  plates.  The  discussion 
shows  that  the  concrete  of  the  columns  was  less  strong  than  the 
concrete  of  the  cubes  and  less  stiff  than  the  concrete  of  the 
cylinders. 

6.  The  stress  taken  by  the  concrete  within  the  core  or  with- 
in the  spiral  is  approximately  equal  to  the  strength  of  concrete 
of  the  cylinders  tested  and  to  two-thirds  of  the  strength  found 
in  the  6-in.  cubes. 

7.  The  values  of  the  ratio  of  the  modulus  of  elasticity  of  the 
steel  column  to  that  of  the  concrete,  n,  under  the  assumptions 
used  in  the  analysis,  are  much  larger  than  are  commonly  used  in 
reinforced  concrete  design .  Values  of  n  for  use  in  designing  are 
suggested  in  Table  9. 

8.  A  basis  for  design  which  seems  rational  is  to  determine 
the  strength  of  the  steel  column  by  the  use  of  the  column  formula 

for   the  —  of  the  steel  column  and  then  to  consider  the  concrete 
r 

of  the  core  section  (without  reference  to  the  length  of  the  column 
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for  any  ordinary  length  ratio,  say  a  length  of  15  diameters)  to 
have  a  stress  value  proportional  to  the  strength  of  the  plain  con- 
crete, say  two-thirds  of  the  cube  strength.  A  suitable  factor  of 
safety  would  of  course  be  somewhere  applied. 

9.  In  the  test  of  the  fireproofed  type  of  column  (which  had  a 
shell  of  concrete  outside  the  steel)  the  concrete  shell  remained 
intact  until  a  deformation  was  reached  as  great  as  that  developed 
at  the  maximum  load  in  columns  of  the  core  type.  This  integrity 
of  section  at  high  deformations  indicates  that  the  presence  of  the 
shell  need  not  impose  any  restrictions  upon  the  working  stresses 
available  for  the  steel  and  for  the  core  concrete.  Of  course, 
there  are  good  reasons  for  the  use  of  a  metal  binder  like  wire 
mesh  or  spiral  for  holding  the  shell  securely  in  place. 

10.  The  discussion  indicates  that  the  stress  carried  by  the 
concrete  of  the  shell  is  only  about  half  of  that  carried  by  the  core 
concrete.  This  lower  strength  is  not  objectionable,  since  the 
shell  is  not  considered  in  designing  the  column. 

11.  The  action  of  the  spiraled  columns  indicates  that  the 
spiral  has  little  effect  up  to  a  deformation  and  load  corresponding 
to  the  maximum  load  for  an  unspiraled  column.  Beyond  this  load 
the  column  compresses  rapidly  and  the  presence  of  the  spiral 
adds  materially  to  the  strength  of  the  column.  The  tests  do  not 
fix  the  exact  amount  of  this  added  strength. 

12.  In  view  of  the  large  shortening  necessary  to  make  the 
added  strength  due  to  spiraling  available  and  the  general  tough- 
ness of  columns  of  the  core  type,  it  would  seem  that  for  building 
construction  the  use  of  a  large  percentage  of  spiral  reinforcement 
in  columns  made  up  of  structural  shapes  and  concrete  is  hardly 
justifiable.  A  moderate  spiral  may  warrant  the  use  of  somewhat 
higher  unit-stresses,  since  it  adds  to  the  toughness  of  the  column 
and  gives  a  possible  higher  ultimate  strength,  and  it  will  also 
serve  to  tie  the  concrete  of  the  shell  together  securely  and  pro- 
tect it  from  accident,  but  it  does  not  seem  best  to  consider  this 
spiral  directly  in  the  computations  for  strength  of  column. 

13.  The  columns  tested  possess  the  qualities  of  a  good  struc- 
tural member  and  seem  well  adapted  to  more  general  use  in  build- 
ing construction. 

These  comments  are  made  on  the  assumption  that  the  con- 
crete is  placed  in  as  workmanlike  a  manner  as  is  obtainable  in 
the  construction  of  high-grade  work  in  columns  reinforced  with 
longitudinal  rods  or  with  rods  and  spirals. 
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PREFACE 

Publication  No.  127,  of  the  Carnegie  Institution  of  Washing- 
tion,  entitled,  ^^Superheated  Steam  in  Locomotive  Service",  is  a  pub- 
lication of  144  pages,  dealing  with  a  research  which  was  carried 
on  in  the  laboratory  of  Purdue  University,  during  the  writer's 
connection  with  that  University.  It  presents,  in  tabulated  and 
graphical  form,  the  full  record  of  observed  and  derived  results. 

In  this  Review,  the  text  of  the  original  publication  has  been 
freely  quoted,  and  the  conclusions  and  arguments  by  which  they 
are  sustained,  appear  as  given  in  the  orginal  publication.  This 
Review,  therefore,  takes  the  form  of  a  resume  of  the  research  and 
its  results,  the  complete  record  of  which  is  available  elsewhere. 

Acknowledgments  are  due  Mr.  F.  W.  Marquis  for  the  editorial 
work  incident  to  this  Review. 

W.  F.  M.  Goss 

April.  1912 
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SUPERHEATED  STEAM  IN  LOCOMOTIVE  SERVICE 
I.    Introduction 

1.  A  Summary  o/  Conclusions. — The  results  of  the  study  con- 
cerning the  value  of  superheated  steam  in  locomotive  service,  the 
details  of  which  are  presented  in  the  succeeding  pages,  may  be 
summarized  as  follows: 

1.  Foreign  practice  has  proved  that  superheated  steam  may 
be  successfully  used  in  locomotive  service  without  involving 
mechanism  which  is  unduly  complicated  or  difficult  to  maintain. 

2.  There  is  ample  evidence  to  prove  that  the  various  details 
in  contact  with  the  highly  heated  steam,  such  as  the  superheater, 
piping,  valves,  pistons,  and  rod  packing,  as  employed  in  German 
practice,  give  practically  no  trouble  in  maintenance;  they  are 
ordinarily  not  the  things  most  in  need  of  attention  when  a  loco- 
motive is  held  for  repairs. 

3.  The  results  of  tests  confirm,  in  general  terms,  the  state- 
ments of  German  engineers  to  the  effect  that  superheating  mate- 
rially reduces  the  consumption  of  water  and  fuel  and  increases 
the  povver  capacity  of  the  locomotive. 

Ji..  The  combined  boiler  and  superheater  tested  contains  943  sq. 
ft.  of  water-heating  surface  and  193  sq.  ft.  of  superheating  surface; 
it  delivers  steam  which  is  superheated  approximately  150°.  The 
amount  of  superheat  diminishes  when  the  boiler- pressure  is  in- 
creased, and  increases  when  the  rate  of  evapoi'ation  is  increased, 
the  precise  relation  being 

r=  123-0. 265P+7. 28  fi^ 

where  T  represents  the  superheat  in  degrees  F.,  Pthe  boiler-pres- 
sure by  gauge,  and  H  the  equivalent  evaporation  per  foot  of 
water-heating  surface  per  hour. 

5.  The  evaporative  efficiency  of  the  combined  boiler  and 
superheater  tested  is 

E=  11.706  -  0.214^ 

where  E  is  the  equivalent  evaporation  per  pound  of  fuel  and  H  is 
the  equivalent  evaporation  per  hour  per  foot  of  water-heating 
and  superheating  surface. 
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6.  The  addition  of  the  superheater  to  a  boiler  originally  de- 
signed for  saturated  steam  involved  some  reduction  in  the  total 
area  of  heat-transmitting  surface,  but  the  efficiency  of  the  combi- 
nation, when  developing  a  given  amount  of  power,  was  not  lower 
than  that  of  the  original  boiler . 

7.  The  ratio  of  the  heat  absorbed  per  foot  of  superheating 
surface  to  that  absorbed  per  foot  of  water-heating  surface  ranges 
from  0.34  to  0.53,  the  value  increasing  as  the  rate  of  evaporation 
is  increased. 

8.  When  the  boiler  and  superheater  are  operated  at  normal 
maximum  power,  and  when  they  are  served  with  Pennsylvania  or 
West  Virginia  coal  of  good  quality,  the  available  heat  supplied  is 
accounted  for  approximately  as  follows: 


Absorbed  by  water 

Absorbed  by  steam  in  superheater. 


Utilized 

Lost  in  vaporizing  moisture  in  coal 

Lost  in  CO 

Lost  through  high  temperature  of  escaping  gases 

Lost  in  the  form  of  sparks  and  cinders 

Lost  throug'h  grate 

Lost  through  radiation,  leakage,  and  unaccounted  for. 


Per  cent 

52 

5 

57 

5 

1 
14 
12 

4 


9.     The  water  consumption  under  normal  conditions  of  run- 
ning has  been  established  as  follows: 


Boiler- 
pressure 

Corresponding 
Steam  per 
1.  h.  p.  hr. 

lb. 

120 
160 
SOO 
240 

lb. 

23.8 
22.3 

21.6 
22.6 

The  minimum  steam  consumption  for  the  several  pressures  is 
materially  below  the  values  given.  The  least  for  any  test  was 
20.29  lb. 

10.     The  coal  consumption  under  normal  conditions  of  run- 
ning has  been  established  as  follows: 


Boiler- 

Coal 

Consumed 

pressure 

per 

1.  h.  p.  hr. 

lb. 

lb. 

120 

3.31 

160 

3.08 

200 

2.97 

240 

3. 12 

GOSS — SUPERHEATED   STEAM   IN   LOCOMOTIVE   SERVICE  5 

11.  Neither  the  steam  nor  the  coal  consumption  is  materially 
affected  by  considerable  changes  in  boiler-pressure,  a  fact  which 
justifies  the  use  of  comparatively  low  pressures  in  connection 
with  superheating. 

12.  Contrary  to  the  usual  conception,  the  conditions  of  cut- 
off attending  maximum  cylinder  efficiency  are  substantially  the 
same  for  steam  superheated  150°  as  for  saturated  steam.  With 
superheated  steam,  when  the  boiler- pressure  is  120,  the  best  cut- 
off is  approximately  50  per  cent  stroke,  but  this  value  should  be 
diminished  as  the  pressure  is  raised,  until  at  240  lb.,  it  becomes  20 
per  cent. 

13.  Tests  under  low  steam  pressures,  for  which  the  cut-off 
is  later  than  half  stroke,  give  evidence  of  superheat  in  the  exhaust. 

IJ/..  The  saving  in  water  consumption  and  in  coal  consump- 
tion per  unit  power  developed,  which  was  effected  by  the  super- 
heating locomotive,  Schenectady  No.  3,  in  comparison  with  the 
saturated-steam  locomotive  Schenectady  No.  2,  is  as  follows: 


Saving  in  Water  Consumption 

Saving  in  Coal  Consumption 

Boiler- 

Locomotive 

Boiler- 
pressure 

Locomotive 

pressure 

Saturated 
Steam 

Super- 
heating 

Gain 

Saturated 
Steam 

Super- 
heating 

Gain 

lb. 

120 
160 
200 
240 

lb. 

29.1 
26.6 
25.5 
24.7 

lb. 

23.8 
22.3 
21.6 
22.6 

per  cent 

18 
16 
15 
9 

lb. 

120 
160 
200 
240 

lb. 

4.00 
3.59 
3.43 
3.31 

lb. 

3.31 
3.08 
2.97 
3.12 

per  cent 

17 
14 
13 
6 

16.     The  power  capacity  of  the  superheating  locomotive  is 
greater  than  that  of  the  saturated -steam  locomotive. 

11.    Foreign  Practice  in  the  Use  of  Superheated 
Steam  in  Locomotive  Service 


2.  The  Use  of  Superheated  Steam  in  Locomotive  Service. — In 
the  year  1898,  the  first  superheating  locomotives,  two  in  number, 
were  placed  in  service  upon  the  Prussian  State  Railway.  As 
might  have  been  expected  in  machines  of  new  design,  a  number 
of  difficulties  were  encounterea  in  their  operation,  but  one  by  one 
these  were  overcome.  Special  forms  of  pistons,  of  piston-valves, 
and  of  rod  packing,  designed  better  to  withstand  exposure  to 
steam  of  high  temperature,  were  introduced.     In  1899,  the  two 
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original  superheating  locomotives  were  followed  by  two  super- 
heating express  locomotives,  and  in  1900,  by  two  superheating 
tank  locomotives,  the  superheaters  of  all  being  of  the  same  design. 
While  these  six  trial  engines  were  by  no  means  perfect,  they 
served  to  show  that  highly  superheated  steam  might  be  gener- 
ated and  successfully  employed  in  locomotive  service.  As  a  re- 
sult of  the  experience  thus  gained,  the  Prussian  State  Railway 
has,  since  1900,  made  large  purchases  of  the  new  type  of  engine. 
So  rapidly  has  their  use  increased  that  in  April,  1907,  there  were 
682  in  service  and  467  in  the  process  of  building,  or  covered  by 
orders;  while  in  the  whole  Empire  of  Germany  there  were  1320 
locomotives  of  the  new  type  running  or  on  order.  The  locomo- 
tive builders  of  Germany  draw  their  support  from  many  different 
countries.  While  building  superheating  locomotives  for  the  Em- 
pire, they  have  stimulated  interest  in  and  created  a  demand  for 
the  new  type  in  other  countries.  Thus,  Belgium,  Russia,  Austria, 
Sweden,  Switzerland,  Italy,  France,  Holland,  England,  Denmark, 
Spain,  Greenland,  Canada,  and  South  America  all  have  their 
German-designed  and  German-built  superheaters,  and  at  the  time 
just  quoted,  April,  1907,  the  total  number  of  superheating  loco- 
motives in  service  or  on  order  for  all  countries  approached  close- 
ly to  2000.  This  rapid  extension  of  a  new  practice  expresses  the 
degree  of  confidence  which  many  engineers  have  in  its  value.  In 
fact,  the  introduction  of  the  superheater  has  become  a  world-wide 
movement,  and  as  such  it  is  entitled  to  the  respect  and  the 
thoughtful  attention  of  American  engineers.-^ 

3.  Types  of  Superheaters. — The  original  Schmidt  locomotive 
superheater  was  of  the  smoke-box  type,  and  practically  half  of 
the  superheating  locomotives  now  (1907)  in  operation  on  the  Prus- 
sian State  Railway  are  of  this  design.  The  later  introduction  of 
the  Schmidt  fire-tube  type  of  superheater  has,  however,  proved 
so  satisfactory  that  the  manufacture  of  the  earlier  smoke-box  type 
has  in  recent  years  been  discontinued.  All  of  the  superheating 
locomotives  of  the  Prussian  State,  now  under  construction,  are 
to  be  equipped  with  this  later  type.  Other  forms  of  superheaters 
have  been  proposed  and  one  of  these  has  been  used  experi- 
mentally, but  the  practice  of  superheating  in  Europe  as  it  exists 
to-day  implies  the  use  of  the  Schmidt  fire-tube  superheater.  The 
introduction  of  this  superheater  (IMg.  1  and  2)    requires  that  the 


1  Supplementing  the  statements  of  this  paragraph,  which  were  formulated  in  1907,  it  may 
be  stated  that  the  number  of  superheating  locomotives  in  Europe  is  now  (1911)  reported  as  7000 
and  that  the  number  in  this  country,  in  service  or  under  order,  is  approximately  2000. 


(."■ 


Fig.    1.      A  SUPEIHEATED  STEAM   EXPRESS   LOCOMOTIVE  OF  THE  PRUSSIAN   STATE  RAILWAY 
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upper  part  of  the  boiler  be  fitted  with  from  two  to  four  rows  of 
large  smoke-tubes  which  are  expanded  into  the  fire-box  and  front 
tube- sheet  of  the  boiler,  in  a  special  manner.  These  tubes  have 
an  inside  diameter  ranging  from 4  to  5.25  in.,  which  diameter  is 
reduced  somewhat  near  the  fire-box  end.  Inserted  in  each  of 
these  large  tubes  is  a  superheater  element  or  section  consisting 
of  a  set  of  pipes  bent  in  the  form  of  a  double  U  and  connected  at 
the  smoke-box  end  to  a  hea'der,  the  whole  arrangement  being 
such  as  to  form  a  continuous  double-looped  tube.  Each  particle 
of  steam  in  passing  from  the  boiler  to  the  branch- pipes  has  to 
traverse  some  one  of  these  elements,  making  four  passes  in  the 
movement\ 

The  ends  of  each  element  extend  into  the  smoke-box,  where. 
they  are  bent  slightly  upward  and  are  expanded  into  a  common 
flange  which  is  secured  to  a  steam-collector  by  a  single  central 
bolt.  Two  slightly  different  methods  are  employed  in  arranging 
the  pipe-ends  in  the  smoke-box.  By  the  first  method,  the  pipes 
are  bent  upward  only  (Pig.  2),  as  already  described,  in  which 
case  the  flange- joints  are  horizontal,  and  the  flanges  are  fastened 
by  vertical  bolts,  the  heads  of  which  are  movable  in  slots  in  the 
bottom  of  the  collector  casting.  By  the  second  method  (Fig.  1) 
the  pipes  are  carried  forward  and  are  bent  upward  and  back- 
ward in  such  a  manner  as  to  connect  with  vertical  flanges  secured 
by  horizontal  studs  to  the  steam- collector.  Both  methods  have 
been  extensively  used,  the  latter  being  the  one  which  has  been 
finally  selected  by  the  Prussian  State  Railway.  The  construction 
of  the  steam-collector  and  the  manner  in  which  connection  is 
made  with  the  steam-pipes  and  with  the  branch-pipes  is  best 
shown  by  the  figures. 

By  the  construction  which  was  adopted,  the  gases  of  combus- 
tion are  divided,  one  part  passing  through  the  ordinary  boiler-tubes 
and  the  other  through  the  larger  tubes.  In  the  larger  tubes,  a  por- 
tion of  the  heat  is  given  up  to  the  water  surrounding  the  tubes, 
and  a  portion  to  the  steam  contained  in  the  superheating  elements 
inclosed.  The  flow  of  heat  through  the  large  tubes  is  controlled 
by  dampers  hinged  or  pivoted  below  the  steam-collector  in  the 
smoke- box.  As  long  as  the  throttle  of  the  locomotive  is  closed, 
these  dampers  are  kept  closed,  either  by  a  counterweight  or  by  a 
spring,  but,  as  soon  as  the  throttle  is  opened,  they  are  opened 

iln  the  original  arrangement,  each  element  consisted  of  two  separate  single-loops,  but 
it  has  been  found  that  the  double  looping  of  the  superheating  pipes,  by  increasing  the  velocity 
at  which  the  steam  travels,  results  in  the  better  protection  of  the  tubes  against  overheating 
and  in  the  more  effective  superheating  of  the  steam. 
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simultaneously  by  means  of  a  piston  working  in  a  small  automatic 
steam-cylinder.  Thus,  while  getting  up  steam  or  while  standing 
at  stations,  under  any  conditions,  in  fact,  for  which  no  steam  is 
passing  the  loops  of  the  superheater  to  keep  them  cool,  no  gases 
of  combustion  can  pass  through  the  large  smoke-tubes  to  heat 
them.  This  arrangement  provides  against  the  overheating  of 
the  superheating  pipes.  It  is  only  when  the  throttle  is  open,  and 
when,  as  a  consequence,  steam  is  passing  through  the  super- 
heating pipes,  that  the  dampers  which  control  the  circulation  of 
the  heated  gases  open  and  permit  them  to  have  contact  with  the 
superheating  elements. 

The  limited  number  of  the  superheating  elements  and  their 
small  diameter  provide  a  comparatively  small  area  through 
which  the  steam  must  pass  from  the  boiler  to  the  engine-cylinders. 
The  degree  of  restriction  constitutes  one  of  the  important  elements 
in  the  design  of  the  Schmidt  superheater.  It  has  been  found 
that  the  superheating  surface  is  made  more  effective  as  the  flow 
of  the  circulating  steam  is  made  more  rapid;  the  statement  by  a 
German  authority  being  that  for  constant-temperature  differences, 
the  rate  of  heat  transmission  varies  as  the  square  root  of  the  ve- 
locity of  the  steam.  By  maintaining  high  velocities  through  the 
superheating  pipes,  therefore,  two  important  results  are  accom- 
plished: first,  a  higher  degree  of  superheat  is  obtained  than 
would  otherwise  be  possible;  and,  second,  the  protection  of  the 
superheating  elements  against  overheating  is  made  more  com- 
plete. The  degree  of  restriction  employed  in  the  Schmidt  super- 
heaters is  such  that  when  the  engine  is  working  at  full  power 
with  the  throttle  wide  open,  the  drop  in  pressure  between  the 
boiler  and  the  valve-box  is  approximately  15  lb.  It  is  stated 
that  under  these  conditions  the  velocity  through  the  super- 
heating tubes  varies  from  325  to  400  ft.  per  sec. 

The  superheaters  thus  described  have  an  abundant  capacity. 
Locomotives  fitted  with  them  are  provided  with  a  dial  thermom- 
eter showing  the  temperature  of  the  steam  in  the  valve-box. 
After  starting,  this  temperature  steadily  rises  until  it  exceeds 
300°  O.  (572°P.),  after  which  the  dampers  controlling  the  circu- 
lation of  heat  through  the  superheater-tubes  are  partially  closed 
by  means  of  mechanism  which  connects  with  a  hand-wheel  in  the 
cab.  This  manipulation  of  the  dampers  is  such  as  will  check  the 
rising  temperature  before  the  maximum  safe  limit  of  350°  C. 
(662°  F.)  is  reached. 
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Ibis  said  that  there  is  now  no  difficulty  in  designing,  for  any- 
locomotive,  a  superheater  which  will  give  with  certainty  any 
desired  degree  of  superheat  within  limits  which  are  practicable. 
Rules  governing  all  portions  of  the  design  have  been  formulated 
and  are  strictly  adhered  to  by  the  Wilhelm  Schmidt  Company, 
Limited,  in  working  out  the  details  of  their  design.  Such  rules 
have  not  yet  been  published. 

4.  The  Maintenance  of  Superlieating  Locomotives. — From  such 
inspection  in  shops  and  roundhouses  as  could  be  had,  and  from 
the  testimony  of  those  concerned  in  the  handling  of  locomotives 
at  terminals,  it  appears  reasonably  certain  that  no  special  dif- 
ficulty is  experienced  in  the  maintenance  of  those  details  which 
are  peculiar  to  a  superheating  locomotive.  This  statement  ap- 
plies especially  to  the  superheater  itself.  In  a  repair-shop,  a 
boiler  was  inspected  from  which  the  superheater  had  been  drawn 
bodily  and  laid  upon  blocking  beyond  the  boiler.  All  of  the 
ordinary  small  tubes  of  the  boiler  were  being  cut  out  in  prepara- 
tion for  retubing.  The  superheater,  meanwhile,  had  been  judged 
to  be  in  good  condition,  and  it  was  to  go  directly  back  to  its 
place  without  having  any  work  done  upon  it.  Even  those  Ger- 
man engineers  who  are  not  friendly  to  the  superheating  locomo- 
tive frankly  say  that  there  is  no  difficulty  in  maintaining  the 
present  type  of  fire-tube  superheater. 

With  respect  to  the  care  bestowed  in  freeing  the  large  flues 
containing  the  superheating  tubes  from  deposits  of  fuel  and  ash, 
the  superheating  locomotive  requires  additional  labor.  The  ex- 
tent of  this  depends,  however,  upon  the  nature  of  the  fuel  used. 
The  fact  that  solid  matter  entering  the  large  tubes  from  the  fire- 
box comes  upon  the  ends  of  the  loops  of  the  superheater,  as  up- 
on an  obstacle  set  in  their  path,  naturally  leads  to  such  a  result. 
With  some  grades  of  fuel  little  or  no  difficulty  arises,  while  with 
other  fuels  it  is  difficult  to  get  a  locomotive  over  its  division. 
Roundhouses,  therefore,  which  handle  superheating  engines,  are 
equipped  with  long  pipe-nozzles  through  which  a  blast  of  air  is 
delivered  for  the  purpose  of  clearing  the  large  flues.  Upon  at 
least  one  division  inspected,  an  equipment  of  these  nozzles  was 
carried  upon  locomotives.  In  certain  roundhouses  a  set  of  small 
tools  from  3  to  6  ft.  long,  with  sharp  cutting- edges,  usually  at 
right  angles  to  the  axis,  which  could  be  inserted  from  the  fire- 
box, was  in  use  for  the  purpose  of  cutting  out  the  deposits  in  the 
tubes.  A  round  of  inspection  gives  abundant  evidence  that  the 
stopping-up  of  flues  is  a  serious  matter.     Engineers  friendly  to 
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the  use  of  superheating  locomotives  admitted  that  there  are  coals 
which  are  serviceable  in  other  classes  of  locomotives  which  can 
not  be  used  by  the  superheating  locomotives. 

In  the  matter  of  maintaining  valves  and  valve-gears,  much 
has  already  been  said.  There  appears  to  be  no  difficulty  in  main- 
taining lubrication  in  the  presence  of  superheated  steam,  and  it  is 
repeatedly  asserted  that  the  wear  of  piston-rings  and  of  valve- 
parts  in  the  superheating  locomotive  is  of  less  consequence  than 
the  similar  wear  which  occurs  in  compound  and  simple  engines 
using  saturated  steam. 

It  will  be  remembered  that  in  Germany  the  natural  competi- 
tor of  the  superheating  locomotive  is  the  compound,  and  that  in 
passenger  service  the  compound  is  of  the  four-cylinder  type. 
This  fact  is  of  ten  mentioned  as  important  from  a  roundhouse  poinc 
of  view,  since  it  is  easier  to  wipe  the  superheating  locomotives 
after  a  run  than  the  compounds,  a  statement  which,  of  course, 
grows  out  of  the  fact  that  there  are  fewer  parts  to  receive  atten- 
tion. Whether  the  superheating  passenger  engines  are  on  the 
whole  easier  to  maintain  than  the  balanced  compounds  is  a  mat- 
ter concerning  which  little  definite  information  can  be  obtained. 
It  is  admitted  everywhere  that  the  absence  of  balance  for  recip- 
rocating parts  in  the  superheating  engines  tends  to  increase  the 
cost  of  maintenance,  and  it  is  not  unlikely  that  the  newness  of  the 
type  also  operates  to  its  disadvantage.  The  compounds,  on  the 
other  hand,  with  their  duplication  of  parts  and  their  higher  boiler- 
pressures,  demand  attentions  which  are  peculiar  to  their  type. 
In  Berlin,  where  superheating  is  in  the  ascendancy,  it  is  gener- 
ally agreed  that  the  problems  of  maintaining  the  superheating 
engine  are  far  more  simple  than  those  of  maintaining  the  com- 
pound, while  in  Hanover,  which  is  the  home  of  the  balanced  com- 
pound, opinions  are  likely  to  be  the  reverse  of  this. 

5.  The  Economy  Resulting  from  the  Use  of  Superheating  Loco- 
motives.— The  degree  of  economy  attending  the  operation  of  the 
superheating  locomotive  is  probably  not  definitely  understood  in 
Germany.  There  are  as  yet  no  locomotive-testing  plants  in  the 
Empire,  and  while  the  results  of  many  road  tests  are  reported, 
they  are  upon  a  comparative  rather  than  upon  an  absolute  basis. 
As  the  superheating  locomotives  are  all  of  recent  design,  there 
are  no  simple  locomotives  using  saturated  steam  whose  perform- 
ance can  fairly  be  compared  with  them.  Partisan  advocates  of 
the  superheating  locomotive  not  infrequently  claim  for  it  a  sav- 
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ing:  in  water  of  from  30  to  40  per  cent  and  in  coal  from  25  to  35 
per  cent  when  compared  with  the  simple  locomotive,  and  some 
data  are  presented  in  support  of  such  claims.  It  is  also  claimed 
that  the  superheating  locomotives  consume  25  per  cent  less  water 
and  10  per  cent  less  coal  than  the  four-cylinder  balanced  com- 
pounds. Such  statements,  of  course,  reflect  partisan  opinions. 
One  who  is  a  close  student  of  these  matters  and  whose  position  is 
such  as  to  make  him  quite  independent  in  opinion  believes  that 
the  saving  in  water  could  be  taken  at  from  20  to  25  per  cent  and 
in  coal  at  from  15  to  20  per  cent,  as  compared  with  the  consump- 
tion of  simple  locomotives. 

"When  comparisons  are  made  between  the  performance  of  a 
superheating  locomotive  and  that  of  the  compound,  partisan  advo- 
cates of  the  superheating  claim  an  advantage  for  tlieir  type  of 
machine.  Conservative  experts  give  the  opinion  that  the  per- 
formance of  the  superheating  locomotives  is  without  question 
equal  to  that  of  the  compound.  Others,  whose  opinions  are  per- 
haps entitled  to  equal  attention,  affirm  that  it  is  better,  but  how 
much  better  they  are  not  willing  to  say.  The  performance  sheet 
of  a  division  operating  balanced  compounds  and  also  superheat- 
ing locomotives  in  the  same  service  shows  that  the  coal  used  per 
1,000  kilometers  run  by  superheating  locomotives  varied  from 

12.1  tons  to  14.4  tons  and  for  the  balanced  compounds  from  8.9  ta 

14.2  tons.  Upon  the  basis  of  these  statements,  it  would  appear 
safe  for  the  American  engineer  to  assume  that  the  superheating 
locomotives  are  as  economical  in  their  use  of  water  and  fuel  as. 
are  the  highest  types  of  compounds.  This  applicb  to  a  practice 
which  involves  locomotives  using  a  high  degree  of  superheat  on 
the  one  hand,  and  a  well- perfected  type  of  compound  on  the 
other. 

6.  Concerning  the  T7'end  of  Foreign  Practice  luitli  Reference  to 
Superheating  in  Locomotive  Service. — In  the  development  of  this 
chapter,  attention  has  been  given  thus  far  to  the  single  type  of 
locomotive  which  may  properly  be  referred  to  as  the  Garbe  ty^e. 
Taking  now  a  more  general  view  of  the  tendency  manifested  in 
Europe  with  reference  to  superheating,  menticm  may  be  made  of 
several  significant  facts.  First,  it  should  be  noted  that  while  it 
is  the  opinion  of  the  officials  of  the  Prussian  State  Railway  that 
success  in  superheating  depends  in  large  measure  upon  the  adop- 
tion of  those  details  in  the  design  of  machine  parts  which  are 
peculiar  to  their  special  type,  this  view  is  not  shared  by  the  loco- 
motive builders  of  Germany  or  by  engineers  not  connected  with 
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railway  service.  While,  therefore,  the  high  character  of  the  de- 
tails of  the  Garbe  engine  from  the  designer's  point  of  view  is  un- 
questioned, it  is  probably  true  that  the  superheater  may  enter  as 
a  detail  into  the  design  of  any  well-considered  locomotive  without 
disturbing  other  details. 

Among  certain  foreign  engineers,  the  plan  of  combining  the 
superheater  with  the  compound  engine  has  been  favored,  and  a 
considerable  number  of  locomotives  have  been  constructed  on 
this  plan.  In  favor  of  such  an  arrangement,  it  is  urged  that  the 
presence  of  the  superheater  will  serve  to  reduce  the  coal  con- 
sumption of  the  compound  to  the  extent  of  approximately  7  per 
cent.  Against  it  are  urged  the  objections  that  the  two  systems 
are  in  the  main  antagonistic;  that  the  compound,  to  work  effect- 
ively, must  be  supplied  with  steam  at  high  pressure,  whereas  it 
is  counted  as  one  of  the  advantages  of  the  superheating  locomo- 
tive that  without  sacrifice  of  its  efficiency,  it  may  employ  much 
more  moderate  pressures.  The  American  engineer  is  likely  to 
concur  in  the  opinion  that  the  saving  which  can  result  from  the 
combination  is  too  small  to  justify  the  complication  incident  to 
the  presence  of  both  systems. 

It  is  an  interesting  fact  that  in  Prance,  the  birthplace  of  the 
balanced  compound,  there  is  to-day  an  extremely  active  interest 
in  the  practice  of  superheating  as  developed  in  Germany.  A 
commission  representing  the  leading  railways  of  Prance  has, 
after  a  careful  investigation,  made  a  report  most  favorable  to  the 
new  practice.  While  it  is  not  likely  that  superheating  locomo- 
tives will,  in  Prance,  be  allowed  to  take  the  place  of  the  highly 
developed  types  of  balanced  compound  common  in  that  country, 
and  while  it  is  not  likely  that  superheating  will  be  employed  to 
any  considerable  extent  in  connection  with  the  compounds,  there 
are  still  in  the  freight  and  switching  service  of  Prance  many 
simple  engines,  and  the  hope  is  expressed  that  the  superheater 
may  be  the  means  of  improving  them.  Meantime,  in  Belgium, 
where  the  advantage  of  the  balanced  locomotive  is  well  under- 
stood, and  the  objections  of  combining  the  superheater  with  the 
balanced  compound  engine  are  appreciated,  practice  is  involving 
a  four- cylinder  balanced  simple  engine  with  the  superheater,  an 
arrangement  which  gives  promise  of  very  great  success. 

7.  Arguments  Favoring  the  Arlojjfion  of  Superheating. — These, 
as  based  upon  results  derived  from  German  experience,  may  be 
set  forth  as  follows: 
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1.  The  advantages  of  superheated  steam  may  be  had  in 
practice  without  involving  undue  comphcation  in  mechanism  and 
without  involving  a  degree  of  attention  in  maintenance  in  excess 
of  that  demanded  by  a  simple  engine. 

2.  The  superheating  locomotive  will  perform  its  service  ef- 
ficiently while  employing  a  comparatively  low  steam- pressure,  a 
condition  which  tends  to  reduce  cost  in  maintenance.  The  pres- 
ence of  the  superheater  does  not  necessitate  any  qualification  of 
this  statement. 

3.  Superheating  will  materially  reduce  the  consumption  of 
water,  which  in  bad-water  districts  constitutes  a  matter  of  im- 
portance. 

Jf..  The  superheating  locomotive  will  reduce  the  fuel  con- 
sumption probably  to  that  required  by  a  first-class  compound 
engine. 

5.  As  to  power  and  capacity,  the  superheating  locomotive 
is  to  be  compared  with  the  compound  rather  than  with  the  simple 
engine.  It  may  be  forced  to  limits  of  power  far  beyond  those 
possible  with  simple  engines. 

6.  In  operation  the  degree  of  superheat  increases  with  in- 
creased rate  of  power,  which  tends  to  conserve  the  steam  supply 
as  the  demand  for  power  is  increased. 

III.  Tests  to  Determine  the  Value  of  Superheating 
IN  Locomotive  Service 

8.  Conditions  Suggesting  Tests. — The  fact  that  the  efficiency  of 
a  steam  engine  may  be  improved  by  superheating  the  steam  sup- 
plied it,  is  a  matter  which  has  long  been  understood  and  appre- 
ciated and  the  effect  of  such  highly  heated  steam  upon  the  process 
of  heat  interchange,  which  goes  on  in  the  engine  cylinder,  has  been 
so  carefully  traced  that  the  precise  manner  in  which  the  improve- 
ment is  brought  about  has  been  made  a  part  of  the  common  know- 
ledge of  the  engineer.  But  the  process  of  producing  superheated 
steam  is  one  which  consumes  heat  and  involves  apparatus  which 
has  been  expensive  in  first  cost  and  difficult  to  maintain.  Against 
the  thermodynamic  gain,  therefore,  which  may  be  secured  by  the 
use  of  superheated  steam  is  to  be  set  the  cost  of  fuel  necessary  to 
produce  the  superheating  and  the  interest  and  maintenance  charges 
arising  from  the  presence  of  the  superheater.  Costs  resulting 
from  these  accounts  are  in  large  measure  functions  of  the  design 
of  the  superheater  and  of  the  materials  which  enter  into  its  con- 
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struction,  so  that  the  wisdom  of  adopting  the  superheater  in  any 
branch  of  steam-engine  practice  is  a  matter  which  involves  very 
much  more  than  the  fundamental  thermodynamic  theory — a  fact 
which  greatly  complicates  the  task  of  the  present-day  student  in 
this  particular  field  of  research.  In  recent  years,  the  problem  of 
superheater  design  has  received  generous  attention,  and  materials 
possessing  qualities  hitherto  unobtainable  have  been  made  avail- 
able to  the  designer,  so  that  a  practice  which  a  quarter  of  a  cen- 
tury ago  was  generally  regarded  as  of  doubtful  expediency  has 
gradually  been  advanced  to  a  position  of  great  promise. 

Attention  has  been  called  to  the  extensive  use  of  superheated 
steam  in  the  locomotive  practice  of  Germany  and  to  the  influence 
of  this  practice  upon  that  of  other  European  countries  and  of 
America.  In  America,  especially,  there  are  evidences  of  a  strong 
professional  interest  which  is  doing  much  to  secure  for  our  country 
a  more  general  introduction  of  superheating  locomotives.  Under 
the  stimulus  of  these  developing  conditions,  it  was  natural  that  the 
energies  of  the  locomotive-testing  laboratory  of  Purdue  Univer- 
sity should  have  been  turned  in  the  direction  of  superheated 
steam.  The  University's  locomotive,  designed  originally  for 
work  under  high  steam  pressure,  was  converted  into  a  super- 
heating locomotive,  and  with  the  aid  of  many  friendly  influences 
h  as  since  been  subjected  to  an  elaborate  series  of  tests,  the  results 
of  which  define  the  performance  which  is  to  be  expected  from 
such  a  machine.  This  performance,  when  compared  with  that  of 
a  normal  locomotive  using  saturated  steam,  should  aid  in  making 
up  an  estimate  of  the  gain  to  be  secured  by  the  use  of  the  super- 
heater in  locomotive  service. 

9.  The  Means  Employed. — The  locomotive  laboratory  of  Purdue 
University,  established  in  1891  for  the  instruction  of  students  and 
for  research,  has  been  many  times  described^  The  locomotive, 
which  for  a  number  of  years  had  been  operated  upon  this  plant, 
is  of  the  single-expansion  American  type,  having  a  boiler  designed 
to  carry  working  pressures  as  high  as  250  lb.  per  sq.  in".  In 
preparation  for  a  new  program  of  tests,  this  locomotive  was  fit- 
ted with  a  Cole  superheater,  the  boiler  and  other  parts  being  re- 
built, so  far  as  was  necessary,  to  make  the  reconstructed  machine 
a  normal  superheating  locomotive  which,  from  the  time  of 
reconstruction,  has  been  known  as  Schenectady  Xo.  3. 

'■  "The  Purdue  University  Locomotive  Testintr  Plaiit;'  also  Locomotive  Testing  Plants" 
(A.  S.  M.  E.I. 

-  ■  'For  complete  description  with  drawings  of  this  locomotive,  see  High-Steam  Pressures  in 
Locomotive  Service.  Publication  No.  66.  Ciirnegie  Institution  of  Washington. 
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Fig.  3.    Outline  Elbvation  or  Locomotive 

10.      The  Principal  Characteristics  of  Locotnotive  ScJienectady  No.  3 
are  as  follows: 

Type 4-4-0 

Total  weight  i  pounds) 109.000 

Weii^ht  on  four  drivers  ( pounds  > 61 ,000 

Valves  I  type,  Richardson  balance): 

Maximum  travel  (inches)   6 

Outside  lap  ( inches) , 1 5^ 

Inside  lap  ( inches) 0 

Ports: 

Length  (inches) 12 

Width  of  steam-port  (inches) 1V4 

Width  of  exhaust-port  (inches) 3 

Total  wheel-base  ( feet ) 23 

Rigid  wheel-base  (feet)  8!4 

Cylinders: 

Diameter  (inches) 16 

Stroke  (inches)  3i 

Drivers,  diameter  outside  of  tire  (inches) 69ii 

Boiler  (type,  extended  wagon-top): 

Diameter  of  front-end  (inches) 52 

Length  of  fire-box  (inches)   '!'2A 

Width  of  fire-box  (inches) 34^ 

Depth  of  fire-box  (inches) "9 

Number  of  2-inch  tubes Ill 

Number  of  5-inch  tubes 18 

Length  of  tubes  ifeet) 11-5 

Heating- surface  in  fire-box  (square  feet i 126 

Heatinff-surf ace  in  tubes,  water  side  (square  feet)  897 

Heating-surface  in  tubes,  fire  side  ( squai-e  feet ) 817 

Total  water-heating  surface,  including  water  side  of  tubes  (square  feet) 1,023 

Total  water-heating  surface,  including  tire  side  of  tubes  (square feet) 943 

Superheater:  type.  Cole  return  iube: 

Outside  diameter  of  superheater  tubes  (inches) IM 

Number  of  loops 32 

Average  length  of  tube  per  loop(feet) 17.27 

Total  superheating  surface  based  upon  outside  surface  of  tubes,    surface 

of  headers  neglected  ( square  feet ) 193 

Total  water  and  superheating  surface,  including  water  side  of  boiler  tubes 

(square  feet) 1.216 

Total  water   and   superheating   surface,  including  fire  side  of  boiler-tubes 

(sauarefeet) 1,136 

Total  water  and  superheating  surface,    accepted  for  use  in  all  computations 

(squarefeet) 1,216 
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Ratio  of  heating-surface  based  on  water  side  to  that  based  on  tire  side 1.074 

Thickness  of  crown  sheet  (inch » I'.i 

Thickness  of  tube-sheet  ( inch) \-i 

Thicltness  of  side  and  back  sheet  (inch) 1 

Diameter  of  radial  stays  i  inches) IH 

Driving-axle  journals: 

Diameter  (inches)   "54 

Length  i  inches  i 85^ 

11.  The  Cole  Superheater,  as  applied  to  the  locomotive,  is 
well  shown  in  Fig.  4.  lb  consists  chiefly  of  a  series  of  return- 
tubes  extending  inside  of  certain  of  the  flues  which  make  up  a  por- 
tion of  the  water-heating  surface.  To  make  room  for  the  super- 
heater, the  upper  central  portion  of  the  usual  flue-space  is  taken 
by  sixteen  5-inch  flues,  which  are  reduced  to  a  diameter  of  4  in. 
for  7  in.  of  their  length  at  the  fire-box  end  and  increased  to  a 
diameter  of  5  h  in.  at  the  front  tube-sheet.  They  have  a  length 
between  flue  sheets  of  138  in.  In  each  of  these  sixteen  flues,  there 
is  an  upper  and  a  lower  line  of  superheating  tubes.  Each  line  ex- 
tends from  a  steam-pipe  header  in  the  smoke-box  back  into  its 
flue  to  a  point  near  the  back  tube  sheet,  where  it  meets  and  is 
screwed  into  a  return-pipe  fitting  of  special  design.  From  the 
second  of  the  two  openings  in  this  fitting,  a  similar  pipe  extends 
forward  through  the  flue  and  into  the  smoke-box  to  a  second  head- 
er, from  which  branch-pipes  lead  to  the  cylinders.  All  together, 
there  are  32  of  these  loops.  In  13  of  the  flues,  the  lower  loops 
are  116  f  in.  long,  extending  into  the  flue  within  2  ft.  5  in.  of  the 
back  of  the  tube-sheet.  In  the  other  3  flues  the  loops  are,  re- 
spectively, 3  ft..  2  ft.,  and  1  ft.  shorter  than  the  normal.  The 
upper  loop  in  each  flue  is,  in  all  cases,  approximately  9  in.  short- 
er than  the  lower  loop.  The  headers  to  which  the  pipes  of  the 
superheater  connect  at  the  smoke- box  end  are  of  cast  steel.  They 
have  walls  three  eighths  of  an  inch  thick  and  are  cored  in  such  a 
manner  that  all  steam  passing  the  throttle- valve  must  traverse 
some  one  of  the  several  loops.  In  its  passage  from  the  boiler,  the 
steam  leaves  the  dry-pipe  G,  Fig.  4,  and  passes  into  the  headers 
through  the  openings  D  in  the  top  part  of  the  tee-head.  It  then 
flows  downward  through  the  passage  in  one  side  of  this  header  and 
passes  back  toward  the  fire-box  through  the  8  tubes  which  are 
joined  to  it.  At  the  castings  which  form  the  return  bends,  its  di- 
rection is  reversed  and  it  passes  back  through  the  return  tubes  to 
the  passage  in  the  other  side  of  the  header.  It  then  passes  up- 
ward into  the  lower  half  of  the  tee-head  E,  and  from  there  into 
the  branch  steam- pipes. 
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12.  A  Comparison  of  the  Dimensions  of  the  boiler  as  set  forth 
above  with  those  of  Schenectady  No.  2,  follows.  The  exhibit  shows 
the  extent  of  the  change  brought  about  by  the  installation  of  the 
Cole  superheater. 

Number  of  2-in.  flues  displaced  by  sixteen  5-inch  flues,  necessary  to  give  place  to  the 

superheater 89 

Reduction  in  water-heating  surface   (square  feet) 299 

Reduction  in  water-heating  surface  (per  cent) 22.6 

Heating-surface  replaced  by  the  installation  of  the  superheater  ( square  feet  • 193 

Heating-surface  replaced  by  the  installation  of  the  superheater  (per  cent  of  surface 

removed) 64.5 

Reduction  in  total  transmitting-surf  ace  (water  and  superheating)  (square  feet)   106 

Reduction  in  total  transmitting-surf ace  ( water  and!superheating )  (per  cent i 8 

13.  The  Tests  were  began  in  November,  1906,  and  were  com- 
pleted, so  far  as  the  series  at  present  under  consideration  is  con- 
cerned, in  July,  1907.  During  this  period  of  8  months,  the  ex- 
perimental locomotive  ran  1,417,995  revolutions,  which  is  equiva- 
lent to  4,851  miles. 

The  tests  were  run  at  pressures  of  240,  200,  160,  and  120  lb., 
respectively,  the  number  of  tests  under  each  pressure  being  suf- 
ficient to  disclose  the  performance  when  running  at  several  differ- 
ent speeds  and  cut-offs.  The  exhibit  is  especially  full  for  a  press- 
ure of  160  lb. ,  a  pressure  which  is  a  close  approach  to  that  common- 
ly used  in  connection  with  superheating  locomotives.  Altogether, 
38  tests  were  run.  A  concise  statement  of  the  pressure,  speed, 
and  cut-off  represented  is  set  forth  by  Fig.  5  to  8,  in  which  each 
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rectangle  represents  the  general  conditions  of  one  test.  Concentric 
rectangles  represent  conditions  for  which  duplicate  tests  were  run; 
the  enclosed  numeral  is  the  serial  number  of  the  tests. 

All  results  presented  are  directly  comparable  with  corres- 
ponding results  obtained  when  using  saturated  steam,  which  are 
set  forth  in  the  published  account  of  a  previous  research  .^ 

IV.     Performance  of  Boiler  and  Superheater 

14.  Attention  should  early  be  called  to  the  fact  that  because 
of  threatened  interruptions  in  the  running  of  the  tests,  it  was 
thought  expedient  to  use  two  grades  of  coal  and  to  rely  upon  the 
results  disclosed  by  the  heat-balance  of  the  several  tests  as  a  basis 
for  final  comparisons.  Of  the  two  fuels  used,  the  Youghiogheny 
coal  has  been  accepted  as  standard,  and  where  results  obtained 
from  the  Pocahontas  coal  have  been  needed  in  formulating  con- 
clusions, they  have  been  reduced  to  equivalent  results  which 
would  have  been  obtained  had  the  standard  coal  been  used 
throughout  the  work.     One  man  served  as  fireman  for  all  tests. 

In  the  paragraphs  which  follow,  an  attempt  will  be  made  to 
state  briefly  some  of  the  more  significant  facts  which  may  be 
developed  from  the  data;  in  some  cases  graphic  methods  are  em- 
ployed to  emphasize  their  importance. 
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EQUIVALENT    EVAPORATION    PER    FOOT   OF   HEATING  SURFACE  PER  HOUR 
Fig,  9.      SOPBBHEATING  AS  AFFECTED  BY  RATE  OF  EVAPORATION. 
BOILEB  PBBSSCRE  240  LB. 


1  High  Steam-  Pretsuret  in  Locomotive  Service,  b y  W.  F.  M.  Goss.  Publication  No.  66.  Carnegrie 
Institution  of  Washington,  reviewed  and  presented  as  Bulletin  Xo.  26,  High  Steam-Preaiurtt 
in  Locomotive  Service,  Engineering  Experiment  Station.  University  ot  Illinois. 
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15,  Superheating. — The  observed  temperature  of  the  steam 
delivered  from  the  superheater  was  measured  by  a  high-grade 
mercurial  thermometer  placed  in  the  header  at  a  point  near  its 
opening  into  the . left-hand  branch-pipe,  point  A,  Fig.  4.  Pig.  9 
to  12  present  the  extent  of  the  superheating  effect  for  the  dif- 
ferent rates  of  power  to  which  the  boiler  was  worked,  (equivalent 
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Fig.  n.  Superheating  as  affected  by  Rate  of  Evaporation, 

BOIL.ER-PBESSUBE  160  POUNDS 
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evaporation  per  square  foot  of  water-heating  surface  per  hour), 
each  diagram  representing  some  one  of  the  several  pressures 
under  which  the  boiler  was  operated.  The  ordinates  and  the 
abscissas  of  all  points  in  each  diagram  have  been  averaged, 
and  from  values  thus  obtained,  an  average  point,  designated  as 
a  cross  in  a  circle,  has  been  located.  Through  this  a  straight 
line  has  been  drawn  which  represents,  with  a  fair  degree  of 
accuracy,  all  of  the  experimental  points  involved.  It  happens 
that  the  slope  of  these  lines  is  the  same  for  all  of  the  diagrams 
under  consideration.  They  define  the  change  in  the  degree  of 
superheat  attending  changes  in  the  rate  of  evaporation  when  the 
boiler- pressure  has  the  value  stated. 
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Fig.  12.  Superheating  as  Affected  by  Rate  of  Evaporation. 
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A  comparison  of  the  several  diagrams  will  show  that  if  the- 
boiler  were  operated  under  a  constant  rate  of  evaporation  for 
each  of  the  several  boiler-pressures,  the  degree  of  superheat 
would  be  different  in  each  case.  For  example,  if  a  comparison  is 
based  upon  a  rate  of  evaporation  of  11  lb.  of  water  per  sq.  foot  of 
water-heating  surface  per  hour,  the  degree  of  superheat  will  be: 


170°  when  the  boiler  pressure  is  120  lb. 

165° "  "  160  ■■ 

154° "  "  200   " 

135° ■■  "  240   " 
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These  values  are  shown  graphically  in  Fig.  13.  Referring 
to  this  figure,  it  will  be  noticed  that  the  superheat  varies  more 
rapidly  for  a  given  increment  at  the  higher  pressures  than  at  the 
lower  pressures,  and  that  the  line  connecting  the  experimental 
points  is  a  curve.  A  straight  line  may,  however,  be  drawn  which 
will  represent  all  the  experimental  points  with  an  error  which 
in  no  case  will  be  greater  than  2  per  cent.  In  the  same  manner,  a 
series  of  straight  lines  may  be  determined,  each  showing  the  re- 
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Fig.  13,    Degrees  of  Superheat  under  All  Conditions  of 

Pressure  When  Rate  of  Evaporation  is  il  Pounds 

per  Square  Foot  of  Heating-surface  per  Hour 


lation  between  boiler  pressure  and  superheat  at  a  different  rate 
of  evaporation.  This  series  of  straight  lines  may  be  represented 
by  an  equation,  which  defines  the  performance  of  the  superheater 
for  any  pressure  between  120  and  240  lb.  gauge,  with  a  maximum 
error  of  less  than  2  per  cent.     The  equation  thus  determined  is 

r=  123  -0.265P+7.28JT 

where  T  equals  the  number  of  degrees  superheat;  P  the  boiler- 
pressure  by  gauge,  and  H  the  equivalent  evaporation  per  square 
foot  of  water-heating  surface  in  the  boiler. 
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16.  Draft. — The  draft  produced  in  the  front-end  of  the  loco- 
motive was  measured  at  a  point  directly  in  front  of  the  diaphragm. 
The  rate  of  increase  in  draft  values  with  increased  rates  of  evap- 
oration is  well  shown  by  Fig.   14.     This  figure  gives  the  results 
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Fig.  14.    Draft  in  Front  of  Diaphgram 

of  tests  at  160  lb.  only.  Curves  representing  points  obtained  at 
other  pressures  are  practically  identical  with  those  shown,  the 
fact  being  that  changes  in  boiler- pressure,  within  the  limits  of 
the  experiments,  have  practically  no  influence  upon  draft  values. 
As  would  be  expected,  these  depend  entirely  upon  the  rate  of 
evaporation  required. 
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17.  Smoke-Box  Temperatures.— Tho.  temperatures  of  the 
smoke-box  gases  were  read  by  a  mercurial  thermometer  placed 
midway  between  the  diaphragm  and  the  front  tube- sheet.  Fig. 
15  shows  the  effect  upon  the  smoke-box  temperature  of  changes 
in  the  rate  of  power  for  a  boiler  pressure  of  160  lb.  It  will  be 
seen  that  the  smoke-box  temperature  increases  as  the  rate  of 
evaporation  is  increased,  an  effect  the  significance  of  which  is 
well  understood.  For  example,  when  the  rate  of  evaporation 
equals  6  lb.  of  water  per  sq.  foot  of  heating-surface,  the  smoke-box 
temperature  is  approximately  600""  F.  When  the  rate  of  evapo- 
ration is  increased  to  12,  the  temperature  of  the  smoke-box  ap- 
proaches 800°  F.  It  is  not  far  from  the  truth  to  say  that  a 
change  of  1  lb.  in  the  rate  of  evaporation  produces  a  change  of 
20°  in  the  temperature  of  the  smoke-box.  The  smoke-box  tem- 
perature shows  a  slight  tendency  to  increase  with  increase  of 
pressure,  other  things  being  the  same,  but  the  differences  are 
too  slight  to  be  accepted  as  material. 

18.  Evaporative  Efflciency  of  the  Combined  Boiler  and  Super- 
heater.— The   relation  between  the  pounds  of  water  evaporated 
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Fig.  16.    Equivalent  Evaporation  peb  Pound  of  Coal.  Undeb  All 
Conditions  of  Pressure:  Combined  Boiler 
AND  Superheater 
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from  and  at  212°,  equivalent  to  the  weight  of  superheated  steam 
delivered  per  pound  of  dry  coal,  and  the  equivalent  evaporation 
per  sq.  ft.  of  surface  in  the  boiler  and  superheater  per  hr. ,  under 
all  conditions  of  pressure,  is  given  in  Fig.  16.  The  data  show 
that,  if  the  discussion  is  allowed  to  concern  itself  with  very  small 
differences,  the  highest  efficiency  is  obtained  when  the  boiler 
pressure  is  lowest;  conversely,  the  lowest  efficiency  results  when 
the  boiler  pressure  is  highest.  But,  except  in  the  case  of  tests 
at  120  lb. ,  the  results  of  which  do  not  compare  closely  with 
those  for  other  pressures,  the  differences  are  hardly  more  than 
measurable.  In  a  larger  sense,  it  seems  to  be  true  that  changes 
in  boiler  pressure  between  the  limits  of  1201b.  and  240  lb. ,  have 
practically  no  effect  upon  the  evaporative  efficiency  of  the  boiler. 
Proceeding  on  this  basis,  it  is  clear  that  a  general  expression 
for  the  evaporative  efficiency  of  the  combined  boiler  and  super- 
heater may  be  based  upon  the  results  of  all  tests,  regardless  of 
the  pressure  at  which  they  were  run.  Such  expression  is  repre- 
sented by  tlie  line  drawn  through  the  plotted  points  of  Fig.  16. 
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The  equation  for  this  line,  and  consequently  one  which  defines  in 
general  terms  the  performance  of  the  combined  boiler  and  super- 
heater, is 

E=  11.706 -0.214  if 
where  i/' is  the  equivalent  evaporation  from  and  at  212°   F.   per 
pound  of  dry  coal,  and  H  is  the  equivalent  evaporation  per  square 
foot  of  water  and  superheating  surface. 

19.  Evaporative  Efficiency  of  the  Boiler,  Exclusive  of  the  Siqjer- 
heater. — The  equivalent  evaporation  of  the  boiler  per  pound  of 
dry  coal,  in  terms  of  the  equivalent  evaporation  per  square  foot 
of  waterheating  surface  in  the  boiler  per  hour  is  shown  in  Fig.  17. 
The  equation  for  the  mean  line  drawn  through  these  points  is: 

E  =  11.10d  -  0.2087  fl" 
This  curve  is  substantially  of  the  same  slope  as  that  which  repre- 
sents the  performance  of  the  combined  boiler  and  superheater 
(Fig.  16),  but  it  represents  values  which  are  lower,  a  result  due 
to  the  fact  that  the  basis  of  the  compaiison  practically  assumed 
that  the  heat  which  is  normally  absorbed  by  the  superheater  is 
in  this  case  lost. 

20.  The  Division  of  Work  between  Water  and  Superheating 
Surface. — The  ratio  of  the  heat  absorbed  per  square  foot  of  sup- 
erheating surface  to  that  absorbed  per  square  foot  of  water-heat- 
ing surface  may  be  accepted  as  an  expression  of  the  relative  ef- 
ficiency of  the  water  and  superheater  surface.     Fig.  18  represents 
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this  quantity  plotted  against  equivalent  evaporation  per  square 
foot  of  water-heating  surface  for  a  boiler  pressure  of  160  lb.  Re- 
ferring to  this  figure,  it  will  be  seen  that  as  the  rate  of  evapora- 
tion increases,  there  is  a  corresponding  increase  in  the  ratio  of 
the  heat  absorbed  per  square  foot  of  superheater  surface  to  that 
absorbed  per  square  foot  of  boiler  surface.  Thus,  the  ratio  has  a 
value  of  3-i  per  cent  when  the  rate  of  evaporation  is  6  lb,  of  water 
per  square  foot  of  water-heating  surface  and  53  per  cent  when  the 
rate  of  evaporation  is  increased  to  14  lb.  The  value  of  this  ratio 
is  independent  of  the  boiler-pressure. 

21.  Smoke- Box  Gases. — The  percentage  of  excess  air  is  in  all 
cases  small  (between  20  and  25  per  cent  in  most  tests)  and  it  dis- 
tinctly tends  to  diminish  as  the  rate  of  evaporation  is  increased. 
The  reason  for  this  is  to  be  found  in  the  fact  that  in  locomotive 
service  higher  rates  of  evaporation  necessarily  involve  the  use  of 
thicker  fires,  which  offer  greater  resistance  to  the  admission  of 
air. 

The  percentage  of  carbon  dioxide  (COo)  present  in  the  smoke- 
box  gases  ranges  from  10.8  to  14.6.  The  significance  of  these  re- 
sults as  factors  in  any  general  comparison  is  impaired  by  the 
variable  quality  of  the  fuel  used.  Taken  as  they  stand,  they  do 
not  disclose  any  well-defined  law  governing  the  changes  in  their 
value  with  changes  in  the  rate  of  combustion.  The  highest  values 
are,  however,  those  which  were  obtained  in  tests  under  the  higher 
pressures,  the  average  value  for  all  tests  at  240  lb.  being  14.25, 
while  the  average  value  for  all  tests  at  120  lb.  is  but  11.70.  This 
may  be  accepted  as  evidence  that,  for  some  reason  not  defined 
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the  fire  was  maintained  in  a  more  efficient  condition  during  the 
tests  under  high  pressure  than  during  those  at  lower  pressures . 
The  percentage  of  carbon  monoxide  (CO)  present  in  the  smoke- 
box  gases  is  never  great  notwithstanding  the  low  percentage  of 
excess  air  present.  At  the  same  time,  there  are  no  tests  that  do 
not  show  the  presence  of  a  trace  or  more  than  a  trace  of  this  gas. 
Its  tendency  to  increase  as  the  percentage  of  excess  air  dimin- 
ishes is  well  shown  by  Fig.  19.  This  figure  shows  also  that  under 
similar  conditions,  the  combustion  of  the  Pocahontas  coalis  less 
perfect  than  that  of  the  Youghiogheny,  a  result  which  is  more 
likely  to  be  due  to  the  presence  of  a  greater  percentage  of  fine 
coal  in  the  Pocahontas  than  to  differences  in  composition.  The 
tendency  of  carbon  monoxide  to  increase  with  increased  rates  of 
evaporation  is  shown  by  Fig.  20.  This  tendency  is  doubtless  due 
to  mechanical  conditions.      It  may  be  accepted  also  as  a  function 
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of  that  tendency  to  which  attention  has  already  been  called. 
Thus,  increased  rates  of  evaporation  demand  higher  rates  of  com- 
bustion, and  these  in  turn  require  more  air,  which  must  be  sup- 
plied by  an  increase  in  the  strength  of  the  draft- action.  In  the 
presence  of  a  stronger  draft,  the  bed  of  the  fire  must  be  thickened, 
and  the  thicker  fire  throttles  the  passage  of  air  into  the  fire-box  to 
such  an  extent  that  the  supply  is  not  commensurate  with  the  in- 
crease in  the  draft-action;  hence  a  reduction  in  the  amount  of  ex- 
cess air,  and  this,  as  has  already  been  shown,  leads  to  an  increase 
in  the  percentage  of  unconsumed  gas. 


30 


ILLINOIS   ENGINEERING  EXPERIMENT   STATION 


TEST    NUMBER       _ 


UNACCOUNTED    FOR- 
■ASH 

STACK    CINDERS 


FRONT    END    CINDERS. 


ESCAPING     GASES 


MOISTURE 
SUPERHEATER 


EQUIVALENT     EVAPORATION     PER    FOOT    OF    HEATING    SURFACE    PER    HOUR 

Fig.  21.    Heat-balance  of  Combined  Boiler  and  Supekheatek  as  Dekivei> 
FROM  Tests  of  Pocahontas  Coal 
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22.  Heat  Balance. — From  data  obtained,  it  has  been  possible  to 
complete  a  heat-balance  for  18  tests.  Graphic  representations  of 
the  heat  absorbed  and  of  tlie  heat  lost,  plotted  in  terms  of  the 
rate  of  evaporation,  are  presented  by  Fig.  21  and  22.  The  neces- 
sity for  two  diagrams  is  to  be  regretted.  It  has  been  no  part  of 
the  purpose  of  the  present  work  to  make  tests  of  coals,  and  thus 
far  in  the  discussion,  it  has  been  possible  to  avoid  bringing  into 
direct  comparison  the  results  obtained  from  the  two  varieties  em- 
ployed. The  process  of  making  up  a  heat-balance,  however, 
admits  of  no  compromise,  and  the  discussion  which  follows  neces- 
sarily defines  the  behavior  of  the  coals.  In  the  consideration 
given  this  portion  of  the  work,  it  will  be  well  to  remember  that 
the  commercial  grading  of  the  two  coals  was  not  the  same.  This 
is  well  brought  out  by  the  following  summarized  facts  concern- 
ing them. 

The  Pocahontas  coal  used  was  run-ofmine.  and,  as  such  it 
contained  a  considerable  amount  of  slack.  It  was  fairly  uniform 
throughout. 

The  Youghiogheny  coal  was  obtained  from  two  different 
sources  and  was  less  uniform  in  quality.  All  tests  involving  this 
f  ael,  run  prior  to  April  12,  were  fired  with  a  so-called  Virginia 
lump,  while  tests  run  after  this  date  were  fired  with  fuel  delivered 
as  run-of-mine,  but  which  was  screened  at  the  laboratory  before 
being  used.  Averages  of  all  results  obtained  from  samples  of  the 
Pocahontas  and  Youghiogheny  coal  are  shown  in  the  following 
statement. 

Pocahontas  'Youghiogheny 


I 

Moisture  I  per  cent)  3.10    I  1.89 

Volatile  matter  < per  cent) 15.23  31.94 

■'Fixed  carbon  (per  cent) 78.7.T  57.71 

Ash  (percent) 8.92  8.46 

14.047 
15.3r2 


Heating  value  per  pound  of  dry  coal  <B  t.  u.) 14,347 

Heating  value  per  pound  of  combustible  (B.  t.  u.) :  15.802 


In  the  diagrams.  Fig.  21  and  22,  the  term  "heating-surface"', 
as  employed  in  designating  the  abscissas,  includes  the  heat-trans- 
mitting surface  of  both  boiler  and  superheater.  Theordinates  of 
the  diagrams  represent  the  percentage  of  heat  in  the  fuel  sup- 
plied. Distances  measured  on  ordinates  between  the  axis  and  the 
first  line  A  represent  the  percentage  of  the  total  heat  .supplied 
which  is  absorbed  by  the  water  of  the  boiler.  The  line  .4  is  in 
fact  a  definition  of  the  efficiency  of  the  boiler  under  the  varying 
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rates  of  evaporation  represented  by  the  series  of  tests.  While 
based  upon  a  different  unit,  it  is,  as  it  ought  to  be,  similar  inform 
to  curves  defining  the  evaporative  efficiency  of  the  boiler,  which 
shows  the  pounds  of  water  evaporated  per  pound  of  coal  used. 
The  inclination  of  all  such  lines  shows  the  extent  to  which  the 
efficiency  of  the  boiler  suffers  as  the  rate  of  evaporation  is  in- 
creased. The  nature  and  extent  of  the  losses  leading  to  such  a 
result  are  to  be  found  in  the  areas  above  the  line  A.  The  fact 
that  the  points  representing  different  tests,  through  which  this 
line  A  is  drawn,  do  not  result  in  a  smooth  curve  is  due  to  irregu- 
larities in  furnace  conditions  which  were  beyond  the  vigilance  of 
the  operator,  an  explanation  which  applies  equally  toother  lines, 
B,  C,  D,  etc.,  of  the  same  diagrams. 

The  percentage  of  the  total  heat  which  is  absorbed  by  the 
superheater  is  measured  by  distances  on  ordinates  between  the 
line  A  and  the  line  B.  It  is  apparent  from  the  record  that  the 
percentage  of  the  total  heat  absorbed  by  the  superheater  is  prac- 
tically constant,  whatever  may  be  the  power  to  which  the  boiler 
is  driven.  The  normal  maximum  power  of  a  locomotive  may,  for 
present  purposes,  be  assumed  to  be  that  power  which  is  repre- 
sented by  an  evaporation  of  12  lb.  of  water  per  sq.  foot  of  heating- 
surface  per  hour.  Basing  a  statement  on  the  record  as  it  ap- 
pears from  the  rate  of  power,  the  superheater,  which  contains  16 
per  cent  of  the  total  heat-transmitting  surface,  receives  approxi- 
mately 8  per  cent  of  the  total  heat  absorbed.  Distances  between 
the  broken  line  B  and  the  axis  represent  the  efficiency  of  the  com- 
bined boiler  and  superheater.  Distances  above  this  line  B  ac- 
count for  the  various  heat-losses  incident  to  the  operation  of  the 
furnace,  boiler,  and  superheater. 

Losses  of  heat  arising  from  the  presence  of  accidental  and 
combined  moisture  in  the  fuel,  the  presence  of  moisture  in  the  at- 
mospheric air  admitted  to  the  fire-box,  and  of  moisture  resulting 
from  the  decomposition  of  hydrogen  in  the  coal  are  represented 
by  distances  measured  on  ordinates  between  the  lines  B  and  C. 
It  is  of  passing  interest  to  note  that  the  heat  thus  accounted  for 
is  practically  equal  to  that  absorbed  by  the  superheater. 

Losses  of  heat  in  gases  discharged  from  the  stack  are  repre- 
sented by  distances  measured  on  ordinates  between  the  lines  C 
and  D.  The  distances  between  the  lines  D  and  E  represent  that 
portion  of  these  losses  which  is  due  to  the  incomplete  burning  of 
the  combustible  gases.  The  record  shows  that  this  loss  is  neces- 
sarily large,  but  does  not  increase  with  the  increased  rates  of  com. 
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bustion,  as  has  commonly  been  supposed.  In  other  words,  the  loss 
in  evaporative  efficiency  with  increase  of  power  does  not  occur 
in  any  degree  through  the  channel  of  the  smoke- box  gases.  That 
portion  of  this  loss  which  is  chargeable  to  incomplete  combus- 
tion is  small  under  low  rates  of  combustion,  but  may  increase  to 
values  of  some  significance  under  the  influence  of  very  high  rates 
of  combustion,  as  will  be  seen  from  the  record  of  the  Youghio- 
gheny  coal. 

Losses  of  heat  through  the  discharge  from  the  fire-box  of  un- 
consumed  fuel  are  represented  by  distances  measured  on  ordinates 
between  the  lines  E  and  H.  The  loss  thus  defined  is  separated 
into  three  parts,  viz.,  the  heat  lost  by  partially  consumed  fuel  in 
the  form  of  cinders  collecting  in  the  front-end  {E  F):  the  heat  lost 
by  partially  consumed  fuel  in  the  form  of  cinders  or  sparks  thrown 
out  of  the  stack  {FG);  the  heat  lost  by  partially  burned  fuel 
dropping  throught  the  grate  into  the  ash-pan  (GH). 

The  first  two  of  these  losses  increase  with  the  rate  of  power 
developed.  They  are  in  fact  the  chief  cause  of  the  falling  off  of 
the  evaporative  efficiency  of  a  locomotive  boiler  with  increased 
rates  of  power.  This  is  well  shown  by  a  comparison  of  the  two 
diagrams.  In  the  case  of  tests  with  the  Pocahontas  coal  (Fig.  21) 
the  cinder  loss  is  comparatively  heavy  and  the  boiler  efficiency 
diminishes  in  a  marked  degree  under  high  rates  of  powder,  while 
tests  under  similar  conditions  with  the  Youghiogheny  coal  (Fig.  22), 
involving  less  loss  by  cinders,  show  an  efficiency  of  the  boiler 
under  high  rates  of  power  which  is  much  better  sustained. 

The  cinder  loss,  expressed  as  a  percentage  of  the  total  weight 
of  coal  fired,  is  shown  by  Fig.  23,  and  the  heating  value  of  the 
material  thus  accounted  for  by  Fig.  24.  It  will  be  seen  that  cin- 
ders from  the  Pocahontas  coal  have  more  than  double  the  weight, 
and  that  each  pound  has  nearly  double  the  heating  value  of  those 
resulting  from  the  Youghiogheny  coal,  a  result  doubtless  due  in 
part  to  the  large  percentage  of  tine  coal  in  the  Pocahontas  and  to 
the  absence  of  such  material  in  the  Youghiogheny.  The  stack 
cinders  from  both  coals  have  a  higher  calorific  value  than  those 
caught  in  the  smoke-box.  Under  the  practice  of  the  laboratory, 
in  no  case  was  the  coal  w^etted  previous  to  its  being  fired.  Con- 
cerning the  general  significance  of  the  results,  it  will  be  well  to 
remember  that  the  fuel  used  in  all  tests  was  of  high  quality^ 
Lighter  and  more  friable  coals  are,  as  a  rule,  more  prolific  pro- 
ducers of  stack  and  front- end  cinders. 
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Radiation,  leakage,  and  all  other  losses  unaccounted  for  are 
represented  by  distances  measured  on  ordinates  between  the  line 
^and  the  100  per  cent  line  of  the  diagram.  The  radiation  losses 
are  probably  from  1  to  2  per  cent  of  the  total  heat  available,  the 
remainder  equaling  from  2  to  -i  per  cent,  representing  leakage  of 
steam  or  water,  or  inaccuracy  in  the  determination  of  quafntities 
already  discussed. 

23.  A  Summarized  Statement  with  Reference  to  the  Distribution 
of  Heat  in  the  Locomotive  Experimented  upon. — It  is  sometimes  con- 
venient, for  the  purpose  of  fixing  values  in  one's  mind,  to  have  an 
elaborate  statement  of  fact  summarized  into  a  few  representative 
values,  the  relation  between  which  may  be  easily  remembered. 
Such  a  summary  may  be  framed  in  the  present  case  by  assuming 
that  the  normal  maximum  power  of  the  locomotive  tested  is  that 
which  involves  a  rate  of  evaporation  of  12  lb.  of  water  per  square 
foot  of  heating  surface  per  hour,  and  by  averaging  values  for  this 
rate  of  power,  from  the  diagrams,  Fig.  21  and  22.  The  result 
may  be  accepted  as  showing  in  general  terms  the  action  of  such  a 
locomotive  as  that  tested  when  fired  with  a  good  Pennsylvania  or 
West  Virginia  coal.     It  is  as  follows: 

Per  cent 

Total  heat  available,  absorbed  by  water  in  boiler 52 

Total  heat  available,  absorbed  by  steam  in  superheater 5 

Total  heat  available,  lost  in  vaporizing  moisture  in  coal 5 

Total  heat  available,  lost  through  discharge  of  CO 1 

Total  heat  available,  lost  through  high  temperature  of  escaping  gases ,  the  products  of 

combustion 14 

Total  heat  available,  lost  through  unconsumed  fuel  in  the  form  of  front-end  cinders 3 

Total  heat  available,  lost  through  unconsumed  fuel  in  the  form  of  cinders  or  sparks 

passed  ou  t  of  stack 9 

Total  heat  available,  lost  through  unconsumed  fuel  in  ash 4 

Total  heat  available,  lost  through  radiation,  leakage  of  steam  and  water,  etc 7 

Total  heat  available  accounted  for 100 


V.  Performance  of  the  Engine  and  of  the  Locomotive 

AS  A  Whole 

24.  Indicated  Horse-Power. — The  range  in  the  values  of  the 
indicated  horse-power  for  all  pressures  falls  between  the  limits  of 
163  and  599  h.  p.  The  maximum  horse-power  (599)  was  developed 
under  a  boiler  pressure  of  160  lb.  and  a  speed  of  40  miles  per  hr. , 
with  the  reverse  lever  in  the  eighth  notch,  corresponding  to  a  cut- 
ofE  of  35  per  cent  of  stroke.     The  following  table  shows  the  effect 
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of  changes  in  boiler  pressure  upon  the  power  output  of  the  engine 
when  run  with  the  reverse  lever  in  the  fourth  notch  at  a  speed  of 
40  miles  an  hour. 


120 
160 


Corresponding 
horse-power 


179 
343 
445 
551 


REVERSE  LEVER  NOTCH  FROM  CENTER  fORWARQ 


Fig.  25.    Steam  PEK  Indicated  Hobse- 

powekHour;  Boilek  Pkessdbe 

210  Pounds 


REVtRSE  LEVER  NOTCH  FROM  CENTER  FORWARD 


Fig.  26.    Steam  peb  Indicated  Hobse- 
powEB  Houb;  Boiler  Pressure 
200  Pounds 


REVERSE  LEVER  NOTCH  FROM  CENTER  FORWARD       REVERSE  LEVER  NOTCH  FROM  CENTER  FORWARD 


Fig.  27.    Steam  per  Indicated  Hobse- 

poweb  Hour:  Boiler  Pbessuke 

160  Pounds 


Fig.  28.    Steam  peb  Indicated  Horse- 
power Hour;  Boiler  Pressure 
120  Pounds 


25.  Steam  Consumption  per  Indicated  Horse-Poiuer. — The  steam 
consumption  per  indicated  horse- power  is  presented  graphically 
by  Fig.  25  to  28.  These  diagrams  show  clearly  the  effect  of  speed 
and  cut-off  on  the  steam  consumption  of  the  cylinders.  The  most 
complete  exhibit  is  that  of  tests  run  at  a  pressure  of  160  lb.  In 
this  series,  the  full  range  of  speed  and  cut-off  possible  under  a 
wide-open  throttle  has  been  carried  out,  and,  consequently,  the 
exhibit  of  results  for  this  pressure  discloses  a  record  of  the  max- 
imum and  minimum  performance  under  a  wide-open  throttle. 
The  maximum  steam  consumption  for  any  test  of  record  is  29.06  lb. 
and  the  minimum  is  20.29. 
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29.    Least  Steam  CoNstrMPTiox  fob 
Each  of  the  Several  Speeds 
AT  Different  Pressures 


The  least  steam  consumption  per  horse- power  hour  for  each 
of  the  several  pressures  at  which  tests  were  run  is  shown  by 
Fig.  29. 

For  the  purpose  of  securing  a  statement  of  the  steam  con- 
sumption of  the  engine,  as  set  forth  by  the  data  presented,  values 
for  all  pressures  have  been  plotted  upon  a  single  sheet.  In  making 
up  this  figure,  values  for  the  second-notch  tests  at  160  lb.  have 
been  excluded,  since  these  tests  were  at  a  very  low  power  and  there 
are  no  corresponding  tests  at  other  pressures.  In  a  few  cases, 
values  for  other  pressures,  not  covered  by  the  data,  have  been  de- 
rived by  extrapolation.  The  least  steam  consumption  for  each  of 
the  several  pressures  as  represented  by  the  average  values  given 
in  Fig.  29,  is  indicated  by  points  designated  by  crosses,  while  the 
average  of  all  accepted  values  for  each  given  pressure  is  repre- 
sented by  circles.  In  order  that  the  steam  consumption  of  the 
engine  may  be  defined  by  a  single  series  of  values,  a  line  (AB, 
Fig.  30)  has  been  drawn  through  the  average  points  represented 
by  the  circle.  It  is  proposed  to  accept  this  line  as  representing 
the  steam  consumption  of  the  experimental  engine  under  the 
several  pressures  employed.  It  should  be  noted  that  it  is  not  the 
least  consumption  or  the  maximum,  but  that  it  is  the  average  of 
a  group  of  results  all  of  which  represent  normal  working  con- 
ditions, and  none  of  which  represents  a  consumption  more  than 
4  lb.  above  the  minimum. 
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Prom  the  curve  it  appears  that  the  minimum  normal  consump- 
tion is  obtained  under  a  pressure  of  200  lb.,  and  that  at  this 
pressure  it  amounts  approximately  to  21.6  lb.  per  indicated  horse- 
power hour. 
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30 

steam     per  i.   h    p   per  hour 
Fig.  30.    Steam  Consumption  dndek  Uiffekent 
Pbes.sures 


26.  steam  Shown  hy  Indicator. — If,  for  any  test,  it  should 
appear  that  there  is  present  in  the  cylinder  more  than  100  per 
cent  of  mixture,  it  is  to  be  accepted  as  evidence  that  for  that  test 
the  steam  was  superheated  at  release.  The  data  show  that  such 
a  condition  is  not  closely  approached  for  any  of  the  high- pressure 
tests,  all  of  which  were  necessarily  run  under  comparatively  short 
cut-off.  As  the  pressure  is  reduced,  and  the  cut-off  is  lengthened, 
the  percentage  of  steam  accounted  for  increases,  and  for  two  tests 
under  a  pressure  of  120  lb.  the  actual  presence  of  superheated 
steam  is  shown.  This  applies  to  tests  for  which  the  cut-off  was 
not  less  than  half  stroke. 

For  these  tests,  also,  the  percentage  of  steam  accounted  for 
by  the  indicator  was  greater  than  that  accounted  for  by  the  tank, 
w^hich  is  conclusive  evidence  that  the  exhaust  was  superheated. 
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A  comparison  of  the  percentages  of  the  total  mixture,  which 
are  shown  by  the  indicator  at  release  with  similar  values  taken 
from  the  performance  of  the  saturated- steam  locomotive  Sche- 
nectady No.  2,  is  presented  in  Table  1. 


TABLE  1 

Percentage  of  Mixture  Shown  as  Steam  at  Release  by  Indicator- 
cards  (Speed,  30  Miles  per  Hour) 


Percentage  of  Mixture  Shown  As  Steam  at  Release  by  Indicator-cards 

Cut-off, 
Reverse- 
lever 
Notch 
from 
Center 
Forward 

Boiler-pressure            Boiler-pressure            Boiler-pressure 
240  1b.                               200  1b.                                160  lb. 

Boiler-pressure 
120  lb. 

Super- 
heate 

Sat- 
urated 

Super- 
heated 

Sat-          Super- 
urated        heated 

1 

Sat- 
urated 

Super- 
heated 

Sat- 
urated 

i 

11         1       III 

IV 

V 

Vi 

VII 

VIII 

89!8 

89 '.7 
93.5 
106.0 

IX 

2 
4 
6 

8 
12 
14 

82.8              75.0 
82.2              76.7 

85.2 
86.2 
89.7 

72.9 
77.5 
75.5 

.... 

85.7 
87.4 
86.0 
90.9 

75!7 
77.0 
80.0 

72^6 
74.6 
84;7 
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BOILER    PRESSURE  | 
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1             1 
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REVERSE     LEVER     NOTCH     FROM     CENTER     FORWAF 

Fig.  31.    Coal  PER  Draw-bae  Horse- 

powerHodr:  Boiler  Pressure 

240  Pounds 
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Fn;.  32.    Coal  per  Draw-bar  Horse- 
power Hour:  Boiler  Pressure 
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Fig.  33.    Coal  per  Draw-bar  Horse- 
power Hour,  Boiler  Pressure 
leoPouNns 


REVERSE  LEVEd  NOTCH  FROM  CENTER  Fe^lWARO 

Fig.  34.    Coal  per  Draw  bar  Horse- 
power Hour;  Boiler  Pressure 
120  Pounds 
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27.  Goal  Consumption. — The  coal  consumption  per  indicated 
horse-power  hour  is,  under  favorable  conditions,  approximately 
3  lb.,  the  minimum  value  of  record  being  2.8  lb.  In  2  tests  only, 
of  the  38  tests  of  record,  does  it  reach  a  maximum  of  4  lb.  The 
coal  consumption  per  draw-bar  horse- power  hour  appears  graphic- 
ally in  Fig.  31  to  34.  These  values  are  based  upon  direct  obser- 
vations. They  include  no  accounting  for  differences  in  the  quality 
of  fuel;  these  and  irregularities  arising  from  other  sources  are 
dealt  with  in  paragraph  28. 

28.  Comparing  the  Performance  of  the  Locomotive,  Assuming 
Incidental  Irregularities  in  the  Tests  To  Have  Been  Eliminated. — It  is 
apparent  that  any  series  of  values  based  directly  upon  experi- 
mental observations  will  present  irregularities.  In  the  course  of 
the  preceding  discussion,  it  was  sought  to  eliminate  the  effect  of 
certain  of  these  irregularities,  and  to  define  the  performance  of 
the  boiler,  of  the  superheater,  and  of  the  cylinders  of  the  loco- 
motive experimented  upon,  in  terms  which  have  resulted  from  a 
careful  summarization  of  all  the  data  available.  Making  use  of  the 
statements  of  performance  thus  secured,  it  is  possible  to  compile 
Table  2,  which  is  a  table  of  engine  performance  based  upon  the 
experimental  data  but  freed  from  its  inconsistencies. 

Obviously,  the  exhibit  of  such  a  table  will  have  the  highest 
value  for  purposes  of  comparison.  Thus,  the  equation  defining 
the  performance  of  the  boiler  and  superheater  combined  is 
£"=  11.706  —  0.214^,  and  that  defining  the  performance  of  the 
superheater  is  T  =  123— 0.265  P  +  7.28H,  and  the  performance 
of  the  engine  is  defined  by  the  curve  AB,  Fig.  30. 

Column  1. — Test  number. 

Column  2. — Laboratory  symbol. — The  first  term  of  this  symbol 
represents  the  speed  in  miles  per  hr.,  the  second  term  represents 
the  position  of  the  reverse  lever  upon  its  quadrant,  expressed  in 
notches  from  the  center  forward,  and  the  third  represents  the 
steam  pressure. 

Column  3. — Equivalent  steam  to  engine  x>er  hr.,  feed-ivater  at  a 
temperature  of  60°  F.  =  steam  supplied  the  engine  per  hour  X 
(B.  t.  u.  taken  up  by  each  pound  of  water  in  the  boiler  and  super- 
heater +  temperature  of  feed- water,  in  degrees  F.  —  60)  ^965.8. 

Column  Jf. — Equivalent  evaporation  per  lb.  of  dry  coal,  assum- 
ing the  evaporative  efficiency  of  the  boiler  to  have  been  represented  by 
the  equation  E  =  11.706  —  0.214  H,  where  E  is  the  equivalent  evap- 
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oration  per  lb.  of  coal  and  H  is  the  rate  of  evaporation  per  ft.  of 
water  and  superheating  surface  per  hr.  For  values  in  question, 
H  =  columns  3  -^  1216. 

Column  5. — Dry  coal  fired  per  hr.,  assuming  the  evaporative  effi- 
ciency to  be  that  shown  by  the  equation  =  column  3  -^  column  4. 

Column  6. — Dry  coal  per  indicated  horse-power  hour  =  column  5 
-^  indicated  horse-power. 

Column  7.— Equivalent  steam  per  iTidicated  horse-poioer  hour  = 
column  3  -^  indicated  horse-power. 

Column  8. — Machine  friction  in  terms  of  mean  effective  pres- 
sure.— The  purpose  of  this  column  is  to  eliminate  irregularities 
in  action  due  to  variations  in  lubrication,  etc.  The  values  given 
are  those  determined  by  the  previous  experimental  work  upon 
Schenectady  No.  2^. 

Column  9. — Machine  friction  horse-power  is  the  power  equiva- 
lent, assuming  the  friction  M.  E.  P.  to  have  been  that  shown  by 
column  8. 

Column  10. — Machine  friction,  per  cent  of  indicated  horse- 
power =  100  X  column  9  ^-  indicated  horse-power. 

Column  11. — Dynamometer  horse-power  =  indicated  horse- 
power —  column  9. 

Column  12.— Draw-bar  imll  =  33,000  X  column  11  -^  (18.063  X 
r.  p.  m.,) 

Column  13. — Coal  per  dynamometer  horse-power  hour  —  Column 
5  -^  column  11. 

Column  IJf.. — Equivalent  steam  2)er  dynamometer  horse-power  per 
hr.  =  column  3  -^  column  11. 


1  "High  Steam-Pressures  in  Locomotive  ^Vri-ics",  Publication  No.  66,  Carneg-ie  Institution 
of  Washington.    Abstracted  in  Bulletin  No.  26,  Engineering  Experiment  Station. 
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It  is  now  possible  to  determine  the  coal  consumption  per  in- 
dicated horse- power  per  hour  by  assuming  the  efficiency  of  the  lo- 
comotive to  be  that  defined  in  the  above  relationship.  The  derived 
results  are  given  as  Table  3,  which  follows. 

TABLE  3 

Locomotive  Performance  under  Different  Pressures. 


Pounds  of  Su- 
vtr^u^r-       perheated  Steam 
pressure         Peri.h.p. 
pressure      per  hr.;  Values 
from  Curve 

B.  t.  u.  per  lb. 

of  Steam: 

Feed  60°  and 

Superheat  from 

Equation 

Equivalent 
Pounds  of 

Steam 

per  i .  h .  p . 

hr. 

Equivalent 

Pounds  of 

Water  per 

Pound  of  Dry 

Coal 

Pounds  of 

Coal 

per  i.  h.  p. 

hr. 

1 

2 

3 

4 

5 

6 

lb 

240 
220 
200 
180 
160 
140 
120 

22.6 
21.8 
21.6 
21.9 
22.3 
22.9 
23.8 

1258.7 
1261.8 
1263.1 
1261.7 
1259.3 
1256.4 
1252.7 

29.45 
28.48 
28.25 
28.61 
29. (j7 
29.79 
30.87 

9.426 
9.501 
9.518 
9.491 
9.455 
9.399 
9.316 

3.12 
3.00 
2.97 
3.01 
3.08 
3.17 
3.31 

Column  1  in  Table  3  gives  the  boiler-pressure. 

Column  2  gives  the  steam  consumption  per  indicated  horse-power  per  hour  for  the  several  pres- 
sures, as  defined  by  the  curve  A  B.  Pig. 

Column  3  gives  the  number  of  thermal  units  in  the  pounds  of  steam  at  the  several  pressures, 
assuming  the  feed-water  temperature  at  60°  F.  and  the  degrees  superheat  that  repre- 
sented by  the  equation  T=  123  —  0.265  P  +  7.28  H. 

Column  4  gives  the  number  of  pounds  of  water  from  and  at  212°  F.  per  indicated  horsepower 
hour.     It  equals  column  2  times  column  3-^965.8. 

Column  5  gives  the  pounds  of  water  evaporated  from  and  at  212°  F.  per  pound  of  coal  and  is  cal- 
culated as  follows:  Assuming  that  a  fair  average  load  for  the  locomotive  tested  is  440 
horse-power  and  that  this  unit  of  power  is  developed  under  all  pressures,  the  corre- 
sponding rate  of  evaporation  may  be  found  by  multiplying  this  value  by  those  of  column 
4  and  dividing  by  the  area  of  water-heating  surface  plus  superheating  surface:  that  is, 
rate  of  evaporation  =  440  X  column  4  ^  1216.  The  equivalent  pounds  of  water  per  pound 
of  coal  is  found  by  substituting  the  rate  of  evaporation  found  for  H  in  the  equation 
E-  11.706  —  0.214  77. 

Column  6  gives  the  pounds  of  coal  per  indicated  horse-power  hour  and  equals  column  4 -;- col- 
umn 5. 

Prom  the  values  given  in  the  table  it  will  be  seen  that  the 
coal  consumption  per  indicated  horse- power  hour  varies  from 
2.97  to  3.31.  The  minimum  value  2.97  is  found  at  200  lb.  boiler- 
pressure. 


VI.     Economy  Resulting  from  the  Use  of  Superheated 

Steam 

29.  Comparisons  Involving  Boiler  and  Superheater. — The  whole 
discussion,  as  presented  in  the  preceding  chapters,  has  been  de- 
veloped with  a  view  to  establishing  in  concise  terms  the  perform- 
ance of  the  locomotive  experimented  upon,  while  operating  under 
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superheated  steam.  The  method  of  expressing  results  and  the 
units  of  measurement  employed  have  been  so  chosen  that  a  com- 
parison may  readily  be  made  with  those  which  have  previously 
been  derived  for  the  same  locomotive  when,  as  Schenectady  No.  2, 
it  was  operated  with  saturated  steam.  The  changes  in  the  extent 
of  heat-transmitting  surface  resulting  from  the  application  of  the 
superheater  are  described  in  detail  in  paragraph  12.  Data  con- 
cerning the  performance  under  saturated  steam,  which  are  made 
a  basis  for  comparison,  are  drawn  from  a  previous  report^. 
Youghiogheny  coal  or  its  reduced  equivalent  has  been  used  in  all 
cases. 

30.  Boiler  Performance. — The  boiler  of  Schenectady  No.  2,  de- 
signed for  delivering  saturated  steam,  gave  an  efficiency  ex- 
pressed by  the  equation 

E=  11.305  -  0.221  H 
while  the  boiler  as  equipped  with  a  Cole  superheater,  Schenectady 
No.  3,  gave  an  efficiency  expressed  by  the  equation 

E=  11.706  -0.214  H 

Obviously,  on  the  basis  of  these  equations,  the  superheating 
boiler  has  the  advantage.  The  comparison  is,  however,  not  a 
fair  one,  since  in  both  cases  the  equations  are  based  on  the  ex- 
tent of  heat- transmitting  surface,  and  in  Schenectady  No.  &  such 
surface  was  sacrificed  in  making  room  for  the  superheater.  To 
make  the  comparison  fair,  the  term  in  the  equation  representing 
equivalent  pounds  of  water  per  square  foot  of  heating  surface 
must  be  expressed  in  terms  of  total  power  delivered  by  the 
boiler.  Comparisons  on  this  basis,  showing  the  performance 
of  the  boiler  in  one  case,  and  of  the  boiler  and  superheater  in  the 
other  case,  expressed  in  terms  of  the  equivalent  evaporation,  are 
shown  diagrammatically  by  Fig.  35. 

It  will  be  seen  that  even  upon  this  basis  the  efficiency  of  the 
combined  boiler  and  superheater  is  superior  to  that  of  the  boiler 
alone,  the  increase  averaging  between  3  and  4  per  cent.  The 
reason  for  this  is  not  entirely  apparent.  An  examination  of  related 
data  suggests  that  the  lines  of  Fig.  35  should  not  be  far  apart. 
Draft  values  plotted  in  terms  of  the  rate  of  evaporation  are  lower 
for  the  superheating  locomotive  than  for  the  locomotive  using 
saturated  steam,  but  when  these  are  reduced  to  equivalent  values 
representing  an  equal  amount  of  power,  they  are  identical  for 
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both  locomotives — a  condition  which  implies  equality  in  the  fuel 
lost  in  the  form  of  cinder  and  spark.  Similar  comparisons  in- 
volving smoke-box  temperature  lead  to  identical  conclusions. 
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Fig.  35.    Boiler  Efficiexct 

Upon  the  basis  of  these  statements,  the  relation  defined  by 
Fig.  35  is  not  confirmed  by  collateral  evidence.  This  statement, 
however,  does  not  discredit  the  record,  which  is  in  fact  one  of  no 
small  significance.  The  line  of  performance  for  the  superheating 
locomotive  (Fig.  35)  depends  upon  results  of  38  tests  and  that  for 
the  saturated- steam  locomotive  upon  results  of  40  tests.  It  is 
therefore  difficult  to  see  how  either  could  have  been  affected  to 
the  extent  indicated  by  any  incidental  cause  or  causes.  What- 
ever the  conclusion  may  be  with  reference  to  this  matter,  it  is 
clear  that  the  combined  boiler  and  su^^erhesiter  of  Schenectady  No.  3 
are  not  less  efficient  than  the  boiler  of  Schenectady  No.  2,  while  be- 
ing worked  at  the  same  rates  of  power,  and  the  face  value  of  the 
data  shows  its  efficiency  to  be  higher  by  4  per  cent. 

3 1 .  Comparisons  Involving  the  Performance  of  the  Engine.  — The 
steam  consumption  per  indicated  horse-power  hour  for  the  super- 
heating locomotive,  as  determined  by  the  results  of  38  tests,  has 
been  defined  as  the  line  A  B,  Fig.  30.  A  similar  line  based  upon 
the  results  of  100  tests  of  the  saturated-steam  locomotive  estab- 
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lishes  the  cylinder  performance  of  that  machine.  Replotting  the 
results  upon  a  single  sheet  gives  the  diagram  Fig.  36.  This  exhibit 
(or  better,  perhaps,  the  numerical  values  given  by  columns  2  and 
4,  Table  4)  shows  well  the  saving  in  water  realized  by  substitut- 
ing steam  superheated  approximately  150"  F.  for  steam  which  is 
saturated.     The  saving  ranges  from  18  per  cent  when  the  boiler- 
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pressure  is  120  lb.  to  9  per  cent  when  the  boiler  pressure  is  240 
lb.  It  appears,  also,  from  the  diagram  that  with  superheating, 
the  least  consumption  of  water,  21.6  lb.  per  horse- power  hour,  is 
secured  when  the  boiler-pressure  is  approximately  200  lb. ,  and 
that  variations  in  the  consumption  resulting  from  changes  in 
pressure  are  shght  (column  4,  Table  4).  For  example,  the  water 
consumption  for  all  pressures  between  160  and  220  lb.  ranges  be- 
tween 21.6  lb.,  the  minimum  value  obtained,  and  22.3  lb.,  a  range 
of  approximately  4  per  cent. 

The  saving  of  water  in  locomotive  service  is  always  a  matter 
of  moment;  it  diminishes  the  exactions  of  certain  conditions  in 
operation;  and  in  some  districts,  where  water  is  bad  or  hard  to 
obtain,  it  tends  to  simplify  difficult  problems  either  in  locomotive 
maintenance  or  in  the  maintenance  of  the  water-supply.  The 
fact,  therefore,  that  superheating  affords  a  material  saving  in  the 
amount  of  water  required,  is  not  to  be  overlooked  in  estimating 
the  value  of  superheating  as  a  practice.  But  the  saving  in  heat 
is  not  proportional  to  the  saving  in  water,  for  each  pound  of  super- 
heated steam  must  have  more  heat  imparted  to  it  than  a  pound  of 
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saturated  steam  at  the  same  pressure.  As  an  indication  of  the 
thermal  advantage  to  be  derived  from  the  use  of  superheated 
steam  in  comparison  with  that  of  saturated  steam,  it  is  desirable 
to  reduce  the  steam  in  each  case  to  the  same  thermal  basis.  This 
has  been  shown  graphically  by  Fig.  37  and  numerically  by  columns 
3  and  5,  Table  4. 

TABLE  4 
Steam  per  Indicated  Horse-Power  Hour 


Saturated  Steam 

Superheated  Steam 

Boiler- 
pressure 
lb. 

Pounds  of 
Steam 

per  i.  h.  p. 
per  hr. 

B.  t.  u. 

peri.  h.  p. 

per  min. 

Pounds  ol 

Steam 

per  i.  h.  p. 

per  hr. 

B.   t.  u. 

per  i.  h.  p. 

per  min. 

1 

2 

3 

4 

5 

240 
220 
200 
180 
160 
HO 
120 

24.7 
25.1 
35.5 
2«,0 

26.6 
27.7 
29.1 

483 

491 
498 
507 
517 
537 
563 

22.6 
21.8 
21.6 
21.9 
22.3 
22.9 
23.8 

474 
459 
455 
461 
468 
481 
497 

Upon  this  basis  the  saving  effected  by  the  use  of  superheated 
steam  is  12  per  cent  when  the  pressure  is  120  lb. ,  and  2  per  cent 
when  the  pressure  is  240  lb.  Under  a  boiler- pressure  of  180  lb. 
the  substitution  of  superheated  steam  improves  the  efficiency  of 
the  engine  9.1  per  cent. 
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32.  Comparisons  Involving  the  Performance  of  the  Locomotive 
As  a  Whole. — The  performance  of  the  locomotive  as  a  whole,  as 
expressed  in  terms  of  coal  consumed  per  indicated  horse-power 
hour,  both  for  saturated  steam  and  superheated  steam,  and  the 
saving  effected  by  the  substitution  of  superheated  for  saturated 
steam,  is  given  as  Table  5.  These  results,  since  they  combine 
the  performance  of  both  engine  and  boiler,  represent  a  definition 
of  the  improvement  in  the  performance  of  the  locomotive  experi- 
mented upon  as  the  result  of  the  substitution  of  superheated  for 
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TABLE  5 
Saving  in  Coal  Effected  by  the  Use  of  Superheated  Steam 


Saving  Effected  by  the  U 

se  of  Superheated  Steam 

per  i.  h. 

p.  per  hr. 

Over  Values  Obtained 

Over  Values  Obtained 

Boiler- 

with  Saturated  Steam  at 
Same  Pressure 

with  Saturated  Steam  at 
180  lb.  Pressure 

Saturated 

Superheated 

Pounds  per 

Pounds  per 

Steam 

Steam 

i.  h.p. 
per  hr. 

Per  cent 

i.  h.  p. 
per  hr. 

Per  cent 

1 

2 

3 

4 

5 

6 

7 

240 

3.31 

3.12 

0.19 

5.72 

0.38 

10.86 

230 

3.37 

3.00 

.37 

10.98 

.50 

14.29 

200 

3.43 

2.97 

.46 

13.31 

.53 

15.15 

180 

3.50 

3.01 

.49 

14.00 

.49 

14.01 

160 

3.59 

3.08 

.51 

14.21 

.42 

12.00 

140 

3.77 

3.17 

.60 

15.98 

.37 

10.57 

120 

4.00 

3.31 

.69 

17.25 

.19 

5.43 
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saturated  steam.  They  show  that  the  gain  is  most  pronounced  at 
the  lower  pressure;  thus,  at  a  pressure  of  120  lb.  it  is  17  per  cent, 
while  at  a  pressure  of  240  lb.  it  is  but  6  per  cent.  They  show  also 
that  the  performance  of  the  locomotive  using  superheated  steam 
is  only  slightly  affected  by  changes  of  pressure;  for  the  entire 
range  of  pressure  from  120  lb.  to  240  lb.,  the  difference  in  coal 
consumption  from  minimum  to  maximum  is  but  a  third  of  one 
pound,  while  for  pressures  between  175  lb.  and  225  lb.,  it  is 
practically  constant  and  always  near  the  minimum  value.  The 
least  coal  consumption  per  indicated  horse- power  hour,  as  it 
appears  in  the  summarized  statement,  is  2.97  lb.,  and  was  obtained 
under  a  steam- pressure  of  200  lb. 

The  results  sustain  a  claim  which  has  been  put  forward  by 
advocates  of  the  practice  of  superheating,  to  the  effect  that  the 
adoption  of  such  practice  permitted  the  steam- pressure  to  be 
materially  reduced  over  that  now  employed  in  locomotives  using 
saturated  steam  without  material  sacrifice  in  efficiency.  A  detailed 
numerical  statement  showing  the  saving  in  coal  resulting  from  a 
change  from  saturated  to  superheated  steam  is  set  forth  by  col- 
umns 4  to  7,  Table  5.  Columns  4  and  5  present  results  obtained 
by  comparisons  based  on  equal  pressures,  and  columns  6  and  7 
those  obtained  by  comparing  values  obtained  with  superheating 
under  the  several  different  pressures  employed  with  those  ob- 
tained from  saturated  steam  at  a  pressure  of  180  lb. 

33.  Comparisons  Involving  the  Capacity  of  the  Locomotive. — The 
maximum  power  presented  by  the  data  derived  from  the  locomotive 
using  superheated  steam  is  not  to  be  accepted  as  a  measure  of  its 
capacity.  Except  in  the  case  of  the  series  of  tests  run  at  160  lb. 
pressure,  the  number  of  tests  was  insufficient  to  permit  the  estab- 
lishment at  each  speed  of  a  maximum  cut-off  for  which  the  boiler 
could  be  made  to  supply  steam.  But  while  direct  evidence  is 
lacking,  the  data  contain  much  which  goes  to  show  that  the  super- 
heating locomotive  is  a  more  powerful  machine  than  the  locomotive 
using  saturated  steam.  .For  example,  it  has  been  shown  that  for 
the  development  of  equal  amounts  of  power,  the  combined  boiler 
and  superheater  of  the  superheating  locomotive  have  an  efficiency 
which  equals  or  exceeds  that  of  the  saturated-steam  boiler;  hence 
the  boiler-power  which  it  may  be  made  to  deliver  as  a  maximum 
equals  or  exceeds  that  which  the  boiler  of  the  saturated  steam 
locomotive  can  be  made  to  deliver.  But  each  unit  of  power 
delivered  from  the  boiler  in  the  form  of  superheated  steam  is  more 
effective   in  doing  work  in  the  cylinders  than  a  similar  unit  of 
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power  delivered  in  the  form  of  saturated  steam;  hence,  at  the 
limit,  the  superheating  locomotive  is  more  powerful  than  the  one 
using  saturated  steam,  and  the  difference  is  that  which  measures 
the  difference  in  the  economy  with  which  the  cylinders  use  steam. 
The  same  question  may  be  dealt  with  through  another  series 
of  facts,  as  follows:  It  can  be  shown  that  the  power  of  any  loco- 
motive is  limited  by  its  capacity  to  burn  coal,  and  coal-burning 
capacity  is  a  function  of  the  draft.  The  data  show  that  for  the 
development  of  a  given  cylinder  power,  the  draft  values  of 
Schenectady  No.  3  (superheating)  were  in  all  cases  less  than  those 
of  Schenectady  No.  2  (saturated).     The  extent  of  these  differences 
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is  well  shown  by  Fig.  39  to  42.  They  are  of  small  value  for  tests 
under  high  pressure,  but  as  a  rule  they  increase  as  the  pressure 
is  reduced.  Tests  at  160  lb.  (Fig.  41)  show  that  the  power  devel- 
oped in  return  for  a  given  draft  is  from  10  per  cent  to  16  percent 
greater  for  the  superheating  locomotive  than  for  the  saturated- 
steam  locomotive.  Obviously,  there  is  no  reason  why  the  draft 
for  the  former  should  not  be  increased  to  limits  practicable  with 
the  latter,  and  when  this  is  done  the  power  developed  by  the 
superheating  locomotive  will  exceed  that  which  is  possible  with 
the  saturated-steam  locomotive. 
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34.  The  Possible  Economy  Which  May  llesult  from  the  Use  of 
Superheated  Steam  in  Locomotive  Service} — In  the  preceding  para- 
graphs an  attempt  has  been  made  to  define  with  accuracy  the 
increased  efficiency  resulting  from  the  substitution  in  locomotive 
service  of  steam  superheated  to  approximately  150"  for  steam 
which  is  saturated.  The  facts  upon  which  comparisons  have 
been  based  have  been  derived  by  careful  processes,  and  the  results 
can  safely  be  accepted  as  the  measure  which  has  been  sought. 
All  discussion  might  well  end  with  the  presentation  of  the  facts 
referred  to,  were  it  not  that  out  of  them  arises  a  group  of  questions 
of  great  practical  significance.  To  some  of  these  attention  must 
be  given. 

As  a  general  proposition,  the  gain  which  in  any  service  will 
result  from  the  introduction  of  a  superheater  is  a  function  of  the 
degree  of  superheat  employed,  and  this  in  turn  is  limited  by  the 
ability  of  the  materials  composing  the  superheater  and  the  exposed 
parts  of  the  engine  to  withstand  the  temperatures  which  are 
involved.  The  Prussian  State  Railway  prescribes  a  boiler- 
pressure  of  180  lb.  and  a  temperature  of  steam  of  300"  C,  which 
temperature  may  rise  above  300",  but  must  never  be  allowed  to 
exceed  350° .  That  is,  a  degree  of  superheating  of  190°  F.  is 
regarded  as  satisfactory,  while  the  maximum  limit  never  to  be 
exceeded  is  fixed  at  280°  F.  Under  normal  running  conditions, 
the  degree  of  superheating  is  considerably  above  200°  F. 

Comparing  the  superheating  eifects  described  by  these  state- 
ments with  the  degree  of  superheat  obtained  from  the  Purdue 
locomotive  when  working  under  a  pressure  of  180  lb.  (Fig.  13),  it 
appears  that  those  of  the  latter  may  be  increased  by  at  least  33 
per  cent  of  their  present  value  without  exceeding  the  limit  which 
has  been  proved  practicable  in  the  everyday  practice  of  German 
railroads.  The  means  to  be  employed  in  securing  such  a  degree 
of  superheat  are,  of  course,  matters  of  detail  which  concern  the 
design  and  proportions  of  the  superheater.  The  savings  in  water 
and  fuel  resulting  from  the  presence  of  the  superheater,  as  set 
forth  by  data  already  presented,  would  have  been  greater  had  the 
degree  of  superheat  been  higher.  In  the  absence  of  data  derived 
from  experiments,  it  may  be  assumed  that  the  possible  increase 
in  the  savings  will  be  proportional  to  the  increase  in  the  degree 
of  superheat.  , 


1  Information  resulting  from  later  experiments,  tending  to  contirm  the  statements  of  this 
section,  is  presented  in  the  Appendix. 
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On  the  basis,  therefore,  of  the  experimental  results  already 
presented  and  of  these  statements,  the  possible  gain  in  water  and 
fuel  which  may  result  from  the  adoption  of  the  superheater  is 
seen  by  Fig.  43  and  44,  respectively.  In  these  figures,  the  upper 
line  A  is  that  of  saturated  steam  as  derived  from  tests  of  locomo- 
tive Schenectady  No.  2:  the  next  below,  B,  is  that  of  superheated 
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steam  as  derived  from  tests  of  locomotive  Schenectady  No.  J,  and 
the  dotted  line  G  is  that  which  is  assumed  to  represent  the  per- 
formance which  Schenectady  No.  3  would  have  given  had  the  degree 
of  superheating  been  33  per  cent  greater  than  that  actually  ob- 
tained. These  are  not  maximum  savings,  but  are  such  as  are  to 
be  expected  under  normal  conditions  of  continuous  full-power 
operation.  From  this  exhibit,  it  appears  that  for  boiler-pressure 
of  180  lb.,  the  substitution  of  superheated  steam  for  saturated 
steam  may  result  in  a  reduction  of  water  consumption  from  26  lb. 
to  20.5  lb.  a  saving  of  21  per  cent,  and  in  a  reduction  of  coal 
consumption  per  draw-bar  horse-power  of  from  4  lb.  to  3.25  lb.,  a 
saving  of  19  per  cent.  These  values  may  be  accepted  as  repre- 
senting wliat  should  reasonably  be  expected  of  superheating  in 
American  locomotive  service,  so  far  as  the  experiments  herein 
described  define  them. 

It  will  be  a  mistake,  however,  for  anyone  to  assume  that  a 
railway  company's  bills  for  locomotive  fuel  may  be  diminished  by 
the  percentages  set  forth  in  the  preceding  paragraph  merely  by 
the  introduction  of  the  superheater.  It  should  be  clear,  for  ex- 
ample, that  no  part  of  the  fuel  used  in  raising  the  steam  of  a 
locomotive  or  of  its  wastes  which  occur  between  the  round-house 
and  the  starting  of  the  locomotive  at  the  head  of  its  train  can  be 
saved  by  the  application  of  a  superheater  to  a  locomotive.  As- 
suming that  the  fuel  thus  used  is  15  per  cent  of  the  total  for  the 
run,  a  conservative  estimate,  the  amount  which  remains  subject 
to  the  influence  of  the  superheat  is  85  per  cent  of  10  per  cent,  or 
16  per  cent. 

Again,  the  fuel  used  in  maintaining  a  normal  temperature  of 
all  parts  of  the  machine  when  the  locomotive  is  at  rest  at  stations 
and  at  passing-points  is  fuel  over  which  the  superheater  can  exert 
no  influence.  The  amount  of  fuel  thus  used  is  a  function  of  the 
schedule  of  the  train.  The  results  set  forth  in  Chap.  IV  show  that 
in  some  classes  of  service  upon  American  railways  it  will  be  so 
small  as  to  be  negligible,  but  in  other  classes  of  service  it  will 
constitute  a  considerable  percentage  of  the  total  coal  used.  A  re- 
view of  Chap.  IV  will  suggest  the  difficulty  which  confronts  one  in 
an  attempt  to  fix  numerical  values  covering  fuel  thus  to  be  ac- 
counted for.  Again,  fuel  used  in  generating  steam  which  is  dis- 
charged through  safety-valves  can  not  in  any  way  be  affected  by 
the  presence  of  a  superheater.  In  none  of  the  experimental  work, 
the  results  of  which  are  recorded  in  the  preceding  chapters,  has 
there  been  any  loss  by  safety-valves.     This  loss  in  practice   is 
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necessarily  indefinite.  In  some  classes  of  service  it  is  so  small 
as  to  be  negligible,  and  in  others  it  involves  a  considerable  per- 
centage of  the  total  coal  used.  Finally,  attention  should  be  called 
to  the  fact  that  the  question  at  issue  involves  the  whole 
problem  of  maintenance.  Steam  leaking  past  valves  and  pistons 
or  coming  out  by  leaky  glands  or  through  leaky  cylinder-cocks 
or  steam-joints  wherever  located  causes  losses  which  remain  un- 
diminished in  the  presence  of  the  superheater. 

Summarizing  the  preceding  statements,  and  making  such  de- 
ductions from  the  known  performance  of  the  superheater  as  will 
suffice  to  remove  from  the  calculations  all  expenditures  of  heat 
normal  to  the  American  locomotive,  which  are  beyond  the  influ- 
ence of  the  superheater,  the  actual  net  reduction  in  the  amount  of 
fuel  needed  for  locomotive  use,  by  a  railroad  having  all  its  loco- 
motives equipped  with  satisfactory  superheaters,  over  that  which 
would  be  required  if  all  employed  saturated  steam,  will  not  be  far 
from  10  per  cent.  This  value  is  not  to  be  accepted  as  of  strictly 
scientific  import,  but  merely  as  an  estimate  based  upon  such  facts 
as  have  appeared  in  the  course  of  a  rather  careful  study  of  the 
problem. 
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APPENDIX 

A  Comparison  of  Results  Obtained  With  Saturated 

Steam  and  With  Four  Different  Degrees  of 

Superheated  Steam^ 

35.  The  '"ests  reported  in  the  preceding  pages  were  com- 
pleted in  the  summer  of  1907.  Since  that  date,  the  Purdue  Lab- 
oratory has  been  engaged  in  investigations,  involving  the  use  of 
different  superheaters,  the  results  of  which  are  to  be  accepted  as 
the  latest  information  available  concerning  the  value  of  super- 
heated steam  in  locomotive  service.  A  brief  abstract  of  a  paper 
presented  jointly  by  Dean  Benjamin  and  Professor  Endsley  fol- 
lows. 

36.  Superheaters. — Tests  have  been  run  with  locomotive 
Schenectady  No.  3  equipped  with  four  different  superheaters,  which 
have  been  designated  as  follows: 

Cole  A— 193  sq.  ft.  of  heating  surface  in  the  superheater 
Cole  B — 151  sq.  ft.  of  heating  surface  in  the  superheater 
Cole  C — 109  sq.  ft.  of  heating  surface  in  the  superheater 
Schmidt — 324  sq.  ft  of  heating  surface  in  the  superheater 
Cole  A  was  the  superheater  used  during  the  tests  reported  in 
the  preceding  pages. 

The  boiler  dimensions  were  the  same  for  all  the  Cole  super- 
heater tests,  but  in  order  to  install  a  Schmidt  superheater,  with  a 
larger  amount  of  superheating  surface,  the  number  of  small  2-in. 
flues  was  reduced  from  111  to  107,  and  the  large  5-in-flues  were  in- 
creased in  number  from  16  to  21.  This  change  in  the  number  of 
flues  increased  the  water-heating  surface  from  897  sq.  ft.  to  956.5 
sq.  ft.  With  the  above  exceptions,  the  boiler  and  engine  were  the 
same  for  all  the  testing  upon  the  four  different  superheaters. 

37.  Basis  of  Comparison. —  It  seems  logical  to  compare  the  re- 
sults obtained  with  the  four  different  degrees  of  superheated  steam 
and  with  saturated  steam,  since  all  the  series  of  the  tests  so  far 
run  have  been  under  the  same  steam  pressures  and  cut-offs,  de- 
veloping approximately  the  same  horse-power,  the  only  difference 
being  the  area  of  the  superheating  surface  and  the  area  of  the 
water-heating  surface.      As  the  area  of  the  water-heating  surface 


1  An  abstract  of  a  paper  presented  before  the  American  Master  Mechanics'  Association  at 
AtlanticCity  in  June  1911  by  Dean  C.  H.  Benjamin  and  Professor  L.  E.  Endsley.  of  Purdue 
University. 
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of  the  boiler  with  the  Schmidt  superheater  is  approximately  only 
47  sq.  ft.  greater  than  with  the  Cole  superheater,  it  would  seem 
that  this  difference  would  not  be  enough  to  affect  the  relative  ef- 
ficiency of  the  boiler.  In  the  comparisons  which  follow,  there- 
fore, no  allowance  is  made  for  differences  resulting  from  different 
water-heating  surfaces. 
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38.  Superheating.— The  degree  of  superheating  as  affected  by 
the  rate  of  evaporation,  at  the  different  boiler  pressures,  is  shown 
for  the  Schmidt  superheater  by  Pig.  45.  The  same  thing,  for  the 
Cole  A  superheater,  has  been  shown  in  Fig.  9  to  12.  The  de- 
grees of  superheating  plotted  against  the  corresponding  boiler 
pressures,  at  a  rate  of  evaporation  of  8.5  lb.  per  sq.  ft.  of  heat- 
ing surface  per  hour,  is  shown,  for  all  four  superheaters  in  Fig  46. 

39.  Comparison  of  Engine  Performance.— The  steam  consump- 
tion of  the  locomotive  operated  under  saturated  steam  and  the 
four  different  degrees  of  superheated  steam  represented  by  Cole 
A,  Cole  B,  Cole  C  and  Schmidt  are  shown  graphically  in  Fig.  47. 
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The  numerical  values  are  given  in  Table  6.  From  an  inspection 
of  these  curves,  it  is  seen  that  the  tests  with  the  Schmidt  super- 
heater, i.  e.,  the  one  giving  the  highest  degree  of  superheat,  gave 
the  lowest  water  consumption. 

The  curves  showing  the  relation  between  the  B.  t.  u.  per 
i.  h.  p.  per  minute  for  the  different  conditions  of  tests  are  given  in 
Fig.  48. 

TABLE  6 
Steam  per  Indicated  Horse-power  per  Hour 


Boiler  Pressure 

Superheat 

Pounds  Steam 

B.  t.  u. 

Superheater 

lb.  by  gauge 

o  p. 

per  i.  h.  p. 

peri.  h.  p. 

per  hr. 

per  min. 

1 

II 

Ill 

IV 

V 

Schmidt  A 

240 

222.2 

19.5 

421.4 

Schmidt  A 

220 

226.5 

19.0 

410.7 

Schmidt  A 

200 

230.8 

18.9 

408.3 

Schmidt  A 

180 

235.1 

18.7 

404.0 

Schmidt  A 

160 

239.4 

18. 9 

408.0 

Schmidt  A 

140 

243.8 

19.5 

419.8 

Schmidt  A 

120 

248.6 

21.0 

452.3 

Cole   A 

240 

139.7 

22.6 

474 

Cole  A 

220 

145.0 

21.8 

459 

Cole  A 

200 

150.3 

21.6 

455 

Cole  A 

180 

155.6 

21.9 

461 

Cole  A 

160 

160.8 

22.3 

468 

Cole   A 

140 

166.1 

22.9 

481 

Cole  A 

120 

171.4 

23.8 

497 

Cole  B 

240 

120.6 

22.6 

469 

Cole   B 

220 

116.8 

22.1 

460 

Cole  B 

200 

133.0 

21.8 

451 

Cole  B 

180 

139.8 

22.1 

460 

Cole  B 

160 

145.4 

22.5 

469 

Cole  B 

140 

151.5 

23.0 

479 

Cole  B 

120 

157.7 

33.8 

496 

Cole   C 

240 

109.9 

22.7 

469 

Cole   C 

220 

114.6 

22.5 

465 

Cole   C 

200 

119.4 

22.6 

467 

Cole   C 

ISO 

124.2 

22.8 

472 

Cole   C 

160 

128.9 

23.5 

486 

Cole   C 

140 

133.7 

24.0 

496 

Cole   C 

120 

138.4 

24.8 

512 

None 

240 

0 

24.7 

483 

None 

220 

0 

25.1 

491 

None 

200 

0 

25.5 

498 

None 

180 

0 

26.0 

507 

None 

160 

0 

26.6 

517 

None 

140 

0 

87. 7 

537 

None 

120 

0 

29.1 

503 

GOSS — SUPERHEATED   STEAM   IN   LOCOMOTIVE   SERVICE       63 


SATURATED  > 

k 

500 

COLE      C    ■«. 

V 

^ 

COLE      A    ■> 
COLE      a 

.^ 

:::-. 

''~~~- 

P 

400 

3CHM 

IDT    ' 

^ 

, 

^ 

300 

200 

100 

100  150  200 

STEAM        PRESSURE    BY    GAGe 

Fig.  48 




1 

SAT 

URA1 

COLE 
COL 
COL 

ED  "^ 

:   c  V 

"^ 

!             i             ' 

-  A  _ 

:^ 

— T^ 

5CHN 

IDT  > 

"^ 

,^ 

i 

100  150  200  250 

STEAM       PRESSURE     BY    GAGE 


64 


ILLINOIS   ENGINEERING    EXPERIMENT    STATION 


The  relation  in  coal  consumption  per  i.  h.  p.  per  hour  for  the 
four  different  superheaters  and  for  the  saturated  steam  is  shown 
graphically  in  Fig.  49,  the  numerical  values  being  in  Table  7. 
Here  again  the  Schmidt  superheater  results  are  the  smallest,  go- 
ing as  low  as  2.5  lb.  per  indicated  horse-power  per  hour. 

TABLE  7 
Coal,  CoNSUiiPTioN  Under  Different  Pressures  and  Superheaters 


Boiler  Pres- 

Pounds of  Coal  per  Indicated  Horse  Power  per  Hour 

sure  Pounds 
Gauge 

Saturated 
Steam 

Superheater 
Cole  A 

Superheater 
Cole  B 

Superheater 
Cole  C 

Superheater 
Schmidt  A 

1 

II 

III 

iV 

V 

VI 

240 

3.31 

3.12 

3.24 

3. to 

2.63 

220 

3.37 

3.00 

3.16 

3.16 

2.57 

200 

3.43 

2.97 

3.11 

3.18 

2.55 

180 

3.50 

3.01 

3.16 

3.22 

2.51 

160 

3.59 

3.08 

3.24 

3.35 

2.55 

140 

3.77 

3.17 

3.33 

3.45 

2.63 

120 

4.00 

3.31 

3.48 

3.60 

2.89 

The  consumption  of  water  per  indicated  horse- power,  as  af- 
fected by  the  degree  of  superheat,  is  well  shown  in  Fig.  50,  in 
which  the  pounds  of  steam  per  indicated  horse- power  per  hour 
are  plotted  against  the  degrees  of  superheat.  The  pounds  of 
steam  per  indicated  horse- power  per  hour  were  obtained  from  the 
curves  shown  in  Fig.  47.  The  degree  of  superheat  was  obtained 
from  the  lines  shown  in  Fig.  46.  It  will  be  seen  that  the  compar- 
isons are  made  at  160,  180  and  200  lb.  steam  pressure,  these  be- 
ing the  pressures  that  fall  in  the  center  of  the  field  of  experiment, 
and  for  that  reason  would  be  more  likelj^  to  represent  correct  re- 
sults. 

It  would  seem  that  this  relation  could  be  approximately 
represented  by  a  straight  line  as  shown.  It  is  also  seen  that 
the  water  consumption  for  all  pressures  between  160  and  200  lb. 
for  the  Schmidt  superheater  is  practically  the  same. 

40.  Coal  Consumption. — The  pounds  of  coal  per  indicated 
horse-power  per  hour  plotted  against  degrees  of  superheat  are 
shown  in  Fig.  51.  The  pounds  of  coal  per  indicated  horse- power 
per  hour  were  obtained  from  the  curves  of  Fig.  49,  and  the  de- 
gree of  superheat  was  obtained  in  the  same  manner  as  for  Fig.  50. 


GOSS — SUPERHEATED   STEAM   IN  LOCOMOTIVE  SERVICE         65 


1 

1                       ; 

1 

1 

fe:::^-^' 

!^^~»Jo 

1 

1       III 

1 

1 

1 

1 

1              1 

LINE    I    BOILER    PRESSURE      160   LB. 

1 
1 

» 

III 

" 

» 

200   LB. 

80  120  160 

SUPERHEAT    IN     DEGREES     F. 

Fig.  50 


i        !        !        1        1 

i 

4 

1 

0 

0 

! 

1 

■) 

"=== 

^ 

._o^ 

^4- 

^r^ 

=^^ 

^a     ' 

2 

=^*9? 

^llli 

1 

1 

1 

1 

■  f 
1 

1 

j 

LINE    1      BOILER    PRESSURE     160   LB. 
"        II                "                       „                  180   LB 
"        '"              "                       »                  200   LB. 

0 

'    i 

1 

1 

( 

3 

4 

0 

8 

0 

12 

0 

le 

0 

2C 

)0 

24 

0 

20 

superheat  in   degrees   f. 
Fig.  51 


66  ILLINOIS   ENGINEERING    EXPERIMENT    STATION 

The  same  pressures  of  160,  180  and  200  were  used  in  this 
comparison  as  in  the  comparison  for  steam  consumption.  This 
relation  between  the  coal  per  indicated  horse-power  per  hour  and 
the  degree  of  superheat  for  pressures  of  160,  180  and  200  would 
seem  to  indicate  that  it  could  be  represented  by  a  curve  as 
shown.  In  other  words,  the  fii'st  80  or  100°  of  superheat  do 
not  make  the  same  proportionate  decrease  in  coal  consumption 
as  the  second  80  or  100°,  and,  in  like  manner,  the  third  80°  in- 
crease makes  a  still  greater  reduction  in  the  coal  consumption. 
For  instance,  the  coal  consumption  per  indicated  horse- power 
per  hour  at  180  lb.  steam  pressure  for  the  locomotive  using  satu- 
rated steam  was  3.50  lb.,  and  for  80°  of  superheat  it  was  3.4  lb. 
a  gain  in  efficiency  of  2.8  per  cent;  while  the  consumption  at  160° 
superheat  is  3.05  lb.,  a  gain  of  12.8  per  cent,  and  the  coal  com- 
sumption  at  240  degrees  superheat  is  only  2.47  lb.,  a  saving  of 
29.4  per  cent  over  that  of  the  locomotive  using  saturated  steam. 
Thus,  if  we  take  the  locomotive  using  saturated  steam  as  con- 
suming 100  per  cent  of  coal,  it  might  be  said  that  the  first  80° 
superheat  will  reduce  this  2.8  per  cent,  the  second  80°,  10.0  per 
cent,  and  the  third  80°,  16.6  per  cent,  making  the  total  reduction 
for  240°  superheat,  at  1801b.  pressure,  29.4  per  cent.  Practically 
the  same  results  would  be  obtained  for  the  curves  representing 
160  and  200  lb.  steam  pressure. 

41.  Conclusions. — a.  A  locomotive  equipped  with  a  super- 
heater giving  from  200  to  240°  of  superheat  will  during  the  time 
of  running,  effect  a  saving  in  coal  consumption  of  from  twenty  to 
thirty  per  cent  over  that  of  the  same  locomotive  using-  saturated 
steam. 

&.  It  would  seem  that  the  total  gain  in  e£Qciency  which 
can  be  obtained  from  superheat  in  a  locomotive  would  not  be 
reached  until  the  temperature  becomes  too  high  for  practical 
purposes. 
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A  NEW  ANALYSIS  OF   THE   CYLINDER  PERFORMANCE 
OF  RECIPROCATING  ENGINES 

Introduction 

Preliminary. — The  cylinder  performance  of  a  reciprocating 
engine  using  an  elastic  fluid  for  the  working  medium  may  be  con- 
sidered from  two  points  of  view:  (1)  the  performance  as  a  heat 
engine,  or  the  efficiency  of  transformation  of  the  available  heat 
into  indicated  work;  and  (2)  as  a  mechanism,  or  the  measure  of 
perfection  attained  in  the  distribution  of  the  working  fluid,  and 
in  preventing  its  leakage  past  the  valves,  piston,  or  piston  rods. 

Our  knowledge  of  cylinder  performance  is  obtained  almost 
entirely  from  indicator  diagrams.  These  diagrams  provide  a 
measure  of  the  work  performed  in  one  cycle  of  operation,  thus 
giving  a  means  for  determining  what  proportion  of  the  heat  avail- 
able has  been  transformed  into  work,  this  proportion  being  ex- 
pressed as  a  thermal,  potential  or  other  efficiency. 

The  results  of  methods  used  at  present  in  the  analysis  of  cyl- 
inder performance  may  be  divided  into  two  classes:  (1)  those 
which  are  relatively  exact  and  satisfactory;  and  (2)  those  which 
are  relatively  inexact  and  unsatisfactory.  Under  these  two 
headings  the  following  results  may  be  enumerated: 

Class  1. 

1.  Indicated  work. 

2.  Aid  in  valve  setting. 

3.  Rough  location  of  cyclic  events. 

4.  Hirn's  analysis  for  steam  cylinders. 

5.  Measure  of  initial  condensation  in  steam  cylinders. 

6.  Detection  of  leakage,  if  very  large,  during    expansion  or 
compression  of  any  elastic  medium, 

7.  Measure  of  the  diagram  factor  for  the  purposes  of  design. 

Class  2. 

1.  Accurate  approximation  of  clearance  volume  from  all  cyl- 
inders using  elastic  media. 

2.  Close  location  of  cyclic  events. 

3.  Reliable  detection  and  approximation  of  moderate  leak- 
age with  the  engine  in  regular  operation. 

4.  Measure  of  the  actual  steam  consumption   from    steam 
diagrams. 
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5.  Separation  of   the   initial   condensation   and   leakage   in 
steam  cylinders. 

6.  Division  of  feed  between  the  two  ends  of  a  steam  cylinder 
for  the  application  of  Hirn's  analysis. 

It  has  generally  been  thought  by  engineers  that  a  satisfac- 
tory solution  of  these  last-mentioned  problems  is  impossible  be- 
cause the  indicator  diagram  has  not  been  supposed  to  contain  in 
itself  the  evidence  necessary  for  their  solution. 

The  investigation  described  in  this  bulletin  is  the  result  of 
an  extensive  analytical  and  experimental  study  of  the  forms  of 
the  expansion  and  compression  curves  which  occur  in  indicator 
diagrams.  The  analytical  study  was  carried  on  by  means  of 
transferring  the  indicator  diagram  to  logarithmic  cross-section 
paper  and  then  drawing  a  figure  which  will  be  called  the  loga- 
rithmic diagram. 

It  is  well-known  that  the  equation  of  the  polytropic  curve 
PV'^  —  C  becomes  a  straight  line  when  plotted  on  logarithmic 
cross- section  paper.  Conversely,  when  the  expansion  or  com- 
pression curve  of  an  indicator  diagram  becomes  a  straight  line  in 
the  logarithmic  diagram,  the  curve  is  of  the  form  PV"^  —  C,  the 
value  of  11  being  the  slope  of  the  line. 

By  means  of  the  logarithmic  diagram,  it  has  been  found  that, 
free  from  certain  abnormal  influences,  expansion  or  compression 
of  an  elastic  medium  takes  place  in  the  cylinders  of  reciprocating 
engines  substantially  according  to  the  law  PI'"'  =  C. 

From  the  fact  that  the  law  P  T'^  =  ('  holds  for  expansion 
and  compression  curves  from  practice,  there  have  been  developed 
rational  methods  of  approximating  the  clearance  volume,  of 
closely  locating  the  cyclic  events,  and  of  detecting  moderate  leak- 
age when  the  engine  is  in  regular  operation.  These  methods  ap- 
ply, however,  only  to  those  indicator  diagrams  which  are  taken 
from  the  cylinders  of  reciprocating  engines  using  any  elastic  fluid 
for  the  working  medium  and  having,  as  a  part  of  the  cycle,  an 
expansion  or  compression  of  the  medium. 

It  has  been  discovered  that  the  value  of  n  for  l-he  expansion 
curves  of  steam  diagrams  bears  a  definite  relation  in  any  given 
cylinder  to  the  proportion  of  the  total  weight  of  steam  mixture 
which  was  present  as  steam  at  cut-ofl.  This  proportion  or 
quality  will  be  called  Xc  in  this  investigation,  and  its  value  will  be 
expressed  in  parts  of  unity.  The  relation  of  the  value  of  n  to  the 
value  of  Xc  for  the  same  class  of  cylinder  as  regards  jacketing  has 
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been  found  to  be  practically  independent  of  engine  speed  and  of 
cylinder  size. 

The  practical  significance  of  finding  this  relation  is  that  there 
is  now  available  an  accurate  method  of  approximating  the  value 
of  Xc  and  therefore  the  actual  weight  of  steam  and  water  present 
at  cut-off  from  the  indicator  diagram  alone.  As  a  result,  a  new 
analysis  of  cylinder  performance  has  been  developed. 

Acknowledgments. — Acknowledgment  of  valuable  assistance  is 
made  to  Dean  W.  F.  M.  Goss,  Professor  G.  A.  Goodenough 
Professor  O.  A.  Leutwiler,  Mr.  C.  M.  Garland,  to  Purdue  Univer- 
sity, and  to  various  firms  which  furnished  indicator  diagrams  and 
tests  for  analysis. 

Part  I.     The  Approximation  of  the  Actual  Steam 
Consumption  From  Indicator  Diagrams 

I.     Preliminary'  "Work 

1.  Study  of  Indirator  Diagrams. — The  preliminary  work  con- 
sisted of  an  examination  of  the  nature  and  form  of  the  expansion  and 
compression  curves  of  the  indicator  diagrams  from  a  number  of 
steam  engines.  This  work  was  accomplished  by  means  of  trans- 
ferring the  indicator  or  /^T'-diagram  to  logarithmic  cross- section 
paper,  and  thus  drawing  a  figure  which  will  be  called  the  log- 
arithmic diagram.  It  was  found,  after  repeated  experiments, 
(see  p.  55)  that  free  from  certain  abnormal  influences,  expan- 
sion or  compression  of  steam  takes  place  in  cylinders  substanti- 
ally according  to  the  law,  PV"^  =  C.  The  values  of  a  which  were 
obtained,  however,  exhibited  a  large  range  of  variation,  the 
range  being  from  0.70  to  1.34.  The  engines  from  which  the 
values  were  obtained  differed  in  type,  size,  speed,  steam  pres- 
sure, ratio  of  expansion  and  back  pressure.  Obviously,  com- 
parisons could  not  be  made  of  these  examples  because  of  the 
number  and  magnitude  of  the  variables. 

Indicator  diagrams  taken  from  the  same  cylinder,  with  dif- 
ferent cut-off  positions,  showed  that  the  value  of  n  was  higher  as 
the  cut-off  was  lengthened.  There  was  a  large  variation  in  the 
value  of  n  where  the  conditions  of  cylinder  size,  speed,  steam 
pressure,  and  steam  distribution  were  the  same.  The  only  variable 
shown  by  the  diagrams  was  the  length  of  the  cut-off.  It  "was 
thought  that  there  might  be  some  relation,  in  any  one  cylinder, 
between  the  value  of  n  for  the  expansion  curve  and  the  quality  of 
the  steam  mixture  at  cut-off,  as  this  quality  was  known  to  be 
higher  as  the  length  of  cut-off  increased.     One  fact  that  seemed  to 
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confirm  this  hypothesis  was  that  with  superheated  steam  (under 
the  same  general  conditions,  except  the  kind  of  steam  used),  when 
the  quality  at  cut-off  was  high,  the  value  of  n  for  expansion  was 
always  much  higher  than  with  saturated  steam.  The  only  im- 
portant variable  between  the  use  of  saturated  and  superheated 
steam  to  account  for  the  change  in  the  value  of  n  was  the  quality 
of  the  steam  mixture  at  cut-off,  or  the  proportion  of  the  total 
weight  of  mixture  in  the  cylinder  which  was  present  as  steam  at 
cut-off.  This  quality  or  proportion  will  be  called  Xc  in  this  in- 
vestigation, and  its  value  will  be  expressed  as  decimal  parts  of  1. 
All  cases  examined  of  engines  using  superheated  steam  at 
normal  cut-off  showed  n  to  be  higher  than  1.0,  and  as  high  as 
1.34;  and  all  cases  of  small  engines  using  saturated  steam  showed 
n  to  be  lower  than  1.0  and  as  low  as  0.70.  These  facts  led  to  the 
conclusion  that  the  value  of  Xc  was  the  most  important  single  fac- 
tor in  the  accompanying  value  of  n.  Tests  were,  therefore, 
planned  in  which  the  effort  was  made  to  vary  the  value  of  Xc  be- 
tween the  widest  practicable  limits. 

II.    Laboratory  Tests 

2.  EqiLipment. — A  single-cylinder  long-range  cut-off,  12  in. 
x  24  in. -Corliss  engine,  located  in  the  Mechanical  Engineering 
Laboratory  of  the  University  of  Illinois,  was  selected  for  the 
tests.  A  Corliss  engine  was  selected  because  of  the  fact  that 
in  this  type  all  the  steam  used  passed  through  the  cylinder. 

3.  Plan  of  Tests. — It  was  planned  to  observe  the  effect  upon 
the  value  of  n  of  varying  the  value  oixc  under  different  conditions 
of  pressure  and  speed.  The  value  of  Xc  was  varied  through  a 
large  range  by  the  use  of  saturated  and  superheated  steam,  in 
conjunction  with  different  lengths  of  cut-off,  under  the  same  con- 
ditions of  pressure  and  speed.  The  values  of  Xc  obtained  ranged 
from  0.413  to  0.943,  covering  the  range  usually  found  in  practice 
with  the  type  of  engine  used. 

The  values  of  n  for  the  expansion  curves  were  obtained  by 
means  of  the  logarithmic  diagram  (see  Appendix  1).  The  value  of 
xr  given  in  the  log  is  the  average  of  the  results  obtained  from  one 
set  of  head-end  and  crank-end  diagrams  for  each  test.  The  unit  of 
measurement,  therefore,  was  the  revolution,  as  the  values  of  Xc  for 
the  head  and  crank-ends  cannot  be  measured  separately  when  one 
exhaust  pipe  is  used  for  both  ends  of  the  cylinder.  The  value  of  n 
given  for  one  test  is  the  average  of  the  separate  values  from  the 
expansion  curves  of  the  head-end  and  crank-end  diagrams,  taken 
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from  the  set  of  diagrams  already  mentioned. 

4.  Number  of  Tests. — Seventy  five  tests  in  16  series  were  run. 
Of  this  number,  60  tests  in  14  series  were  selected  as  fulfilling 
the  requirements  decided  upon  to  give  reliable  data.  Each  series 
consisted  of  4  to  5  separate  tests,  differing  from  each  other  only 
in  the  length  of  cut-off,  with  the  same  conditions  of  pressure  and 
speed.  All  tests  were  run  with  the  steam  exhausting  from  the 
cylinder  at  about  atmospheric  pressure  into  a  surface  condenser. 
The  length  of  cut-off  was  varied  in  nearly  uniform  steps  from 
about 5  percent  to  45  percent  of  the  length  of  the  stroke,  and  was 
the  means  of  varying  the  value  of  Xc  when  using  either  saturated 
or  superheated  steam. 

The  14  series  were  divided  into  2  divisions  of  7  series  each; 
one  division  being  run  with  saturated  steam,  and  the  other  with 
steam  superheated  to  500°  F.  at  the  superheater.  Each  division 
consisted  of  5  series  run  at  different  gauge  pressures  at  constant 
speed,  and  2  series  run  at  different  speeds  with  constant  pressure. 
The  steam  pressures  used  were  57.5,  76.5,  95,  113,  and  132  lb.  gauge 
with  the  engine  running  at  120  r.  p.  m.  The  other  speeds  employed 
were  90  r.  p.  m.  and  150  r.  p.  m.  at  the  gauge  pressure  of  1131b. 
Each  division,  therefore,  gave  the  effect  of  the  use  of  5  steam  pres- 
sures at  constant  speed,  and  3  speeds  at  constant  pressure. 

The  governor  change-speed  device  was  always  set  to  give 
the  desired  speed  with  the  engine  running  at  no-load.  As  the  load 
was  increased,  the  speed  decreased  through  the  action  of  the 
governor  in  about  the  same  proportion  for  all  initial  speeds. 
Whenever  speed  is  mentioned,  the  no-load  speed  is  the  one  re- 
ferred to,  the  exact  speed  for  any  one  test  being  given  in  the 
general  log. 

The  general  log  of  the  29  tests  run  with  saturated  steam  is 
given  in  Table  1.  Table  2  contains  the  results  of  the  31  tests 
run  with  superheated  steam.  Table  3  gives  the  averages  of  simi- 
lar series,  called  groups,  run  at  the  same  pressure  and  speed, 
with  both  saturated  and  superheated  steam.  For  any  one  group 
of  the  two  series  of  tests,  as  has  already  been  pointed  out,  the  only 
variables  are  the  length  of  cut-off,  and  the  value  of  Xc. 

1.  Values  ofn  obtained  under  different  conditions  from  the  same 
engine  cylinder. — All  the  simultaneous  values  of  Xc  and  n  obtained 
from  the  60  tests  were  plotted  in  Pig.'  1.  A  study  of  this  figure 
shows  beyond  question  that  as  .iv  increases  in  value,  n  increases 
also.  The  values  all  lie  in  a  region  which  has  a  definite  trend  to- 
wards higher  simultaneous  values  of  Xc  and  n.      Observing  the 
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general  trend,  it  is  seen  that  there  is  no  exception  to  this  general 
relation.  No  value  of  ??  below  1.00,  for  instance,  is  found  for 
values  of  x,-  above  0.80,  and  no  value  of  n  above  1.10  is  found  for 
values  of  Xc  below  0.72. 
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Fig.  1 .    General  Relations  Between  Quality  at  Cut-off  and  the  Value  of  n 
FOB  Various  Pressures  and  Speeds 

It  is  also  apparent  that  the  points  with  long  cut-off,  obtained 
from  saturated  steam  for  given  values  of  Xc  and  n,  are  in  the  same 
region  occupied  by  the  points  with  short  cut-off  obtained  from 
superheated  steam  for  the  same  given  values  of  Xc  and  n. 
Examining  the  region  of  71=0.90-1.00  and  of  Xc  =0.50-0.70,  it 
may  be  seen  that  the  points  obtained  with  long  cut-off 
with  saturated  steam,  and  with  short  cut-off  with  superheated 
steam,  lie  together  indiscriminately.  This  shows  conclusively, 
in  a  general  way,  that  the  value  of  n  is  practically  independent  of 
the  length  of  cut-off,  even  though  this  length  may  vary  from  5 
per  cent  to  45  per  cent,  and  that  n  depends  solely  on  the  value  of 
xc.  the  only  other  variable. 

The  points  shown  in  Fig.  1  occupy  a  relatively  wide  region 
until  they  are  separated  into  the  various  groups  of  similar  pres- 
sures and  speeds.  The  points  for  each  group  were  plotted  sep- 
arately, and  separate  curves  were  determined  for  each  condition. 
Prom  preliminary  plotting,  the  relations  between  n  and  Xc  were 
found  to  be  expressed  closer  by  straight  lines  than  by  any  other 
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family  of  curves.  The  method  used  to  draw  these  lines  will  be  given 
for  group  F,  which  includes  series  8,  with  4  tests,  and  series 
16  with  4  tests.     This  group  is  shown  in  Fig.    2.      All    points 
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Fig.  2.    Relation  OF  Quality  AND  THE  Value  OF  »  FOR  Tests  Run  AT  111 
Pounds  Absolute  Pressuke  of  Cut-off  and  150  h.  p.  m. 

were  given  equal  weight.  The  average  of  all  the  coordinates, 
or  the  "center  of  gravity"  was  found  and  the  condition  imposed 
that  the  line  pass  through  this  center  as  an  axis,  and  that  the 
slope  be  aetermined  by  the  position  of  the  points.  The  points  in 
group  F  were  divided  into  four  logical  pairs  or  groupings,  and  the 
center  of  gravity  found  for  each  grouping.  The  line  was  then 
drawn  as  shown.  Where  points  were  located  so  that  a  logical 
grouping  was  in  doubt,  various  groupings  were  made,  and  each 
given  weight  in  determining  the  slope. 

The  equation  of  the  curve  selected  is  o:c  =1.258  ?i— 0.614. 
The  average  deviation  of  the  points  from  this  line  is  2.6  per 
cent  (measured  from  the  zero  of  j-v  )  and  the  maximum  deviation 
is  4.6  per  cent.  This  average  deviation,  2.6  per  cent,  is  smaller 
than  that  for  most  of  the  groups.  The  straight  line,  in  most  cases, 
represents  the  points  found  as  closely  as  any  other  curve  that 
could  be  employed,  and  has  the  merit  of  simplifying  greatly  the 
subsequent  use  made  of  the  relations  for  the  different  groups. 
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The  values  of  n  for  ^roup  F  were  also  plotted  to  the  various 
accompanying  cut-off  positions  at  which  each  test  was  run.  This 
is  shown  in  Pig.  3.  The  points  in  Fig.  3  show  that  for  each  initial 
condition  of  steam,  the  value  of  n  increased  as  the  cut-oif  was 
lengthened,  and  that  with  any  given  cut-off,  different  values  of  n 
were  obtained  according  as  saturated  or  superheated  steam  was 
used.  Thus,  at  a  cut-off  of  15  per  cent,  the  value  oin  obtained  is 
0.950  with  saturated  steam,  and  1.084  with  superheated  steam. 
The  only  variable  present  in  these  two  cases  is.r,.,  the  value  of 
which  is  higher  with  superheated  steam  than  with  saturated 
steam.  A  definite  relation  between  n  and  cut-off  occurs  only  when 
a  given  cut-off  is  accompanied  by  the  same  value  of  xc.  i.  e. ,  the 
value  of  n  bears  a  direct  relation  to  .re  but  not  to  cut-off.  Fig.  3 
taken  in  conjunction  with  Fig.  2,  proves  that  the  value  of  n  de- 
pends directly  only  upon  the  value  of  .r, .  and  that  the  relation  of  n 
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and  Xc  is  practically  independent  of  the  length  of  cut-off  within  the 
limits  of  the  tests. 

(«)  Effect  of  varying  the  steam  pressure  at  constant  speed. — The 
relations  of  Xc  and  n  were  determined  separately  for  all  groups  by 
the  method  outlined  for  Fig.  3.  The  lines  for  the  five  pressures 
used,  comprising  the  results  of  groups  A,  B,  C,  D,  and  G,  were 
replotted  as  shown  in  Fig.  4.  This  figure  also  contains  other 
curves  that  are  discussed  in  Appendix  1.     The  lines  shown  give 
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the  relations  of  Xc  and  n  for  various  absolute  pressures  at  cut-off, 
all  obtained  with  a  speed  of  120  r,  p.  m. 

These  curves  were  then  examined  to  find  the  effect  of  vary- 
ing the  absolute  pressure  at  cutoff  (designated  as  j))  on  the  rela- 
tions of  ftv  and  )i.  In  Pig.  4,  the  constant  pressure  curves  were 
intercepted  at  constant  values  of  n,  and  the  coordinates  of  .Vc  and 
])  for  the  points  of  intersection  plotted  in  Fig.  5.  This  process 
was  repeated  at  intervals  of  0.05,  for  the  values  of  n  from  0.850 
to  1.250.  The  curves  were  adopted  as  shown.  The  method  used 
wasasfollows:  the  maximum  value,  from  the  evidence  of  Fig.  4,  was 
assumed  to  be  at  the  value,  p  =  95;  the  values  of  p  =  61  and  p  =  78 
were  combined,  and  the  center  of  the  line  connecting  each  pair 
used  as  one  point;  with  these  assumptions  the  curves  were  drawn. 


Fig.  4.    Relations  ATCuT-orr  Between  Quality  and  the  Value  of  n  for 
Various  Pressures  at  Constant  Speed 

Since  the  relation  of  o:c  and  n  at  constant  speed  and  pressure  is  a 
straight  line,  the  curves  of  Fig.  5  were  drawn  by  interpolation  to 
increments  in  the  value  of  n  to  0.01. 

This  procedure  gave  a  series  of  relations  between  av  and;;  for 
constant  values  of  n.  Since,  however,  the  independent  variables, 
in  any  actual  curve  under  examination,  are  n  and  p,  the  coordi- 
nates of  the  curves  of  Fig.  5  were  changed  so  as  to  show  the  rela- 
tions of  n  and  p  at  constant  values  of  xc .     These  relations  are 
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shown  in  Fig.  6.  ,     .  c  a 

The  effect  of  a  change  of  pressure  on  the  relations  of  Xc  and  n 
is  not  great  between  the  limits  of  75  to  150  lb.  An  approximate 
equation  has  been  worl^^ed  out,  therefore,  which  represents  the 

P^       m      //o      /^o     /^/>     /f^     /f'^ 


eo 


70.  60 


90       /oo       //o       /^o       /JO       /■M      /-^^ 

FIG.  5.     CHART  SHOWING  THE  RELATION  AT  CCT-OFP  BETWEEN  QUALITT  AND 
PBES9DBE  FOR  CONSTANT  VALUES  OF  «  FROM  EXPANSION  CURVE 
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relations  of  Xc  and  n  at  an  average  pressure  between  the  limits 
mentioned.  The  equation  corresponds  to  the  relations  at  129  lb. 
and  is  of  the  form 

Xc  =  1.245  71  —0.576. 

(b)  Effect  of  varying  the  speed  at  constant  pressure. — Groups  D, 
E,  and  F,  were  run  at  speeds  of  120,  90  and  150  r.  p.  m. ,  respect- 
ively, with  the  average  cut-off  pressure  on  the  diagrams  constant 
at  111  lb.  absolute.  The  regulation  of  the  governor  was  very 
poor,  there  being  about  a  10  per  cent  drop  in  speed  from  no  load 
to  full  load.  For  this  reason,  the  relations  of  Xc  and  n  with  va- 
rious speeds  at  constant  pressure  were  affected  by  considerable  va- 
riation of  the  speed  itself  for  each  group.  The  relations  for  each 
group  were  found  as  already  described,  and  the  curves  plotted  in 
Fig.  7.  The  relation  of  speed  (designated  as  s)  and  Xc  for  con- 
stant values  of  n  was  derived  from  Fig.  7,  and  is  given  in  Fig.  8. 

The  apparent  relations  of  Xc,  s,  and  n,  obtained  by  drawing  a 
smooth  curve  through  the  three  points  obtained  for  each  value 
of  n,  are  not  satisfactory,  owing  to  insuflficient  data  and  the  change 
of  the  speed  itself  in  the  three  groups  due  to  poor  regulation. 
The  drop  in  the  speed,  for  one  group,  does  not  seriously  affect, 
however,  the  relations  of  av  and  n  for  the  various  pressures  at 
constant  speed. 

2.  Relation  of  the  value  of  n  to  the  quality  of  the  steam  mixture 
at  cut-off. — From  the  evidence  obtained  from  these  tests,  it  may  be 
stated  that,  for  any  one  engine,  running  at  a  given  pressure  and 
speed,  there  is  a  definite  relation  between  Xc  and  n  which  is 
practically  independent  of  the  cut-off  position  within  the  limits  ex- 
amined. This  relation  is  apparently  a  linear  one.  It  may  also 
be  stated  that  the  relation  of  Xc  and  n  is  dependent,  to  some  ex- 
tent, on  the  absolute  pressure  at  cut-off,  and  on  the  speed  of  the 
engine. 

It  remained  to  compare  the  relations  of  .r,-  and  n  for  the  en- 
gine tested  with  the  relations  for  other  engines.  This  comparison 
is  made  in  the  next  section. 

An  investigation  of  the  value  of  ^•  for  adiabatic  expansion, 
(see  page  83,  Appendix  1)  shows  that  there  is  a  relation  between 
the  initial  quality  Xi  and  the  value  of  k  which,  like  the  experiment- 
ally determined  relation,  is  also  a  linear  one.  The  adiabatic  re- 
lations of  X  and  k  are  plotted  in  Fig.  4,  for  the  pressures  used  in 
the  tests. 


Acknowletigment  is  made  of  the  assistance  rendered,  in  runnincr  these  tests,  by  the  follow- 
ing senior  students,  viz..  Messrs.  Jacobsen.  Schuster,  Parmely.  HodtrsoD.  Janda.  Butzer  and 
Wood,  Class  of  1910.  and  Messrs.  Hasberg,  Hagedorn,  Allen,  Herrcke,  Cobb  and  Ponder.  Class 
of  1911. 
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Fig.  8.    Relations  at  Cut-off  Between  Quality  and  Speed  fob  Constant 
Values  of  n  at  Constant  Pressure 
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III.     The  Approximation  of  the  Actual  Steam 
Consumption  from  Indicator  Diagrams 

5.  Engine  Tests. — The  most  reliable  method  of  determining- 
the  steam  consumption  of  an  engine  is  to  measure  or  weigh  the 
water  directly,  preferably  by  means  of  a  surface  condenser.  This 
method  necessitates  an  elaborate  test,  which  disturbs  the  routine 
of  the  plant  tested,  and  is  very  costly  for  long  tests  of  large 
engines.  The  objections  to  tests  of  this  kind  are  many,  and  a  few 
of  them  will  be  stated.  When  the  boiler  feed  is  measured,  both 
the  engine  and  the  boilers  serving  it  have  to  be  entirely  discon- 
nected from  other  units,  sometimes  necessitating  shutting  down 
the  rest  of  the  plant.  Almost  all  tests,  where  there  is  more  than 
one  unit,  necessitate  changes  in  heavy  and  permanent  piping. 
Boilers  are  apt  to  leak  in  service,  and  the  measurements  of  the 
leak.^  are  unsatisfactory.  One  serious  objection  to  long  time  tests 
is  that  the  ditferent  rates  of  steam  consumption  cannot  be  segre- 
gated. The  ideal  method  of  testing  a  steam  engine  would  be  a 
method  analagous  to  that  used  with  electrical  machines,  i.  e.,  to 
measure  instantaneous  rates  of  consumption  instead  of  the  water 
consumed  over  a  long  time. 

6.  The  Missing  Qiuintity. — On  account  of  the  cost  and  dif- 
ficulties of  making  a  test,  many  engineers  have  devised  methods 
of  approximating  the  steam  consumption  without  actually  meas- 
uring it. 

When  indicator  diagrams  were  first  obtained,  the  loss  from 
initial  condensation,  or  the  existence  of  the  "missing  quantity", 
was  not  suspected.  The  opinion,  therefore,  was  that  the  con- 
sumption could  be  measured  from  the  steam  shown  by  the  dia- 
gram at  cut  off.  After  Clark^  and  Isherwood^  made  their  tests  the 
existence  and  amount  of  this  initial  condensation  were  revealed. 
The  very  great  difference  in  the  proportion  that  this  initial  con- 
densation bears  to  the  +otal  weight  of  mixture  present,  either  at 
cut-off  or  during  the  expansion,  that  is  found  in  different  types  and 
sizss  of  engines  has  prevented  any  reliable  determinations  of  the 
actual  steam  consumption  by  this  method.  The  steam  consumption 
computed  from  the  diagram,  when  using  saturated  steam,  is  gen- 
erally from  15  per  cent  to  50  per  cent  below  the  actual  consumption. 
The  devising  of  an  accurate  method  of  measuring  the  actual 
weight  of  steam  consumed  from  the   diagram  has  therefore  been. 

1  Railway  Machinery 

=■,  Engineeiing-  Researches. 
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regarded  as  impossible.  Thurston''  states  that  "the  steam  or  water 
consumption  of  an  engine  cannot  be  exactly  ascertained  by  the 
use  of  the  indicator"  for  the  reasons  mentioned.  Most  other 
writers  on  the  subject  have  expressed  similar  views. 

7.  Approximation  of  the  Initial  CoiulensatUm. — Methods  of  com- 
puting the  weight  or  proportion  of  the  "missing  quantity",  from 
the  dimensions,  type,  and  speed  of  the  engine  considered,  as  shown 
by  the  results  of  large  numbers  of  tests,  have  been  devised  by 
ThurstonS  Escher^  Marks^  Fourier,  English"',  Bodmer',  Cotterill®, 
Heck^  and  others.  The  results  obtained  from  these  methods 
have  not  been  uniform,  and  do  not  agree  closely  enough  with  the 
test  results  to  be  used  with  confidence.  Moreover,  none  of  these 
methods  is  applicable  when  superheated  steam  is  used.  Profes- 
sor Heck^*^  states  that  the  steam  consumption  computed  by  the  use 
of  his  formula  should  ordinarily  show  not  more  than  10  per  cent 
difference  from  the  test  results. 

8.  The  Relation  of  Xc  and  n. — The  relation  of  av  and  ?<,  for  the 
same    engine,    has    been     shown    to    be    very     definite     under 
the  same  conditions  of  pressure  and  speed.      This  relation,  or 
dependence,    of   ;/    upon  Xc  ,  however,   is   not  seriously    affected 
by  changes  of  pressure  and  speed,  within  the  limits  of  the  tests 
The  ordinary  speeds  of  similar  types  of  engines,  70  to  120  r.  p.  m. 
do  not  affect  the  relation  seriously  enough  to  be  taken  into    ac 
count  when  examining  such  cases,  because  of  the  two-fold  char 
acter  of  speed  in  its  influence  upon  the  action  of  the  cylinder  walls 

The  engine  experimented  upon  was  operated  at  120  r.  p.  m. 
and  had  a  stroke  of  2  ft.  Other  engines  of  this  class  run  at  speeds 
as  low  as  70  r.  p.  m.,  but  have  strokes  of  5  or  6  ft.  Cylinder  con- 
densation is  not  dependent  upon  rotative  speed  alone,  but  is  also 
influenced  by  the  piston  speed,  as  determined  by  the  length  of 
the  stroke.  On  account  of  different  lengths  of  stroke,  different 
engines  cannot  be  compared  on  the  basis  of  rotative  speed.  Thus 
while  the  small  engine  tested  has  a  rotative  speed  of  120  r.  p.  m., 
its  piston  speed  is  only  480  ft.  per  minute.  In  large  engines, 
while  the  rotative  speed  may  be  only  70  r.  p.  m.,  yet,  with  strokes 
of  6  ft.,  the  piston  speed  is  840  ft.  per  minute.  What  the  smaller 
engine  gained  by  higher  rotative  speed,  the  large  engine  made  up 
in  a  measure  by  higher  piston  speed. 


SEnj^ineand  Boiler  Trials,  p.  237.  "Engineering  (London',  Mar.  4,1892,  p.  299. 

■«  A  Manual  of  the  Ste  am  Engine,  p.  517.  ■"  The  Steam  Engine,  p.  o39. 

•*  Engineer  (London'.  1S82.  fp.  20P.]         9  The  Steam  Engine,  p.  109. 

5  Relative  Proportions  of  the  Steam  Engine,        lO  The  Steam  Engine,  p.  119. 
Proceedings  of  the  Brit. Inst,  of  M.  E.,Oct.  1889. 
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After  taking  into  account  the  two  parts  of  which  speed  is 
composed,  it  is  found  that  the  speeds  of  stationary  engines  of  the 
type  tested  are  in  substantially  the  same  range.  On  account  of 
this  fact,  only  the  results  of  the  tests  run  at  120  r.  p.  m.  have  been 
used  in  the  applications  made  at  present. 

The  relation  of  av  and  n  has  been  found  to  be  practically 
independent  of  cylinder  size.  This  statement  is  true  for  non- 
jacketed  cylinders  and  for  pressures  in  the  range  examined.  This 
is  shown  in  a  general  way  in  the  following  discussion  for  satu- 
rated steam. 

9.  The  Phenomena  Occurring  in  the  Cylinder. — Cast-iron  is  uni- 
versally used  for  steam  cylinders.  The  greatest  source  of  loss 
in  the  cylinder  is  due  primarily  to  the  use  of  a  metallic  structure, 
from  practical  considerations.  The  skin  surface  of  this  metal, 
which  is  a  fairly  good  conductor  of  heat,  must  be  heated  once  every 
cycle  from  the  temperature  acquired  from  contact  with  the  ex- 
haust steam,  up  to  nearly  the  temperature  of  the  admission  steam, 
this  heating  being  accomplished  by  the  condensation  of  some  of 
the  incoming  steam.  The  amount  of  this  condensation,  measured 
as  the  proportion  of  the  mixture  present,  varies  with  the  size, 
valve  design,  relative  roughness  of  the  interior  surface,  tempera- 
ture range,  length  of  cut-off,  speed,  location  of  ports  and  port 
passages,  quality  of  the  steam  supplied,  and  the  jacketing  and 
lagging.  It  can  easily  be  seen,  from  the  number  and  relative 
magnitude  of  these  variables,  that  the  computation  of  the  weight 
of  condensation,  by  means  of  a  formula  which  will  take  these  vari- 
ables into  account,  can  never  be  an  accurate  operation. 

After  many  examinations  into  the  cases  of  different  types  and 
sizes  of  engines,  with  non-jacketed  cylinders  in  good  order,  and 
with  pressure  limits  similar  to  those  used  with  the  tests,  it  has 
been  found  that  while  the  initial  condensation  is  subject  to  the 
action  of  ten  or  more  variables,  yet  the  value  of  n  resulting  from 
a  given  value  of  j'c  is  almost  always  substantially  the  same.  A 
few  of  the  applications  showing  this  point  will  be  found  in  Table 
4.  Here  the  cylinder  sizes  vary  from  lOi  in.  x  12  in,  to  34.2  in. 
X  60  in.,  the  speeds  from  48  to  2fi3  r.  p.  m.,  and  the  types  include 
slow-speed  Corliss,  high  speed,  and  locomotive  engines.  The 
possibility  of  calculating  accurately  the  weight  of  condensation 
in  these  different  cases  may  be  easily  imagined. 

The  phenomena  caused  by  the  presence  of  the  cylinder  walls, 
in  the  class  of  engines  discussed,  have  been  found  to  be  divided 
into  two  natural  classes:  those  occurring  before  cut-off,  and  those 
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occurring  after  cutoff.  The  phenomena  occurring  before  cut-off 
are  controlled  by  the  action  of  the  ten  or  more  variables  already 
mentioned,  and  therefore  are  subject  to  all  the  variation  that  may 
occur  in  any  individual  case  to  be  examined.  For  this  reason, 
any  method  of  computing  the  condensation  accurately  from  the 
physical  facts  surrounding  the  case  is  open  to  objection.  This 
method  also  cannot  allow  for  the  use  of  superheated  steam,  an 
increasingly  important  condition.  The  phenomena  occurring  af- 
ter cut-off  are  practically  independent  of  all  variables  except 
Xc ,  and  initial  pressure  and  speed.  Of  these  variables,  only  the 
value  of  Xc  and  the  initial  pressure  have  proved  to  be  of  material 
importance  in  the  applications  made  thus  far.  This  may  be 
summed  up  by  stating  that  the  value  of  Xc  ,  in  any  particular 
case,  is  subject  to  the  action  of  many  important  variables,  but 
that  the  relation  of  x,-  and  n  is  practically  independent  of  these 
variables  within  the  limits  examined  in  this  investigation. 

10.  The  Phenomena  of  Condensation  and  Re- evaporation  during 
Expansion. — When  adiabatic  expansion  of  initially  dry  saturated 
steam  takes  place,  a  part  of  the  steam  is  condensed  as  the  pres- 
sure is  lowered,  the  condensed  steam  giving  up  its  latent  heat 
which  is  converted  into  work.  When  superheated  steam  is  ex- 
panded adiabatically,  the  steam  loses  its  superheat  until  satura- 
tion is  reached,  after  which  condensation  takes  place  as  in  the 
case  of  initially  dry  steam. 

When,  however,  the  steam  is  initially  composed  of  a  large 
proportion  of  water,  both  being  at  the  same  temperature,  adia- 
batic expansion  may  take  place  without  additional  condensation 
and  may  even  be  accompanied  by  re-evaporation.  This  fact  is 
due  to  the  large  amount  of  heat  contained  in  the  water,  a  part  of 
which  flashes  into  steam  as  the  pressure  is  lowered,  thus  supply- 
ing and  neutralizing  the  loss  oE  steam  volume  by  condensation 
which  takes  place  with  steam  initially  dry.  Adiabatic  expansion 
is  accompanied  by  condensation  when  the  initial  quality  is  above 
the  value  0.50  at  an  initial  pressure  of  2401b.  persq.  in.  absolute, 
but  below  the  value  of  0.50,  it  is  accompanied  by  re-evaporation. 
An  examination  of  Table  20  will  show  the  values  of  the  initial 
quality  which  form  the  line  of  demarcation  of  condensation  and 
re-evaporation  during  the  adiabatic  change  of  state. 

In  the  actual  engine  using  saturated  steam,  as  has  already 
been  pointed  out,  some  of  the  incoming  steam  is  condensed  in 
warming  up  the  surface  of  the  cylinder  walls  to  approximately 
the  temperature  of  the  incoming  steam.      When  the  admission  of 
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TABLE  5 
COMDEXSATION   AND    Re-EVAPORATION  OP  StEAM   DCRING   EXPANSION 


Example  No 

1 

0.540 

2 

Initial  Quality.  Parts  of  Unity 

0.950 

Pbessubes.  lb.  peb  sq.  in.  Absolute 

Initial 

145.0 
20.0 

145  0 

Final 

20  0 

V.\LUE  OF  n  IN  Equation  PV'*  =C 

Adiabatic  expansion,  from  Table  20.   .. 

1.082 
0.900 

1.133 

Actual  expansion  in  engrint,  tested,  from  Fig,  6  

1  230 

Volume  of  Steam  Pbesent,  cu.  ft.  i  Volume  of 

Water  Neglected* 

Initial   

Final,  adiabatic    expan.«ion 

Finai,   curve   of  constant  steam  weight ... 
Final,  actual  expansion   in  engine  tested 


1.00 
6.24 
6.44 
9.01 


6.44 
5.00 


Weight   of   Steam  Present,  Lb. 


Inital.   plus  water 

Initial,  steam  only 

Firal.  adiaoaiic  expansion 

Final,  curve  of  constant  steam  weight.. 
Final,  actual  expansion  in  engine  tested. 


0.594 

0,338 

0.321 

0.321 

0.311 

0.287 

0.321 

0.321 

0.450 

0.249 

Quality  of  Steam  at  Final  Pbessube,  Pabts  of  Unity 


Adiabatic  expansion 

Curve  of  constant  steam  weight  . . 
Actual  expansion  in  engine  tested. 


0.849 
0.950 
0.736 


Condensation  or  Re-evaporatiox,  Parts  of  Unity 


Apparent   re-evaporation 

Real  re-evaporation 

Apparent  condensation.. 
Real   condensation  


0.214 
0.113 


steam  is  cut  off  and  expansion  commences,  the  condensation,  due 
to  the  presence  of  the  cylinder  walls,  continues  in  g^eneral  until, 
at  some  point  during  expansion,  the  water  on  the  cylinder  walls 
begins  to  re-evaporate  at  such  a  rate  that  the  weight  of  steam 
present  at  the  end  of  expansion  is  greater  than  that  which  was 
present  at  cut-off. 

To  show  the  effects  and  extreme  values  of  condensation  and 
re-evaporation  during  expansion,  there  have  been  prepared  in 
Table  5  two  examples,  using  the  average  results  of  tests  which 
have  been  run  on  the  engine  tested  (see  Appendix  2). 
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]1.  Examples. — Example  1  is  a  condition  which  obtains  in 
the  engine  tested  when  using  saturated  steam  at  about  140  lb. 
gauge  pressure  with  a  length  of  cut-off  of  about  3  per  cent.  All 
values  of  the  qualities  mentioned  are  portions  of  the  total  weight 
of  mixture  in  parts  of  unity.  The  value  of  x,-  is  0.540,  a  low 
value,  yet  one  which  often  obtains  in  small  engines.  If  this 
steam  were  expanded  adiabatically  to  the  back  pressure,  20  lb. 
absolute,  the  resulting  quality  would  be  0.524,  giving  a  condensa- 
tion of  0.016.  The  expansion  which  actually  takes  place  in  the 
engine  tested  under  these  conditions  results  in  a  final  quality  of 
0.757,  showing  that  the  apparent  re-evaporation  from  the  value 
of  Xr  has  been  0.217,  However,  the  steam  mixture  in  expanding 
did  expand  adiabatically  in  order  to  give  up  heat  to  work,  but  the 
actual  or  what  might  be  called  the  gross  expansion,  was  changed 
in  character  by  the  re-evaporation  of  a  large  proportion  of  the 
water  present,  due  to  the  return  of  heat  from  the  cylinder  walls 
and  the  consequent  flashing  into  steam  of  part  of  the  water  when 
the  pressure  and  the  temperature  were  lowered.  The  real 
re-evaporation,  measured  by  its  effect  upon  adiabatic  expansion, 
has  been  the  difference  between  0.757  and  0.524  or  0.233. 

The  actual  expansion  in  this  case  has  been  the  result  of  two 
factors  which  worked  simultaneously;  adiabatic  expansion,  and 
the  return  of  heat  from  the  cylinder  walls  to  the  mixture.  The 
first  factor,  adiabatic  expansion,  as  already  explained,  is  itself 
the  result  of  two  neutralizing  or  opposing  conditions,  i.  e. ,  the 
condensation  of  initially  dry  steam  during  expansion,  and  the 
relatively  smaller  amount  of  re-evaporation  of  water  initially  in  the 
mixture  due  to  the  liberation  of  its  excess  of  heat  when  the  pres- 
sure and  temperature  were  lowered.  The  net  result  of  the  two 
conditions  of  thi..  adiabatic  expansion,  however,  was  a  condensa- 
tion. The  second  factor  is  the  large  amount  of  re- evaporation 
due  to  the  return  of  heat  from  the  surface  of  the  cylinder  walls 
to  the  condensed  steam,  amounting  in  example  1  to  0.238,  or, 
roughly,  there  has  been  re-evaporated  during  expansion  i  of  the 
entire  weight  of  mixture  present. 

Example  2  shows  conditions  which  obtain  in  the  engine  tested 
when  served  with  steam  at  about  140  lb.  gauge  pressure,  super- 
heated about  125°  F.  with  a  length  of  cut-off  of  about  45  per  cent. 
The  value  of  a-c  is  0 .  950,  a  very  high  value  for  this  class  of  en- 
gine. The  quality  after  adiabatic  expansion  would  be  0.849,  a 
condensation  of  0.101.  "Where  values  of  Xc  are  as  high  as  0.950, 
however,  no  re-evaporation  takes  place  in  practice,  but  condensa- 
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tion  continues  throughout  expansion.  After  expansion  in  the 
engine  tested,  the  quahty  would  be  0.736,  showing  much  greater 
condensation  than  that  due  to  adiabatic  expansion  alone.  The 
apparent  condensation  has  been  0.214,  but  the  real  condensation, 
measured  by  its  effect  upon  adiabatic  expansion,  has  been  0.113. 

The  actual  expansion  in  example  2,  as  in  example  1,  has  been 
the  result  of  two  factors;  adiabatic  expansion,  and  the  further 
abstraction  of  heat  during  the  whole  expansion  by  the  cylinder 
walls.  Heat  is  abstracted  during  expansion  by  the  cylinder  in 
the  engine  tested  at  all  values  of  Xc  above  0.85,  thus  giving 
values  of  n  higher  than  the  adiabatic  value  k. 

The  phenomena  of  condensation  and  re-evaporation  during 
expansion  are  the  causes  of  the  relations  existing  between  Xc  and 
n  in  the  cylinders  of  steam  engines.  The  two  examples  given 
show  values  obtained  in  extreme  cases  which  illustrate  very  well 
the  effect  of  Xc  upon  the  character  of  the  expansion,  and  there- 
fore upon  the  value  of  n,  and  show  the  range  of  values  that  n 
assumes  in  one  engine  due  to  a  change  in  the  value  of  Xc. 

12.  The  New  Method  of  Approximating  the  Value  of  Xc. — The 
fact  that  the  value  of  n  depends  upon  the  value  of  Xc  and  that  the 
values  have  definite  relations  under  definite  conditions,  makes  it 
possible  to  reverse  the  order  of  procedure  followed  in  obtaining 
the  relation  and  to  approximate  the  value  of  Xc  (and,  therefore, 
the  actual  steam  consumed)  from  the  value  of  n. 

It  appears,  therefore,  that  this  method  of  approximating  the 
value  of  Xc  at  cut-off  from  experimentally  determined  relations, 
and  thus  accounting  for  the  "missing  quantity",  is  upon  much 
surer  ground  than  any  method  of  computing  condensation  from 
the  physical  facts  surrounding  the  case.  It  approaches  the  prob- 
lem from  the  side  where  the  phenomena  occurring  are  practically 
independent  of  all    the   variables   mentioned. 

13.  Advantages  of  the  Method.— This  method  is  free  from  sev- 
eral objections  to  which  tests  are  open.  It  measures  the  consump- 
tion in  one  revolution,  and  is,  therefore,  practically  measuring  a 
I'ate  instead  of  a  quantity.  The  only  data  needed  for  an  approxi- 
mation are  one  set  of  indicator  diagrams,  taken  simultaneously, 
the  constants  of  size  and  clearance,  and  the  speed  of  the  engine 
tested.  No  interruption  of  any  kind  in  the  routine  of  a  plant  is 
caused,  and  the  expense  incurred  is  not  to  be  compared  with  that 
of  an  equally  accurate  test.  The  method  is  accurate  enough  for 
almost  all  purposes  except  guarantee  tests  subject  to  bonus  and 
forfeit  contracts.     In  the  case  of  locomotives  on  the  road,  it  is 
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the  only  possible  method  of  approximating  the  steam  consump- 
tion of  the  main  engines,  due  to  the  use  of  steam  by  the  air-pump, 
train-heating  system,  blower,  generator  sets,  safety  valves, 
whistle,  blow-off  valves,  and  leaks.  The  same  is  true  of  marine 
engines,  where  many  auxiliaries  are  supplied  with  steam  from  the 
same  boilers,  and  exhaust  into  the  same  surface  condensers.  The 
method  is  especially  useful  for  non-condensing  engines,  where  the 
boiler-feed  measurement  method  is  the  only  practicable  one. 
Steam  consumption  may  be  obtained  as  often  as  is  desired  instead 
of  probably  once  in  an  engine's  life. 

14,  Limitations — The  relations  of  Xc  and  n  given  in  chapter 
II  are  applicable,  however,  only  to  non-jacketed  cylinders  ex- 
hausting at  very  close  to  atmospheric  pressure.  When  the  back 
pressure  is  raised  to  30  lb.  absolute,  for  instance,  there  is  a  new 
series  of  relations  existing  for  the  same  initial  pressure,  due  to  a 
different  temperature  range  in  the  cylinder  and  the  consequent 
alteration  of  the  phenomena  occurring  after  cut-off.  Steam 
jackets  also  alter  the  phenomena  occurring  after  cut  off,  and 
therefore  have  to  be  examined  separately  for  the  relations  of 
Xe  and  n.  The  steam  used  in  the  jackets  and  in  reheaters  has  of 
course  to  be  collected  and  weighed  as  heretofore. 

Since  this  method  rests  entirely  on  the  indicator  diagram, 
great  care  must  be  observed  in  taking  these  diagrams.  The  indi- 
cator itself  must  be  an  accurate  instrument  in  the  best  possible 
condition.  The  indicator  connections  must  be  short  and  direct. 
An  extensive  investigation  by  W.  F,  M.  Goss^^  shows  that  the 
long  and  indirect  pipe  connections  materially  alter  the  form  and 
character  of  the  expansion  curves.  A  correct  reducing  motion, 
free  from  lost  motion,  must  be  used  so  as  to  reproduce  the  actual 
expansion.  The  arrangement  of  having  one  indicator  at  each  end 
of  the  cylinder  is  always  to  be  preferred. 

The  applications  of  this  method  must  be  made  with  judgment 
and  care.  If  large  leakage  exists,  only  an  approximate  solution 
can  be  obtained,  as  certain  assumptions  have  to  be  made.  The 
various  steps  involved  in  the  use  of  the  method  must  be  thor- 
oughly comprehended  to  give  satisfaction. 

15.  Ap2)Ucation  of  the  Method.— The  relations  of  Xc  and  n,  as 
determined  for  various  pressures  at  constant  speed  from  the  en- 
gine described  (see  Appendix  2,)  were  plotted  in  the  form  of  the 
chart  shown  in  Fig.  6. 

The  next  step  was  to  examine,  with  certain  restrictions,  the 
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tests  of  other  engines,  and  to  compare  the  relations  of  x,  and  n 
with  those  given  in  Fig.  6.  The  restricting  conditions  imposed 
were:  (1)  that  the  tests  should  come  from  reliable  sources;  (2)  that 
the  data  supplied  should  be  complete  enough  to  be  able  to  com- 
pute the  quantities  needed  for  comparison;  (3)  that  the  cylinders 
should  be  non- jacketed;  (4)  that  the  diagrams  furnished  should  be 
representative  of  average  conditions;  (5)  that  tlie  back  pressure 
in  the  cylinder  examined  should  be  practically  atmospheric;  (6) 
that  no  large  leaks  should  exist. 

The  values  of  .r,-,  n  and  p  were  first  found  from  the  set  of 
diagrams  to  be  examined.  Next,  the  values  of  n  and  p  were  located 
in  Fig.  6  and  the  corresponding  value  of  Xc  found,  as  obtained  in 
the  tests  given  in  chapter  II.  The  value  of  Xc  obtained  from  the 
chart  and  that  obtained  from  the  test  examined  were  compared, 
and  the  steam  consumption,  as  computed  by  the  value  of  Xc  taken 
from  the  chart,  was  obtained. 

The  results  of  tests  which  fulfilled  the  conditions  imposed 
are  given  in  Table  4.  Four  distinct  classes  of  engines  were 
examined.  These  include  simple  Corliss,  two-valve  and  four- 
valve  types,  the  high  pressure  cylinders  of  compound  engines, 
the  intermediate  pressure  cylinders  of  triple  expansion  engines, 
high  speed,  and  simple  locomotive  engines.  The  sizes  range 
from  lOi  in.  x  12  in.  to  34. 2  in.  x60in.,  and  the  speeds  from  263 
to  47.98  r.  p.  m. 

The  final  results,  given  in  columns  24,  29,  31  and  36  of 
Table  4  were  averaged  (analysis  201  excepted)  and  the  averages 
are  given  in  the  following  table: 

Approximatio>c  fro-M  Chart — Fig.  6 


Average  Difference  from  Test  Results 
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per  cent 
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Irrespective  of  Sign 
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TABLE  4 

Approximation  of  the  Actual  Steam  Consumption  From  Indicator  Diagrams  1 
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SIMPLE  CORLISS.  2-VALVK.  AND  4-VALVE,  NON-CO^fDENSING  ENGD 


106(1 
1066 
106c 
106c/ 


Corliss,  Single  Cylinder 
Corliss,  Single  Cylinder 
Corliss,  Single  Cylinder 
Double-Valve,  2 Cylinders 
Pour-Valve,  Single  Cylinder 

Four-Valve,  Single  Cylinder 

Same  Engine  as  106a 

Same  Engine  as  106a 

Same  Engine  as  106a 

Corliss,  2  Cylinders 

Pour- Valve,  Single  Cylinder 

Same   Engine  as  108a  (Condensing) 

Corliss.  2  Cylinders  ( 1  Condensing) 

Corliss,  1  Cylinder  (1  end  Condensing) 
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Makers  Works 
Kidgway,  Pa. 


Not  ascertained 
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Geo.  H.  Barrus 
Geo.  H 
Geo.  H 
Geo.  H 
Geo.  H.  B; 
A.  R.  Meek 
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10-10-10 
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COMPOUND  CONDENSING  ENGINES— H.  P.  CYLINDERS 


Corliss  Cross-Compound 
Buckeye  Cross-Compound 
Corliss  Cross-Compound 


Watts  Campbell  Co. 
Buckeye  Engine  Co. 
Geo.  H.  Corliss 


Thos.  Oakes&Co. 

Bloomlleld.N.  .1. 
Dayton  &  Troy  El.  Ry,  Co. 

Tippecanoe  City.  Ohio 
Pawtucket  Water  VVork.s 

Pawtucket.  R.  I. 


G.  A.  Oakes.  W.  M.  White 

Sargent  &  Lundy 

Wm.  Kent.  D.  S.  Jacobus 


1-20-03 
5-  6-02 
5-15-91 
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Makers 

Trans.  A.  S.  M.  E.  XIIT.  176 
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201       Corliss  I  slow   speed  imn  ping  engine)  Not  ascertained 


National  Transit  Co.  Lake- 
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Trans.  A  S.  M.  E.  XIV.  1340  24^  x  .'i4  x  54  x  36 
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TRIPLE  EXPANSION  CONDENSING  ENGINES-I.  P.  CYLINDERS 


1059.6     2.787 


HIGH  SPEED  SINGLE- VALVE,  NON-CONDENSING  ENGINES 


401  jPiston  valve.  Single  Cylinder 

402  [Single  valve.  Single  Cylinder 

403  iSingle  valve.  Single  Cylinder 


Two  Cylinder  Slide  Valve 
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SIMPLE  LOCOMOTIVE  ENGINES 


Schenectady  Loco.        Purdue  Univ..  Laboratory   W.  P.  M.  Goss 
Works  Lafayette,  Ind. 


'  'High  Steam  Pressures  in 
Locomotive  Service"  No. 
20-8-120 
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TABLE  4 

ndicator  Diagrams  Taken  From  Non-Jacketed  Steam  Engines 
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4- VALVE,  NON-CONDENSINO  ENGINES 
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Analysis  201  shows  an  application  the  conditions  of  speed 
and  cut-off  pressure  of  which  are  far  outside  of  the  limits  exam- 
ined. The  values  given  were  obtained  by  extrapolating  as 
straight  lines  the  lower  portions  of  the  curves  of  constant  value 
of  Xc  in  the  chart  of  Fig.  6.  Although  the  speed  is  only  27.66 
r.  p.  m.  and  the  cut-off  pressure  only  38.5  lb.  absolute,  the  value  of 
.Tc  by  chart  was  determined  as  0.-470,  while  the  value  by  test  is 
0. 508,  a  difference  of  7. 5  per  cent  based  on  the  test  value  of  Xr  .  This 
application  is  given  to  show  that  an  extrapolation  of  the  method 
to  unusual  conditions  of  speed  and  cut-off  pressure  does  not  lead 
to  absurd  results,  although  it  is  not  nearly  as  accurate  as  the  ap- 
plications to  speeds  higher  than  50  r.  p.  m. 

The  results  of  the  applications  made  up  to  the  present  time, 
with  the  restricting  conditions  imposed,  tend  to  show  that  the 
steam  consumption  of  engines  may  be  approximated  from  the  in- 
dicator diagram  to  within  an  average  difference  of  less  than  4 
per  cent  from  the  test  results.  Individual  examples,  however, 
may  show  as  much  as  8  per  cent  difference  in  rare  cases. 

16.  Directions  for  Applyiruj  the  Method  to  Engine  Testing. — The 
manner  of  applying  the  method  to  the  class  of  engines  tested  is 
best  illustrated  by  taking  an  actual  case  and  tracing  the  steps 
necessary  to  a  determination  of  the  steam  consumption.  It  is  to 
be  remembered  that  the  method  accounts  for  the  actual  weight 
of  steam  and  water  present  in  one  revolution  only  as  represented 
by  the  set  of  diagrams  analyzed. 

The  set  of  diagrams  to  be  analyzed  is  selected  in  different 
ways,  according  to  the  test  conditions.  If  the  load  on  the  engine 
to  be  tested  is  fairly  uniform,  and  if  the  average  steam  consump- 
tion over  a  period  of  time  be  desired,  one  set  of  diagrams 
taken  simultaneously  is  selected  after  the  manner  described  in 
detail  in  Appendix  3,  p.  97.  This  method  briefly  is  as  follows:  all 
diagrams  taken  over  a  period  of  time  at  equal  intervals  are  in- 
tegrated and  the  mean  effective  pressure  of  each  diagram  obtain- 
ed. The  combination  of  one  set  of  diagrams  is  sought  nearest  to 
the  average  mean  effective  pressure  and  taken  at  the  average 
steam  pressure.  This  set  is  taken  to  represent  the  mean  condi- 
tion of  power  and  is  the  set  to  be  analyzed.  If  the  load  is  ex- 
tremely variable,  the  diagrams  must  be  separated  into  groups  of 
similar  cut-off  values,  and  one  set  from  each  group  analyzed  as 
outlined  for  the  uniform  load  condition. 

If  it  be  desired  to  obtain  a  water-rate  curve,  the  engine  is 
operated  under  various  loads,  ranging  from  no-load  to  full-load. 
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and  one  set  of  diagrams,  taken  simultaneously  is  obtained  at  each 
load.  Each  set  is  analyzed  and  the  result  used  to  obtain  the 
usual  water-rate  curve.  In  this  case,  no  average  diagrams  are 
necessary  as  only  the  steam  consumed  at  each  load  is  desired. 

Ifc  is  now  assumed  that  the  set  of  diagrams  to  be  analyzed  is 
selected,  that  they  are  taken  from  a  single-cylinder  non-jacketed 
non-condensing  Corliss  engine,  28iin.  x  59Hn.,  the  engine  se- 
lected as  an  example  being  analysis  102  in  Table  4. 

Logarithmic  diagrams  of  both  indicator  diagrams  are  con- 
structed as  described  in  detail  in  Appendix  1.  The  average  value 
of  n  from  the  expansion  curves  of  the  head-end  and  crank-end 
diagrams  is  then  found  to  be  1.108,  and  the  average  cut  off  pres- 
sure 75  lb.  per  sq.  in.  absolute. 

The  next  step  is  to  examine  Fig.  6  and  locate  the  intersection 
of  the  vertical  line  for  the  value  of  7i  =  1.108  with  the  horizontal 
line  for  the  value  of  the  absolute  cut-off  pressure  of  75  lb.  This 
intersection  is  seen  to  be  half-way  between  the  "lines  of  constant 
quality"  of  0.79  and  0.80,  giving  a  value  of  0.795.  This  means 
that  the  steam  accounted  for  by  the  indicator  as  being  present  in 
the  clearance  and  displacement  spaces  up  '  to  cut-off  is  pres- 
ent ataquality  of  0.795,  or  that  it  contains  water  to  the  amount 
of  0.205. 

From  the  logarithmic  diagram,  it  is  found  that  the  head-end 
of  the  cylinder  contains  8.57  cu.  ft.  of  steam  at  the  average  cut- 
off pressure  of  75  lb.  absolute,  while  the  crank-end  contains  7.83 
cu.  ft.,  making  a  total  of  16.40  cu.  ft.  From  the  Marks  and  Davis 
steam  tables,  the  specific  value  of  steam  at  75  lb.  pressure  is  5.81 
cu.  ft.  per  lb.,  thus  accounting  for  2.822  lb.  of  dry  steam.  This 
weight  at  the  quality  of  0.795  equals  3.551  lb.,  the  total  weight 
of  steam  and  water  present  per  revolution .  In  a  similar  man- 
ner, from  the  logarithmic  diagram,  as  described  in  Part  II,  chap- 
ter X,  it  is  found  that  the  total  weight  of  dry  steam  retained  in 
the  compression  in  both  ends  equals  0.1671b.  This  compression 
steam  is  present  in  the  amount  accounted  for  at  cut-off  so  that  the 
net  weight  of  steam  passing  through  the  cylinder  per  revolution 
is  3.551—0.137,  or  3.384  lb.  As  the  engine  is  running  at  64.8  rev- 
olutions per  minute,  or  3888  revolutions  per  hour,  the  total  steam 
consumed  per  hour  equals  3888x3.384=13150  lb.  From 
the  diagrams,  the  indicated  horse-power  is  found  to  be  506.5,  thus 
the  steam  consumption  is  determined  at  25.96  lb.  peri.  h.  p. 
hour,  while  the  condenser  test  of  this  engine  from  which  these 
diagrams  were  taken  shows  a  steam  consumption  of  25.80  1b. 
per  i.  h.  p.  hour,  a  difference  of  0.6  percent. 
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IV.    Conclusions 

The  following  conclusions  have  been  drawn  from  the  results 
of  this  investigation,  as  applicable  to  non- jacketed  steam  cylin- 
ders in  good  condition  exhausting  at  or  near  atmospheric  pres- 
sure, and  with  the  limitations  imposed  as  given  in  Part  I. 

1.  At  a  given  initial  pressure  and  speed  of  engine,  there  is 
a  definite  relation  existing  between  Xc  and  n,  in  any  one  cylin- 
der, which  is  practically  independent  of  the  cut-off  position. 

2.  This  relation  is  practically  independent  of  cylinder  size 
and  of  engine  speed;  it  is  therefore  applicable  to  other  cylinders 
of  the  same  type. 

S  By  means  of  the  experimentally  detei'mined  relations  of 
Xe  and  n,  the  value  of  Xe  may  be  approximated  from  the  aver- 
age value  of  n  obtained  from  the  expansion  curves  of  one  set  of 
indicator  diagrams,  taken  simultaneously;  therefore  the  actual 
weight  of  steam  present  in  one  revolution  may  be  approximated. 

4.  The  actual  steam  consumption  may  be  obtained  by  this 
method  from  the  indicator  diagram  to  within  an  average  of  4  per 
cent  of  the  amount  consumed  as  measured  by  test. 

5.  This  method  has  the  following  advantages  not  possessed 
by  tests:  it  is  more  accurate  than  the  average  test,  and  is  the 
most  accurate  method  available  for  testing  certain  classes  of  en- 
gines; it  virtually  measures  an  instantaneous  rate  instead  of  an 
average  quantity  over  a  long  time,  and  thus  enables  a  large  num- 
ber of  points  to  be  obtained  for  a  water-rate  curve;  it  permits  of 
making  tests  at  fi-equent  intervals  instead  of  once  in  the  en- 
'^me's  life;  the  expense  is  not  to  be  compared  with  that  of  an 
equally  accurate  test;  it  involves  no  change  in  the  routine  of  the 
plant  tested. 

Part  II.    The  Logarithmic  Diagram  Applied  to  all 
Elastic  Media 

V.     The  Logarithmic  Diagram 

17.  Ihe  Indicator  Diagram  Plotted  on  Logarithmic  Cross-section 
Paper. — The  logarithmic  diagram  is  obtained  by  transferring  the 
indicator  or  PF- diagram  to  logarithmic  cross-section  paper.  The 
method  of  transfer  is  as  follows.  The  coordinates  of  the  PT'-dia- 
gram  are  proportional  to  pressure  and  stroke,  the  latter  being  pro- 
portional to  the  volume  displaced  by  the  piston.  The  coordinates 
ct  from  10  to  30  points  on  the   PT-diagram  are  found  in  terms  of 
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absolute  pressures,  preferably  in  lb.  per  sq,  in.,  and  of  absolute 
volumes,  preferably  in  cu.  ft.  These  points  are  plotted  on  log- 
arithmic cross  section  paper  and  are  connected  by  a  smooth 
curve,  forming  a  figure  which  will  be  called  the  logarithmic  dia- 
gram. Pig.  9  shows  the  logarithmic  diagrams  derived  from  the 
PI '-diagrams  of  Fig.  15. 
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18.  The  Form  of  Expansion  and  Compression  Curves  from  Prac- 
tice.— About  300  PF- diagrams  from  engines  using  steam,  gas,  air,, 
and  ammonia  have  been  examined  to  investigate  the  form  and 
character  of  the  expansion  and  compression  curves.  As  a  re- 
sult, it  may  be  stated  that,  free  from  certain  abnormal  influences, 
expansion  or  compression  of  an  elastic  medium  takes  place 
in  the  cylinders  of  reciprocating  engines  substantially  according 
to  the  law,  PV'^^C. 

19.  3Iathemaiical  Relations  of  tlte  Laic,  PT'«  =r.— The  equa- 
tion of  the  polytropic  curve,  PV"  —C,  when  plotted  on  rectangu- 
lar cross-section  paper,  gives  a  curve  depending  for  its  form  and 


CLAYTON— NK\V  ANALYSIS  OF  CYLINbKR  PERFORMANCE  31 

position  on  the  values  of  P,    V,  n,  and   C.     When  this  curve  is 
plotted  on  logarithmic  paper,  it  becomes  a  straight  line,  depend- 
ing for  its  slope  on  the  value  of  71  and  for  its  position  upon  the 
value  of  C.     The  relations  for  such  curves  follow. 
Given 

PV"  =  C 
Taking  the  logarithm  of  both  terms 

log  P  ^  n  log  V  —  log  0 
Transposing 

log  P=—n  log    1^4-  log  C (1) 

This  equation  is  of  the  form  of  the  straight  line 

y  ~  mx  +  b 
where 

y  =  log  P 
m  =  —71 
x  =  log  V 
h  =  log  C 
Thus   m=  —n,  the  slope;  or  measure  of  inclination    of   the 
line  to  the  axis,  log  V.     In  Fig.  9,  for  example,  at  a  point  X  on 
the  line 

log  P—  —  n  log  r  +  log  C, 
draw  OX  parallel  to  the  axis  log  P,  and  draw  OY  parallel  to  the 
axis  log  V.     The  slope  of  the  line  will  be  the  value  of  the  ratio 

OX 

^r— n.     OF  is  negative,  being  measured  to  the  left,  giving 

n  its  negative  sign. 

20.  Use  of  the  Logarithmic  Diagram. — The  logarithmic  dia- 
gram forms  the  basis  of  the  methods  of  analyzing  the  cylinder 
performance  of  reciprocating  engines  which  are  developed  in  de- 
tail in  the  following  pages.  These  methods  apply  only,  how- 
ever, to  the  logarithmic  diagrams  derived  from  the  cylinders  of 
reciprocating  engines  using  an  elastic  fluid  for  the  working  med- 
ium, and  having,  as  a  part  of  the  cj'cle  of  operation,  an  expan- 
sion, a  compression,  or  both.  The  figures  of  one  set  of  indicator 
diagrams  and  the  corresponding  set  of  logarithmic  diagrams  are 
numbered  the  same,  but  the  letters  a  and  ij  are  used  in  addition 
to  the  figure  number  to  denote  the  indicator  and  logarithmic  dia- 
grams, respectively. 
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VI.    Rational  Method  of  Approximating  Clearance 

21.  In  the  cases  of  the  Rreat  majority  of  the  PT -diagrams 
which  were  examined,  the  expansion  and  compression  curves  be- 
came straight  lines  in  the  logarithmic  diagram,  showing  that  the 
law  PV"^  =  G  was  applicable,  or  in  other  words,  that  7i  was  a  con- 
stant for  one  curve.  The  clearances  furnished  with  the  diagrams 
examined  had  been  carefully  found  by  the  displacement  method. 

It  was  desired  to  see  what  forms  the  lines  assumed  when  the 
clearance  was  taken  larger  or  smaller  than  the  measured  quan- 
tity. The  diagram  shown  in  Fig.  10«,  taken  from  a  42  in.  x  60  in. 
gas  engine,  was  used  for  this  purpose.  The  true  clearance,  mea- 
sured as  18.0  per  cent,  was  used  in  the  full  logarithmic  diagram 
of  Fig.  10b.  Trials  were  made  with  clearances  assumed  as  14.0, 
16.0,  20.0  and  22.0  per  cent  of  the  piston  displacement.  With  the 
true  clearance  of  18.0  per  cent,  the  curves  became  almost  perfectly 
straight  lines,  while  with  the  values  of  clearance  less  than  18.0 
per  cent,  it  is  seen  that  the  lines  become  bent  to  the  left,  and 
with  values  of  over  18.0  per  cent,  the  lines  become  bent  to  the 
right.  Hence  the  straight  line  for  the  value  of  18.0  per  cent  is  the 
transition  between  the  family  of  curves  bending  to  the  left,  rep- 
resenting a  clearance  smaller  than  the  real  value,  and  the  family 
of  curves  bending  to  the  right,  representing  a  clearance  larger 
than  the  real  value. 

The  practical  significance  of  this  fact  is  that  there  is  now 
available  a  rational  method  of  approximating  the  clearance  of 
any  cylinder  using  an  elastic  medium,  which  has,  as  a  part  of  the 
cycle  of  operation,  an  expansion  or  a  compression.  This  method 
is  based  on  the  fact,  already  mentioned,  that,  in  practice,  all 
elastic  media,  except  under  certain  exceptional  conditions,  obey 
substantially  the  law  PT'^  =  C,  when  subject  to  change  of  state, 
and  therefore  become  straight  lines  in  the  logarithmic  diagram. 

22.  Graphical  Method  of  Approximating  Clearance. — The 
graphical  method  of  approximating  clearance  requires  only  the 
scale  of  the  indicator  spring  to  be  known,  and  the  atmospheric 
line  to  be  drawn,  in  order  to  locate  the  zero  line  of  pressure.  The 
exact  order  of  procedure  necessary  to  make  a  trial,  and  the  de- 
gree of  accuracy  obtained  in  any  given  case,  is  shown  in  detail  in 
page  35  for  a  25t  in.  x  37f  in.  gas  engine.  All  that  is  necessary  is 
to  assume  different  values  of  clearance,  and  to  plot  the  logarithmic 
diagram  for  each  assumed  value.  The  straight-line  position  of 
the  curves  is  found  by  trial  and  error,  to  lie  between  the  two  di- 
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Fig.  lOa     (Scale— 160  lb.) 
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verging  families  of  curves  representing  too  small  and  too  large 
clearance. 

It  follows  also  from  the  curves  shown  by  Fig.  106  that  the 
clearance  being  known,  the  scale  of  the  spring  used  may  be  ob- 
tained in  the  same  manner  if  the  atmospheric  line  is  given. 

23.  Mathematical  Method  of  Approxiinating  Clearance. — The 
results  obtained  from  the  graphical  method  of  trial  and  error 
may  also  be  accomplished  by  the  use  of  the  purely  mathematical 
process  upon  which  the  method  depends. 

When  the  law  PV"  =  C  holds,  n  is  a  constant  for  any  part  of 
the  curve.  When  the  wrong  clearance  is  used,  the  law  PV"^  =  C 
does  not  hold,  and  n  varies  from  point  to  point.  In  the  graph- 
ical method,  trials  of  various  values  of  clearance  are  made,  until 
the  curve  becomes  approximately  a  straight  line;  this  resultant 
straight  line  is,  therefore,  the  law  PV'^  =  C,  in  which  n  is  a  con- 
tant  for  all  parts  of  the  curve.  The  one  condition  necessary  to  be 
fulfilled,  therefore,  is  that  n  be  constant  for  all  parts  of  the  curve, 
but  not  of  any  particular  value. 

24.  Application  of  the  JIathematical  Method. — To  illustrate  the 
use  of  the  mathematical  method  in  Fig.  106,  let  us  assume  several 
points,  PiVi,  P2V2,  PsVs,  and  PJ\  at  various  intervals  on  one  of 
the  curves,  as  on  the  compression  curve  at  the  clearance  value  14.0 
per  cent.  It  is  desirable  for  convenience  to  locate  the  points  at 
about  equal  intervals  as  shown.  The  law  PV"^  =  C  is  assumed  to 
hold.  Then,  for  two  points,  Pi  I '1  and  P2F2J  called  group  a,  we 
have 

P,JY  =  c 
P.J  .,"  =  c 


Equating  these,  we  obtain 
Transposing  and  dividing 


p,v,-  =  p,y 

M\  ^       P, 


Taking  logarithm  of  both  sides 

?i(log  V.2  -  log  I'l)  =  log  Pi  -  log  P2 
whence 

_  log  P]   -   log  P.2  f.x 

log  T2-  log  Fi 

In  the  same  manner  for  the  points  P3F3  and  P4T'4  called  group 
b,  we  obtain 

_  log  P-s  -  log  Pj  ^^^ 

log   1 4-  log  T3 


CLAYTON — ^NKW  ANALYSIS  OF  CYLINDER  PERFORMANCE  35 

For  the  correct  value  of  clearance,  the  following  condition  must 
be  fulfilled  by  trial  and  error 

na  =  lu (3) 

The  values  of  the  logarithms  of  the  coordinates  of  all  points 
are  then  found,  and  the  values  of  ??«  and  ?ij,  computed.  If  the 
points  are  located  in  the  order  shown,  then  with  too  small  a  clear- 
ance, Ha  is  lower  in  value  than  n  h-  A  larger  value  of  clearance 
is  then  assumed,  the  operation  being  merely  to  add  a  constant 
number  to  the  values  of  Fj,  P'o,  Fg,  and  \\.  The  process  is  re- 
peated until  the  value  of  Ua  becomes  practically  equal  to  7i6. 
When  the  clearance  is  assumed  too  large,  iia  becomes  higher  in 
value  than  ?i6  ,  indicating  that  the  true  value  has  been  passed. 

25.  Comparison  of  the  Two  Methods. — The  trial  by  the  mathe- 
matical method  is  neither  as  accurate  nor  as  short  as  the  graph- 
ical method.  It  is  not  as  accurate  because  the  points  assumed 
may  not  be  representative.  When  this  is  the  case,  the  graphical 
method  allows  jadgcneut  to  be  exercised  in  selecting  the  straight- 
line  position,  thereby  eliminating  irregularity  of  points. 

The  question  arises  as  to  whether  the  form  of  the  lines  due 
to  wrong  clearance  can  be  distinguished  from  the  form  due  to  leak- 
age or  to  "hooks",  on  the  logarithmic  diagram.  This  case  is 
treated  in  chapter  IX. 

The  curve  of  the  PF-diagram  nearest  the  clearance  space, 
or  the  compression  curve  in  Pig.  10&,  is  generally  the  better 
guide  in  the  graphical  trials.  This  is  well  shown  in  Fig.  10/>.  A 
given  difference  in  the  values  of  clearance  used  for  trial  causes 
more  horizontal  variation  in  the  position  of  the  compression 
curv^e  than  in  the  expansion  curve.  This  fact  allows  closer  lo- 
cations of  the  straight-line  transition  region  to  be  made  from  the 
compression  curve  than  from  the  expansion  curve. 

26.  Examples. — It  was  desired  to  determine  the  clearance 
of  the  diagram  shown  in  Fig.  11a.  From  general  knowledge  of 
this  class  of  engines,  a  trial  by  the  graphical  method  was  made 
in  Fig.  116  with  the  clearance  assumed  as  12.4  per  cent,  a  value 
purposely  assumed  as  being  too  small.  This  value  is  seen,  by  the 
bending  of  both  curves  to  the  left,  to  be  much  too  small.  Trials 
were,  therefore,  made  with  the  clearance  assumed  as  13.8,  15.1. 
and  16.0  per  cent  of  the  piston  displacement.  The  values  of  15.1 
per  cent  gave  practically  perfect  straight  lines  for  both  the  ex- 
pansion and  compression  curves,  while  the  value  of  16.0  per  cent 
shows  that  the  lines  have  begun  to  bend  to  the  right,  indicating 
too  large  a  clearance.     By  inspection,  it  will  be  seen  that   the  re- 


30 


ILLINOIS  ENGIXEERING    EXPERIMENT   STATION 


Fig.    \Ui 


500 
400 

300 
Z200 

u 
D- 

IQ 

-^  100 
lu  90 
80 


t 


tf)    70 


50 


5  40 


S    30 


■ 

:       1 

^A 

-   12.4 

f. 

'  ' '  1 

1 

X.S 

-   13.8 

% 

.  M 

i             __, 

^y^^c 

=    15.1 

t. 

1 

1 

Xy 

C^^^ 

=   \6.0 

1.\ 

1 

I 

! 

1 

lln 

^. 

1 

till 

"% 

1 

V^ 

N 

\ 

"^ 

k 

\ 

J 

t^ 

NN 

X       1 

1 

N 

v^  1 

j 

vvv  . 

( 

S  k 

\N  Sy 

ra 

^ 

K 

'    \ 

Vl  ' 

Mf| 

^^ 

1 

1     1 

r^ik       1 

] 

] 

^^ 

1 

i 

'    ^Sk. 

1 

t^ 

% 

1 

\ 

w 

; 

1 

1 

^ 

^   ' 

1 

1 

1 

1 

1  ^ 

\\         i 

I 

1    1 
1 

/ 

/^/ 

1 

\ 

\\\ 

, 

1 

T 

^k. 

i 

-I 

1.0 


£0 


2.0  3.0        4.0      S.0   6.0  ZO  6.0  9.010 

ABSOLUTE    VOLUME  -  CU.  FT.. 
Fig.  116.    Koerting  Four-cycle  25?^8-in.  x  37?s-in-.    Producer  Gas  Engine 


CLAYTON — NEW  ANALYSIS  OF  CYLINDFIK  PEUFOR.MANCE  37 

gion  of  fairly  straight  lines  may  be  located  as  lying  between  the 
values  of  about  l-l.S  per  cent  to  15.5  per  cent.  The  clearance  is, 
therefore,  selected  as  15.0  per  cent,  a  value  which  may  be  high 
or  low  by  not  more  than  4  per  cent  in  this  case.  This  clearance 
value,  15.0  per  cent,  is  a  common  value  for  engines  of  this  class. 
The  graphical  method  is  more  accurate  for  large  clearances, 
measured  in  per  cent  of  the  piston  displacement,  than  for  small 
ones.  The  closeness  of  location  of  the  straight-line  region,  lying 
between  the  two  families  of  diverging  curves,  will  be  found  to  be 
within  5  per  cent  to  10  per  cent  of  the  clearance  volume,  for  val- 
ues of  clearance  between  20  per  cent  and  2  percent,  respectively, 
of  the  piston  displacement. 

VII.     Rational  Method  of  Locating  the  Stroke 
Position  of  Cyclic  Events 

27.  It  is  often  desirable  to  know  at  what  part  of  the 
stroke  the  cyclic  events  occur.  This  knowledge  can  be  best  ob- 
tained from  the  PF-diagram.  For  ordinary  purposes,  these  events 
can  be  closely  located  in  most  cases  by  inspection  on  the  PT'-dia- 
grams  themselves;  thus,  on  a  diagram  from  a  Corliss  engine,  cut- 
off may  generally  be  located  to  within  1-16  in.,  measured  along 
the  length  of  the  diagram. 

The  actual  beginning  of  true  compression,  however,  can 
never  be  accurately  located  on  the  PF-diagram.  True  compres- 
sion, unaffected  by  leakage,  begins  after  the  exhaust  valve,  in 
closing,  has  acquired  enough  seal  to  prevent  leakage.  The  point 
of  the  beginning  of  true  compression  is  generally  at  least  5  lb. 
above  the  back  pressure.  The  point  at  which  leakage  ceases  can- 
not be  located  on  the  PF-diagram  because  the  curve  of  true  com- 
pression, and  the  curve  during  the  time  the  valve  has  insufficient 
seal,  are  of  the  same  direction  of  curvature,  and  are  not  reverse 
curves  as  in  the  general  case  of  admission  and  expansion. 

The  fact  that  expansion  and  compression  of  a  constant  weight 
of  medium  take  place  according  to  the  law,  PV^  =0,  thus  becom- 
ing straight  lines  in  the  logarithmic  diagram,  enables  us  to  locate 
cyclic  events  very  closely,  even  in  cases  where  they  cannot  be  de- 
tected at  all  in  the  PF-diagram. 

28.  Application. — An  example  is  shown  in  Fig.  23a,  contain- 
ing locomotive  PF-diagrams  taken  at  short  cut-off  and  high 
speed.  The  events  of  cut-off,  release,  compression,  and  lead 
are  very  difficult  to  locate  on  such  diagrams.      These    events 
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are  located  on  the  logarithmic  diagram  in  Fig.  23?>  by  noting 
when  the  expansion  and  compression  curves  become  straight,  in- 
dicating a  constant  weight  of  steam  mixture. 

A  sufficient  number  of  points  are  plotted  to  show  clearly  the 
direction  of  the  diagram  near  the  events  desired.  Thus  these 
events,  even  though  obscure  in  the  PF- diagram,  may  be  located 
to  well  within  about  1-16  in.  in  the  logarithmic  diagram,  this 
length  being  equivalent  to  about  1-32  in.  when  re-transferred  to 
the  PT- diagram  itself. 

The  use  of  this  method  has  one  great  advantage  in  that  it 
largely  eliminates  the  variable  element  of  personal  judgment.  It 
is  a  common  occurrence  to  see  PT'-diagrams  where  two  persons 
have  located  an  event  such  as  cut-off,  s  in.  apart,  each  location  be- 
ing the  best  judgment  of  the  person  doing  the  work.  The  loga- 
rithmic diagram  will  at  all  times  give  closer  locations  of  events 
for  these  reasons  than  will  the  PT'-diagrams. 

The  method  also  allows  the  point  of  true  compression  to  be 
located,  the  location  of  which  is  practically  impossible  in  thePV- 
diagram. 

VIII.     Rational  Method  of  Detecting  Leakage 

The  law  PV"^  =  C  is  applicable  only  to  cases  where  the  weight 
of  the  working  medium  remains  practically  constant  during  any 
expansion  or  compression.  When  this  weight  changes  materially, 
either  by  leakage  into,  or  out  from,  the  cylinder  containing  the 
medium,  the  resulting  expansion  or  compression  no  longer  obeys 
the  law,  and  it  becomes  a  curve  on  logarithmic  cross-section 
paper.  This  fact  is  very  clearly  shown  in  the  curves  of  the  log- 
arithmic diagram  derived  from  cylinders  in  which  large,  leaks 
were  known  to  exist. 

29.  Examples  of  Knoivn  Leakage,  (a)  Gas  Engine. — The 
first  case,  shown  in  Fig.  12&,  occurred  in  a  10  in.  x  19  in.  gas 
engine,  intended  for  producer  gas,  but  using  illuminating  gas 
at  high  compression.  The  piston,  a  single-acting  trunk  type, 
allowed  a  large  leak,  clearly  detected  by  the  noise  of  escaping 
gas,  at  the  beginning  of  the  stroke.  Both  the  compression  and 
expansion  curves  show  the  effect  of  this  leak  in  a  clear  manner 
when  transferred  to  the  logarithmic  form.  After  that  portion  of 
the  stroke  was  reached  where  no  sound  of  leakage  was  heard,  the 
two  curves  became  straight  lines.  This  indicated  very  clearly 
that  the  effect  of  leakage,  if  appreciable,  may  be  detected  in   the 
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form  of  the  curves  of  the  logarithmic  diagram. 

(&J  Steam  Engine.— The  second  case,  shown  in  Fig.  136,  is 
from  a  14  in.  x  35-in.  Corliss  engine.  The  knowledge  of  the  leaky 
condition  of  the  piston  and  valves  came  from  the  engineer  in 
charge. 

The  expansion  and  compression  lines  indicate  by  their  form 
at  the  upper  ends,  a  large  leak  from  the  cylinder,  or  through  the 
exhaust  valve.  The  lines  also  sho'^^  by  the  rising  of  the  curves 
at  the  lower  ends,  a  considerable  addition  to  the  steam  in  the 
cylinder  during  expansion  and  compression.  This  steam  could 
come  only  from  a  large  leak  in  the  steam  valve.  The  seven  other 
diagrams  taken  from  this  same  engine  all  show  the  effect  of  leak- 
age in  a  similar  manner. 

(c)  Ammonia  Compressor. — The  third  case  of  known  leakage , 
shown  in  Pig.  lAb,  is  from  an  11  i  in.  x  22-in.  double-acting  am- 
monia compressor.  This  cylinder  was  known  to  be  in  very  bad 
condition  as  regards  wear  and  leakage  of  piston  and  valves.  The 
re-expansion  curves,  by  the  enormous  amount  of  re-expansion 
shown,  indicate  large  leakage  into  the  cylinder  during  this  oper- 
ation. The  lower  part  of  the  compression  curves,  by  rising,  in- 
dicates leakage  into  the  cylinder,  either  past  the  piston  or 
through  the  discharge  valves.  The  upper  part  of  these  curves 
indicates  leakage  from  the  cylinder,  either  past  the  piston  or 
through  the  suction  valves.  These  three  examples  show  abnor- 
mal conditions  which  are  comparatively  rare. 

Very  smooth  curves  may  be  obtained  in  the  PF-diagram  even 
if  there  is  large  leakage  taking  place.  This  is  seen  by  referring 
to  Fig.  13a,  both  the  expansion  and  compression  curves  being 
fairly  regular.  The  logarithmic  diagram,  however,  shows  clear- 
ly, in  connection  with  the  discussion  and  the  examples  shown, 
that  large  leakage  of  two  kinds  was  taking  place  during  expan- 
sion and  compression.  Leakage  which  occurs  during  admission 
or  during  exhaust  has  no  effect  upon  the  lines  of  the  diagram  as 
the  weight  of  the  medium  is  continually  changing. 

30.  Method  of  Detecting  Leakage.— It  is  seldom  found, 
when  leakage  occurs  in  a  cylinder,  that  only  one  source  of  leak- 
age exists.  Leakage  is  usually  the  result  of  wear,  which  affects 
most  of  the  possible  sources  of  leakage  in  about  an  equal  propor- 
tion. As  a  result,  several  leaks  are  generally  affecting  the 
curves.  This  is  the  case  in  Fig.  13&  and  14&.  In  Fig.  13?), 
leakage  was  taking  place  both  into  and  out  from  the  cylinder. 

In  discussing  leakage,  it  must  be  kept  in  mind  that  difference 
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Fig.    lin    (Scale  — 168  lb.  ) 
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in  pressure  between  two  regions  is  the  cause  of  this  phenomenon. 
In  the  steam  engine,  there  are  three  pressures  which  must  be 
considered,  i.  e.,  the  pressure  in  the  steam  chest,  in  the  cyhnder 
at  the  point  discussed,  and  in  the  exhaust  passage.  Leakage, 
being  due  to  difference  of  pressure,  becomes  material  only  when 
this  difference  becomes  considerable.  Thus  leakage  into,  or  out 
from  a  steam  cylinder  has  been  found  to  occur,  in  most  cases,  only 
when  the  pressure  difference  is  over  about  20  lb.  In  Fig.  13&,  the 
leakage  into  the  cylinder,  shown  by  the  lower  parts  of  the  lines, 
begins  to  occur  at  about  25  lb.  absolute,  or  35  lb.  lower  than  the 
pressure  at  admission.  The  leakage  out  from  the  cylinder, 
shown  by  the  upper  parts  of  the  lines,  ceases  to  occur  at  a  pres- 
sure of  about  40  lb.  absolute  for  the  expansion  curve,  and  be- 
gins to  occur  at  about  25  lb.  absolute  for  the  compression  curve. 
The  difference  of  pressure  between  the  steam  in  the  cylinder  and 
that  in  the  exhaust  passage  is  about  H5  lb.  in  the  first  case,  and 
about  20  lb.  in  the  second  case. 

31.     Division   of    the   Lines  of  Expansion  and    Compression.— 
This  fact,  found  on  many  diagrams  analyzed,  enables  us  to  divide 
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the  expansion  and  compression  lines  roughly  into  three  eqnal 
parts  on  the  logarithmic  diagram  (when  these  lines  extend  from 
the  initial  pressure  to  nearly  the  back  pressure):  (1)  the  upper 
third,  influenced  by  leaks  out  from  the  cylinder;  (2)  the  middle 
third,  practically  uninfluenced  by  leakage;  i?>)  the  lower  third,  in- 
fluenced by  leakage  mto  the  cylinder.  Thus  fairly  reliable  values 
of  n,  free  from  the  effect  of  leakage,  may  be  obtained  from  the 
middle  third  of  the  lines, 

Retui'ning  to  Fig.  136,  both  the  lines  indicate  leaks  out  from 
the  cylinder.  This  can  occur  either  past  the  piston  or  through 
the  exhaust  valves.  The  piston  generally  becomes  leaky  sooner 
than  Corliss  exhaust  valves,  and,  in  this  particular  engine,  one 
of  the  piston  rings  was  found  to  be  broken  upon  examination. 
When  diagrams  from  both  ends  of  the  cylinder  are  available,  pis- 
ton leakage  causes  nearly  an  equal  effect  on  the  expansion- 
curves  of  both  ends.  The  leakage  into  the  cylinder  can  come 
from  only  one  source  which  can  influence  the  curves,  i.  e.,  the 
steam  chest.  The  effect  of  this  leak  is  seen  in  both  lines  in  the 
lower  thirds. 

In  Fig.  14&,  both  forms  of  leakage  are  shown  in  the  ammo- 
nia compression  curves.  The  lower  thirds  show  leakage  into  the 
cylinder,  either  through  the  discharge  valves  or  past  the  piston. 
The  upper  thirds  of  the  lines  show  large  leakage  from  the  cyl- 
linder,  caused  by  the  condition  of  either  the  suction  valves  or  the 
piston.  Ordinarily,  it  is  not  possible  to  distinguish  between  two 
leaks  occurring  in  the  same  third  of  the  curves. 

32.  Approximation  of  the  Volume  That  Leaked. — Fig.  126 
is  an  example  where  only  one  kind  of  leakage  is  present.  Here, 
the  piston  alone  leaked  badly  at  the  commencement  of  the  stroke. 
The  effect  of  this  leak  is  seen  in  the  upper  third  of  both  lines. 

When  only  one  kind  of  leakage  exists,  it  is  possible  to  com- 
pute with  fair  accuracy  the  volume  of  leakage  taking  place  dur- 
ing expansion  or  compression.  The  lines  are  extended,  as  shown 
in  Fig.  126,  giving  the  lines  of  constant  weights  of  the  medium. 
The  volume  of  gas  that  had  leaked  during  compression,  up  to 
100  lb.  absolute  pressure,  is  then  seen  to  be  0.014  cu.  ft.,  or  6.3 
percent  of  the  volume  remaining.  The  volume  of  gas,  measured 
at  the  pressure  of  450  lb.  absolute,  that  leaked  after  combustion 
during  expansion,  is  seen  to  be  0.032  cu.  ft.,  or  18.7  per  cent  of 
the  volume  remaining  after  the  leakage  stopped. 

The  leakage  that  took  place  during  combustion  at  the  end  of 
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the  stroke  cannot  be  computed,  but  it  can  be  estimated  by  mak- 
ing the  assumption  that  tliis  leakage  was  proportional  to  the 
mean  rate  of  leakage  shown  by  the  two  curves,  and  that  its  dura- 
tion was  the  time  interval  occurring  between  the  point  A  and  the 
point  B. 

The  important  result  that  is  attained  by  this  method  is  not, 
however,  the  approximation  of  leakage,  but  the  knowledge  that  it 
is  taking  place,  so  that  it  can  be  located  and  stopped. 

33.  The  Use  of  the  Met/iod  in  Testing  for  3Iaximum  Economy. — 
Many  engines  are  sold  and  their  prices  fixed  on  the  basis  of  their 
test  performances.  The  importance  to  themanufacturer  of  being 
able  to  eliminate  leaks  during  this  test  does  not  have  to  be  em- 
phasized. The  engineer  in  charge  of  the  test  should  know 
whether  or  not  the  engine  is  tight  under  regular  operating  con- 
ditions. All  of  our  present  knowledge  of  leakage  is  an  in- 
ference drawn  from  the  leakage  "standing".  Nobody  knows 
whether  an  engine  that  is  tight  ''standing"  leaks  when  in  opera- 
tion, or  vice-versa.  This  method  should  be  applied  to  all  engines 
about  to  undergo  any  test  where  maximum  economy  is  the  object 
desired. 

34.  Knoiuledge  as  to  When  General  Repairs  of  the  Cylinder  and 
Valves  Are  Necessary. — Leaks  are  caused  by  wear,  poor  design,  and 
accidents.  The  accidents  include  scoring  of  cylinders  and  valves, 
cutting  of  valves,  and  cracks  in  the  cylinder.  Most  leakage  is 
the  result  of  wear  and  tear  due  to  long  and  hard  use.  After  the 
wear  and  tear  has  become  marked,  it  is  the  custom  to  rebore  the 
cylinder  and  to  resurface  the  valves  and  valve  seats. 

Several  methods  are  in  use  for  determining  when  general 
repairs  are  necessary  for  steam  cylinders.  One  of  these  methods 
is  to  judge  the  time  from  the  general  appearance  of  the  parts  on 
inspection.  Cylinders  are  rebored  by  some  engineers  when  they 
have  worn  "out  of  round"  by  a  given  amount.  In  small  plants, 
the  most  general  method  seems  to  be  to  wait  until  the  leakage  is 
so  large  as  to  become  clearly  noticeable  either  by  the  reduced 
capacity, of  the  unit,  or  by  the  effect  upon  the  coal  pile.  Some 
railroad  cDcnoanies  overhaul  the  cylinders  and  valves  of  locomo- 
tive cylinders  at  regular  intervals  of,  for  instance,  150  000  miles 
of  travel.  Some  cylinders  in  stationary  plants  are  rebored  at 
equal  time  intervals  of  some  four  or  five  years  each. 

As  a  pure  question  of  economy,  other  things  not  considered, 
general  repairs  of  cylinder  and  valves  should  take  place  when  the 
extra  annual  cost  of  f  ael  and  water  due  to   leakage   equals   the 
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annual  interest  on  the  money  necessary  for  general  repairs.  The 
total  cost  of  general  repairs  is  composed  of  several  items:  the  ac- 
tual cost  of  the  repairs,  the  cost  of  losing  the  unit  from  service, 
the  interest  on  the  cost  of  the  extra  capacity  that  may  have  to  be 
installed  to  take  the  load  when  units  are  out  of  service,  and  the 
interest  on  the  money  invested  in  the  unit  out  of  service. 

The  existing  methods  of  determining  when  general  repairs 
are  necessary  are  not  standardized  as  regards  economy,  and  the 
personal  judgment  of  the  man  making  the  decision  may  be  liable 
to  great  variation.  The  method  of  detecting  leakage  from  the  lo- 
garithmic diagram  offers  a  more  rational  solution  of  this  impor- 
tant question. 

35.  Leakage  of  Engines. — The  results  of  an  analysis  made  in 
connection  with  this  investigation  by  means  of  logarithmic  dia- 
grams of  296  fT'- diagrams  taken  from  the  cylinders  of  47  engines 
indicate  that  the  majority  of  engines,  in  good  condition,  are  prac- 
tically tight  as  regards  leakage  into  or  out  from  the  cj^linder. 

IX.  Interpretation  of  the  Logarithmic  Diagram 

In  the  discussions  upon  the  effect  of  wrong  clearance,  leakage, 
and  excessive  condensation  upon  the  lines  of  the  logarithmic 
diagram,  it  was  assumed,  for  the  sake  of  clearness,  that  only  one 
of  these  effects  existed  at  one  time.  The  examples  were  selected 
so  as  to  illustrate  only  one  of  these  effects  in  each  case. 

Cases  occur  where  se^  eral  of  these  effects  exist  at  one  time 
in  the  same  diagram.  The  separation  of  one  effect  from  another 
is  not  an  exact  process.  However,  the  character  of  the  curves 
showing  excessive  condensation,  wrong  clearance,  and  leakage  is 
quite  different.  For  instance,  wrong  clearance  affects  the  lines 
throughout  their  length.  Excessive  condensation,  in  the  cases  of 
the  steam  diagrams  examined,  always  affects  only  the  upper  parts 
of  the  curves.  Leakage,  as  has  been  mentioned,  affects  ma- 
terially only  the  upper  and  lower  thirds  of  the  lines,  where  these 
lines  extend  from  the  initial  pressure  to  nearly  the  back  pres- 
sure. When  excessive  condensation  and  large  leakage  exist  to- 
gether, no  close  approximation  of  the  clearance  can  be  made. 

An  adequate  treatment  of  the  segregation  of  these  various 
effects,  when  found  together,  is  beyond  the  scope  of  this  bulletin. 
The  treatment  is  long  and  complicated.  It  has  been  found,  how- 
ever, that  experience  in  the  use  of  logarithmic  diagrams  enables 
one  to  separate  these  effects  qualitatively,  in  some  cases,  from 
the  form  of  the  expansion  and  compression  curves . 
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The  logarithmic  diagram  is  more  useful  for  analysis  than  any 
other  form  of  diagram  because  of  the  natural  limitations  of  the 
human  mind.  We  do  not  possess  the  power  to  distinguish  be- 
tween curves.  We  are,  however,  able  to  see  clearly  the 
difference  in  these  curves  after  they  have  been  transformed  into 
straight  lines,  which  fact  alone  makes  these  new  methods  of 
analysis  possible.  We  are  now  enabled  in  their  straight-line 
form,  to  comprehend  curves  which  we  have  always  seen,  but 
could  not  distinguish  one  from  another  in  their  original  form. 

X.    Common  Errors  Made  In  Analyzing  Steam  Indicator 

Diagrams 

36.  The  Use  of  the  Equilateral  Hyperbola  as  a  Standard  of 
Comparison. — The  values  of  n  for  the  expansion  curves  of  steam 
indicator  diagrams  are  not  closely  constant  but  are  subject  to  a 
very  wide  range  of  variation.  The  range  of  variation  found  in 
the  present  investigation  is  from  0.70  to  1.34. 

The  range  of  values  in  the  engine  tested  was  from  0.835  to 
1.234.  The  average  values  were  0.947  for  the  tests  run  with  sat- 
urated steam,  1.056  for  the  tests  run  with  superheated  steam,  and 
1.004  for  all  tests. 

The  values  of  n  for  most  engines  of  ordinary  size  using  sat- 
urated steam  at  normal  cut-off  is  between  0.95  and  1.05,  while  for 
superheated  steam,  the  range  is  usually  from  1.00  to  1.30.  For 
saturated  steam,  the  value  ot  n  =  1.0  is  about  an  average  value. 

The  explanation  of  the  value  n  —  1.0  can  be  seen  from  the 
results  of  the  tests  given  on  pp.  11  and  20.  The  only  meaning 
that  the  average  value  of  7i  =  1  ever  possessed  is  that  the  av- 
erage value  of  Xc  ,  in  the  class  of  engines  examined,  lies  in  the 
range  between  0.60  and  0.70. 

The  law  of  Bojie  or  Mariotte,  or  the  law  of  isothermal  ex- 
pansion of  a  perfect  gas,  has  no  bearing  of  any  kind  whatsoever 
on  the  expansion  of  steam  in  a  cylinder.  The  equilateral  hyper- 
bola sometimes  occurring  in  steam  cylinders  is  only  a  special 
case  of  expansion  according  to  the  poly  tropic  law  Fy^=  C,  while 
Boyle's  law  is  another  special  case  which  never  occurs  in  steam 
engine  practice. 

Because  of  the  agreement  in  form  between  Boyle's  law  and 
the  equilaterial  hyperbola  (the  special  case  of  the  law,  PV'^^^  C, 
where  n  ~  1.0),  this  latter  curve  has  been  called  the  ideal  or 
theoretical  curve  of  expansion  to  which   curves   in   practice  are 
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supposed  to  approach  as  a  measure  of  practical  perfection  in  the 
use  of  steam.  The  equilateral  hyperbola  is  in  no  sense  whatso- 
ever an  ideal  or  theoretical  curve,  and  its  use  for  the  purposes  of 
comparison  is  an  empirical  or  arbitrary  convention  only.  It 
should  be  called  the  conventional  expansion.  It  has  ever  been 
contended  that  because  an  expansion  curve  did  not  coincide  with 
the  equilateral  hyperbola,  some  grave  fault  exists  in  the  engine. 
A  value  of  n  may  be  as  low  as  0.60  with  no  graver  fault  than  very 
excessive  initial  condensation,  while  a  value  of  1.35  maybe  found 
from  no  graver  fault  than  that  of  using  steam  superheated 
about  250°  P. 

The  only  rational  use  of  applying  the  equilateral  hyperbola 
to  steam  PT-diagrams  is  to  act  as  a  guide  to  see  whether  n  is 
greater  or  less  than  1.0.  If  the  actual  curve  is  not  close  to  this 
hyperbola,  if  no  faults  exist,  and  if  the  cylinder  is  nonjacketed, 
then  this  fact  means  that  the  value  of  Xc  for  the  case  examined 
is  less  than  about  0.60  or  greater  than  about  0.70.  The  assump- 
tion that  rt  =  1.0  as  a  standard  of  expansion  is  equivalent  to  as- 
suming that  the  value  of  occ  is  standard  at  about  0.65;  however,  no 
engineer  would  seriously  propose  that  the  value  of  av  of  0.65 
should  be  selected  as  a  standard  of  economy.  The  elaborate 
theory  of  analj'sis  built  on  the  assumption  that  ?/  =  1.0  is  the 
natural  result  of  the  use  of  averages  in  any  art  where  the  actual 
facts  have  never  been  investigated. 

The  use  of  the  equilateral  hyperbola  to  predict  the  form  of 
PF-diagrams  for  the  purposes  of  design  is  satisfactory  in  the 
case  of  ordinary  sizes  of  engines  using  saturated  steam.  When 
steam  superheated  over  100°  F.  is  used,  the  value  of  n  should  be 
assumed  at  between  1.10  and  1.25.  The  high  values  of  n  ob- 
tained with  highly  superheated  steam  in  large  engines  alter 
materially  the  division  of  work  and  the  tangential  forces  acting 
from  those  obtained  when  n  is  assumed  to  be  1.0.  This  fact 
should  be  considered  in  the  design  of  engines  to  use  superheated 
steam. 

The  use  of  the  equilateral  hyperbola  to  obtain  the  ratio  known 
as  the  "diagram  factor"  has  no  rational  basis,  but  its  use  for 
this  purpose  gives  results  which  are  valuable  for  the  purpose  of 
design. 

37  The  Graphical  Method  of  Approximating  the  Clearance.  If 
n  has  the  value  1 .0  on  a  PF-diagram,  the  clearance  may  be  found 
by  locating  the  zero  of  volume  on  the  zero  line  of  pressure.  This 
process  is  performed  graphically  by  reversing  the  method  used 
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in  constructing  the  equilateral  hyperbola. 

In  actual  expansions,  however,  n  is  almost  never  exactly 
equal  to  1.0,  but  is  greater  or  less  as  already  explained.  The  ac- 
curacy of  the  result  by  this  method  is  dependent  on  how  close  the 
value  of  ?i  approximated  1.0.  The  clearance  obtained  by  this 
method  may  be  as  much  as  100  per  cent  larger  or  smaller  than 
the  actual  clearance  volume  in  ordinary  cases,  while  errors  of  25 
per  cent  and  50  per  cent  are  very  common.  Where  errors  of 
this  size  are  possible,  the  method  is  of  no  use  for  important  work. 

A  rational  method  of  approximating  the  clearance  cannot  be 
based  upon  the  assumption  that  n  =1.0,  but  only  upon  the  fact 
that  it  be  of  a  constant  value,  the  value  itself  being  immaterial. 

38.  Combined  Steam  Indicator  Diagrams. — Very  little  of  value 
is  obtained  from  the  combined  PF-diagrams  of  steam  engines, 
except  the  measure  of  the  diagram  factor  for  the  purpose  of 
design. 

One  of  the  uses  that  has  been  made  of  the  combined  diagram 
is  to  see  whether  continuity  of  expansion  exists.  It  has  been 
assumed  by  various  writers  that  continuity  of  expansion  should 
exist. 

A  study  of  the  relations  of  Xc  and  n  shows  that  continuity  of 
expansion  does  not  and  should  not  exist  except  under  very 
special  conditions. 

39.  Division  of  Feed  for  Applying  Eirn's  Analysis. — One  of  the 
requirements  of  Hirn's  analysis  is  that  we  know  exactly  how 
much  steam  was  admitted  to  each  end  of  a  cylinder.  These 
amounts  are  not  usually  equal  in  practice,  so  an  assumption  must 
be  made  to  cover  the  needs  of  the  case. 

The  usual  assumption  is  to  divide  the  feed  between  each  end 
of  a  cylinder  in  the  ratio  of  the  values  of  the  mean  effective  pres- 
sure shown  by  the  PF-diagrams  from  the  two  ends.  This  as- 
sumption is  probably  not  far  from  the  actual  division  in  most 
cases,  and  is  the  best  that  can  be  done  under  the  circumstances. 

In  the  light  of  the  facts  presented  in  this  investigation,  this 
feed  may  now  be  divided  on  a  more  rational  basis.  It  has  been 
found  that  the  presence  of  the  piston  rod  in  only  one  end  of  the 
cylinder  has  no  appreciable  effect  upon  the  value  of  n.  This  fact 
enables  us  to  divide  the  feed  according  to  the  volumes  filled  and 
the  values  of  Xc  as  determined  by  the  resulting  values  of  ?i.  This 
method  is  believed  to  be  the  closest  solution  obtainable  in  the 
case  where  the  supply  for  each  end  of  the  cylinder  cannot  be 
separately  measured. 
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40.  Computing  the  Weight  of  Steam  Retained  in  Compression. — 
A  carefully  made  investigation  indicates,  ^  when  saturated  steam 
is  used,  that  the  steam  in  the  cylinder  is  dry  or  even  very  slight- 
ly superheated  at  the  closure  of  the  exhaust  valve.  As  shown 
by  the  logarithmic  diagrams,  leakage  of  the  steam  in  compression 
continues  until  the  exhaust  valve,,  in  closing,  has  acquired  con- 
siderable seal. 

The  point  which  is  selected  to  compute  the  volume  of  steam 
retained  in  compression  generally  lies  between  the  points  A  to  B, 
and  C  to  Z)  of  Pig.  9.  As  the  weight  of  steam  retained  is  yet  de- 
creasing, the  point  selected  nearly  always  accounts  for  more 
steam  than  was  actually  retained.  In  other  words,  we  do  not  find 
the  value  of  Xc  to  be  as  high  as  it  actually  is. 

The  following  method  shown  in  Fig.  9  has  been  adopted  in 
the  present  investigation.  The  straight  line  of  the  compression 
curve  on  the  logarithmic  diagram,  or  the  line  of  constant  weight 
of  steam  mixture,  is  prolonged  dotted  as  shown  to  the  back  pres- 
sure. The  intersection  of  this  prolonged  line  with  the  back  pres- 
sure line  extended  is  taken  as  the  volume  of  dry  steam  retained 
in  compression. 

This  method  almost  always  gives  less  steam  retained  in  com- 
pression than  the  ordinary  method,  and  is  believed  to  be  rational 
in  the  present  state  of  knowledge  of  this  subject. 

XL     Conclusions 

1.  The  indicator  diagram,  taken  by  means  of  a  correct  re- 
ducing motion  and  with  a  reliable  indicator,  contains  the  evidence 
necessary  for  a  complete  and  useful  analysis  of  cylinder  perform- 
ance. 

2.  The  logarithmic  diagram,  derived  from  the  indicator 
diagram,  discloses  a  new  and  complete  analysis  of  cylinder  per- 
formance. 

3.  Free  from  the  influences  of  leakage,  wrong  clearance, 
wrong  location  of  the  line  of  zero  pressure,  and  excessively  low 
speed  (principally  in  steam  engines),  expansion  or  compression 
of  an  elastic  medium  takes  place  substantially  according  to  the 
law,  PV"  =  C 

4.  The  clearance  of  cylinders  may  be  found  by  graphical 
trial  on  logarithmic  cross-section  paper  to  within  5  per  cent  to  10 
per  cent  of  the  clearance  volume,  depending  as  the  clearance  it- 


'  George  Duchesne.  Revue  de  Mecanique,  July,  1899.  quoted  in  Power,  (Jan.  10,  1911.  P.  71). 
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self  varies  from  20  per  cent   to  2  per  cent,  respectively,  of  the 
piston  displacement. 

T  Tae  cyclic  events,  even  though  entirely  obscure  in  the 
indicator  diagram,  may  be  located  on  the  logarithmic  diagram 
(when  plotted  on  logarithmic  paper  of  5  in.  per  square)  to  within 
iV  in- 5  this  quantity  being  the  equivalent  of  about  s\  in.  when  re- 
transferred  to  the  indicator-diagram. 

6.  Leakage  (if  appreciable)  may  be  reliably  detected  from 
the  logarithmic  diagram,  and  may,  in  some  cases,  be  approximated 
in  volume. 

7.  The  weight  of  steam  retained  in  compression  should  be 
obtained  from  the  logarithmic  diagram  by  prolonging  the  line  of 
constant  weight  of  steam  mixture  to  the  back  pressure  line  ex- 
tended; the  intersection  of  these  two  extended  lines  is  the  volume 
of  steam  which  is  retained. 
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THE  LOGARITHMIC  DIAGRAM 
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APPENDIX    1 

Method  of  Constructing  the  Logarithmic  Diagram 

1.  Description  of  Logarithmic  Cross- section  Paper. — Logarithmic 
cross-section  paper  differs  from  rectangular  cross-section  paper 
in  that  the  distances  from  the  origin  are  proportional  to  the  log- 
arithms of  the  numbers  to  be  plotted  instead  of  to  the  nmmbers 
themselves.  This  system  of  coordinates  gives  an  uneven  scale 
similar  to  that  on  a  slide  rule.  The  numbers  of  the  divisions  on 
logarithmic  paper  are  placed  opposite  the  lines  corresponding  to 
their  logarithms,  as  on  a  slide  rule,  instead  of  to  the  values  of  the 
logarithms  of  the  numbers.  This  fact  aids  in  plotting,  as  the  log- 
arithms are  employed  without  having  to  ascertain  their  values. 

The  logarithmic  cross  section  paper  used  in  this  investigation 
consists  of  four  squares  arranged  two  each  way.  These  squares 
are  five  inches  each  way,  making  the  four  squares  together  ten 
inches  each  way.  The  use  of  four  squares  enables  values  to  be 
plotted  ranging  from  0.1  to  10.0,  1.0  to  100.0,  etc.,  thus  giving  a 
range  of  ten  times  the  values  obtainable  if  only  one  square  were 
used. 

2.  Construction  of  the  Logarithmic  Diagram. — The  coordinates 
of  the  PF-diagram  are  proportional  to  pressure  and  stroke,  the 
latter  being  proportional  to  the  volume  displaced  by  the  piston. 
The  coordinates  of  several  points  on  the  PF-diagram  are  found  in 
terms  of  absolute  pressures,  preferably  in  pounds  per  square  inch, 
and  absolute  volumes,  preferably  in  cubic  feet.  The  scale 
of  units  employed  is  not  material  as  long  as  it  starts  at  the  line  of 
zero  pressure,  or  of  zero  volume.  However,  the  units  are  more 
easily  manipulated  afterwards  if  they  are  the  same  as  those  in 
the  steam  tables. 

The  method  of  transferring  the  PF-diagram  to  the  logarith- 
mic form  is  described  in  detail  for  the  diagrams  of  test  30,  given 
in  Fig.  15.  The  method  of  drawing  the  pressure  ordinates  is 
shown  on  Fig.  15,  crank  end.  The  diagram  is  shown  in  outline  by  AB 
YX.  Perpendiculars  QE  and  EX  are  drawn  to  the  atmospheric  line 
LQ,  and  pass  through  the  extreme  stroke  positions  of  the  diagram. 
The  distance  EQ  is  then  the  length  of  the  diagram.  OM is  laid  off 
perpendicular  to  the  atmospheric  line  EQ  (extended)  which  was 
drawn  by  the  indicator  pencil,  OM  is  the  line  of  zero  volume,  and 
is  drawn  at  a  distance  FE  from  the  admission  end  EX  of  the  di- 
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agram,  the  distance  FE  being  the  same  length  in  per  cent  of  the 
line  EQ,  or  length  of  the  diagram,  as  the  proportion  that  the  per 
cent  of  clearance,  or  waste  space,  of  the  cylinder  bears  to  the  pis- 
ton displacement.  In  this  case,  the  length  of  the  diagram  is  3.99 
in. ,  and  the  clearance  is  7 . 0 1  per  cent.  The  length  FE  is  therefore 
0.0704  X 3. 99,  or  0.281  in.  OiVis  the  line  of  zero  pressure  and  is 
drawn  a  distance  FO  below  the  atmospheric  line,  to  the  scale  of  the 
spring  used  in  obtaining  the  P I  -diagram.  This  distance  is  propor- 
tional to  the  barometer  reading,  corrected  for  temperature,  pre- 
vailing at  the  day  and  place  of  the  engine  test.     In  this  case,  the 
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corrected  barometer    reading   is   14.2   lb.    per  sq.   in.   absolute, 

14  ^ 
hence,  the  distance  FO  is  ^  '"  ,  or  0.180  in. 

Prom  ON,  points  are  laid  off  on  QR  and  ^X corresponding  to  the 
absolute  pressures  at  the  intervals  where  it  is  desired  to  read  off 
the  corresponding  volumes.  Fine  lines  are  drawn  connecting  sim- 
ilar pressure  points,  as  19.8-19.8,  29.1-29.1,  etc.  The  volumes 
G-A,  G-B,  H-D,  H-C,  etc.,  are  read  off  in  hundredths  of  an  inch 
to  the  nearest  half-hundredth.  The  tabular  form  used  in  this  in- 
vestigation is  given  in  Table  6  for  the  diagrams  of  Fig.  15  taken 
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in  test  30,  Thus  the  length  G-A  is  read  off  as  0.66  in.,  and  is 
given  under  the  column  for  19.8 lb.  pressure  headed  Comp.,  mean- 
ing the  compression  curve,  for  the  crank  end  diagram.  The  vol- 
umes in  inches  are  then  multiplied  by  the  constant  ratio  which 
one  inch  of  length  of  the  diagram  bears  to  the  displacement  of  the 
piston.  From  Table  6,  it  is  seen  that  the  piston  displacement  of 
the  crank  end  is  1.523  cu.  ft.,  and  the  length  of  diagram  3.99  in,; 

1  5*^3 
hence,  the  ratio  is— ^--  ,  or  0.382  cu.  ft.  of  piston  displacement 

3.99 
per  inch  of  diagram  length.  The  length  G-A  incu.  ft.  of  displace- 
ment now  becomes  0.66  in.  X  0.382  cu.  ft.  per  in.,  or  0.252  cu. 
ft. ,  the  volume  of  steam  present  at  this  point.  This  process  is 
repeated  at  intervals  until  the  coordinates  of  from  ten  to  thirty 
points  are  determined.  In  the  diagram  shown  in  Fig.  15,  the 
coordinates  of  18  points  were  found  in  each  diagram. 

The  coordinates  of  P  and  Fare  then  plotted,  on  logarithmic 
cross-section  paper,  as  shown  in  Fig,  9,  which  are  the  logarithmic 
diagrams  derived  from  the  PF-diagrams  of  Fig,  15.  The  points 
plotted  in  Fig.  15  are  taken  from  the  columns  headed  cu.  ft.  at  the 
pressures  shown.  A  smooth  curve  is  drawn  through  the  points 
thus  plotted,  and  the  diagram  is  in  shape  to  be  studied. 

TABLE  6 
Construction  of  the  Logarithmic  Diagrams  of  Test  30^ 


Head  End 


Crank  End 


No. 


Absolute 

Pressures 

lb.  per 

sq.  in. 


Volumes 


inches 


Comp  - 
A'  to  A 


Exp.  2 
1  to  B 


cu.  ft. 


Comp. 


Exp. 


Absolute 

Pressures 

lb.  per 

sq.  in. 


Volumes 


inches 


Comp. 


Exp. 


Comp. 


Exp. 


133.0 
113.4 
95.0 
76.3 
57.1 
38.9 
29. » 
19.5 
15.0 


0.39 

1.18 

0.156 

0.470 

0.31 

1.36 

0.124 

0.5425 

0.31 

1.625 

0.124 

0.649 

0.31 

2.02 

0.124 

0.80.5.=. 

0  31 

2  705 

0.124 

1.080 

0.375 

4.03 

0.150 

1.610 

0.48 

4.22 

0.192 

1.6H5 

0,70 

4.26 

0.279 

1.699 

1.10 

3.06 

0.439 

1.220 

134.3 
115.3 
96.3 
77.3 
58.1 
38.7 
29.1 
19.8 
15.0 


0.30 

0.28 

0.28 

0.28 

0.295 

0.385 

0.485 

0.66 

0.93 

1.205 

1.39 

1.65 

2.06 

2.76 

4.12 

4.26 

4.20 

3.77 


0.115 
0.107 
0.107 
0.107 
0.113 
0.147 
0.185 
0.2.52 
0.355 


0.4605 

0.531 

0.6305 

0.7875 

1.055 

1.572 

1.626 

1.600 

1.440 


Lengrth  of  indicator  diufrram 

Ratio  of  clearance  to  piston  displacement,  same  end 
Lentrth  on  diatrram  proportional  to  clearance  ratio. . 

Lenifih  of  diayrram  plus  cleai'ance 

Piston  displacement  (cylinder  12.02 "X24") 

Clearance  volume 

Displacement  plus  clearance,  total  volume 

Ratio,  cu.  ft.  per  inch  of  length  on  diagram 

Scale  of  indicator  spring  per  inch  of  ordinate  

^Letters  refer  to  Fig.  15.  crank  end 

2pinal  results  given  in  Table  1 


H  E. 

3  95  in. 
0.0789 
0.312  in. 
4.26   in, 
1.575  cu.  ft, 
0.124  cu.  ft, 
1.699  cu.  ft, 
0.399  cu.  ft, 
77.0   lb. 


CR.  E. 
3.99  in 
0.0704 
0.281  in 
4.27  in 
1..523 
0.107 
1  630 


cu.  ft. 
cu  ft. 
cu.  ft. 


0.382  cu.ft. 
79.0   lb. 
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Application  of  the  Law  PV''=Cto  curves 
FROM  Practice 

3.  Does  the  Lena  PV"-  =  C  Hold  for  Curves  from  Practice?  It 
has  long  been  known  that  adiabatic  expansion  or  compression  of 
any  elastic  medium  takes  place  substantially  according  to  the  law 
pyn  —Q  rpj^g  values  of  ?i  are  different  for  different  media,  and 
sometimes  vary  for  the  same  medium  with  different  conditions  of 
the  initial  state.  These  values,  for  media  commonly  used  in  re- 
ciprocating engines,  are  given  on  page  38  et  seq. 

In  practice,  however,  expansion  is  never  adiabatic,  but  is 
changed  in  character  by  the  presence  of  the  metal  surrounding 
the  working  medium,  and  by  imperfection  of  mechanism.  Since 
the  actual  change  of  state  is  not  adiabatic,  the  question  arises  how 
it  has  been  changed  in  character,  and  whether  this  modified  ex- 
pansion still  obeys  the  law  PV^  —C. 

Many  investigators,  Zeuner,^  Leloutre,^  Luders,^  and  Perry^ 
have  examined  the  curves  from  actual  diagrams  to  clear  up  this 
point  for  steam.  They  find  that  expansion  in  steam  cylinders 
takes  place  substantially  according  to  the  law  PV^  =  C,  but  that 
n  varies  in  value  between  wide  limits  in  different  cases. 

An  examination  was  made  of  the  curves  of  296  diagrams  from 
the  cylinders  of  47  different  engines  using  steam,  gas,  air  and 
ammonia  to  investigate  this  point.  As  a  result,  it  may  be  stated 
that,  in  the  cases  of  the  great  majority  of  engines  using  elastic 
media,  expansion  and  compression  take  place  substantially  ac- 
cording to  the  law  PV^  ~  G.  Certain  exceptions,  however,  have 
been  found,  and  the  causes  studied.  These  causes  are  treated  in 
the  next  section. 

4.  Examples  of  Logarithmic  Diagrams  from  Various  Types  of 
Engines. — The  logarithmic  diagrams,  obtained  by  plotting  the 
indicator  diagrams  as  described  on  p.  52,  are  of  a  distinctly 
different  form  from  either  the  PF-diagrams  or  the  temperature- 
entropy  diagram.  While  the  various  typical  forms  of  PF-diagrams 
assume  rather  different  forms  after  plotting,  yet  the  resultant  fig- 
ures retain  in  a  general  way  the  peculiar  characteristics  of  each 
Pr-type,  except  that  these  peculiarities  are  exaggerated. 

Various  typical  Pl-diagrams  are  given  in  Fig.  16-29. 
They  include  examples  from  many  types  of  engines,  using  steam, 


1  Technical  Thermodj-namics  II.  p.  HI. 

-Recherches  experimentals.  Bulletin  de  la  Soeiete  industrielle  du  Nord  de  la  France.  1874. 
3Zur  Theoriedes  Indikator  diasrammes.  Zivilingenieur.  1881.  Vol.  XX  VII.  p.  225. 
••The  Steam  Engine,  p.  106. 
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Fig.  16a.    Crank  End    (Scale— 50  lb.) 
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Fig.  ITa.    (Scale— 80 lb.) 
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Fig.  18«.    High  Pressure    (Scale-80lb.) 


Fig.  18a.    Low  Pressure    (Scale— 20  lb.  ) 
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Fig.  19a.  Rice  and  Sahgent  16-ix.x28-in.  x42-ix.  Scpeeheated  Steam 

ESGISE      ISCALE— &4.6  LB.) 
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Fig.  20a.    (Scale— 162  lb.) 
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Fig.  21«.    I  Scale 
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Fig.  22'/.    H.  P.  Top    'Scale— lOO  lb. 


Fig.  22a,    h.  P.  Bottom    (Scale— ICO  lb. i 


Fig.  22«.    I.  P.  Top    iScale— 20 lb.i 
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Fig.  22a.    I.  P.  Bottom    (Scale— 20  bl. ) 


Fig.  22a.    L.  P.  Top    (Scale— 10  lb.) 


Fig.  22a.    L.  P,  Bottom    (Scale— 10  lb.) 
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Fig.  23a     Head  End    (Scale— 150  lb.) 


Fig.  23a.    CbankEsd    (Scale— 150 lb.  » 
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Fig.  24a.    Head  End    (Scale— 100  lb. I 


Fig.  24a.  Cbank  End  (Scale— 100  lb.  ) 
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Fig.  25a.    ^Scale— 160  lb.  ) 
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Fig.  27"    High  PHE8SURE    >  Scale— 120  lb. 
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Fig.  27a    Low  Presstre    'Scale— 40 lb. 
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Fig.  28a.    HeadEnd— Low  Pressure    (Scale  17.5  lb.) 


Fig.  286(.  Crank  End— Low  Pressure  (Scale— 21.6  lb.) 


Fig  .28a.    High  Pressure    (Scale— 50lb.) 
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Fig.  29«.    (Scale— 136 LB.) 
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gas,  air  and  ammonia  as  the  active  media.  The  values  of  n  for 
the  curves  are  given  in  each  figure.  Tlie  types  of  steam  engines 
represented  include  Corliss,  high  speed,  auxiliary  cut-off,  poppet 
valve,  single  acting,  pumping  and  locomotive  engines.  The  gas- 
engine  diagrams  include  two  four  cycle  types,  one  using  blast 
furnace  gas,  and  the  other  a  Diesel  engine  using  crude  petroleum. 
The  air  diagrams  contain  one  set  from  a  compound  air  locomotive, 
and  one  set  from  a  two-stage  air  compressor. 

These  figures  show  most  of  the  typical  forms  of  diagrams 
that  are  obtained  in  practice.  At  first  sight,  the  logarithmic  dia- 
grams look  distorted,  but  after  the  meanings  of  the  different  lines 
become  clear,  they  begin  to  seem  as  natural  as  the  PT -diagram. 
These  logarithmic  diagrams  show  how  closely  the  law  PV"  =  G 
holds  in  actual  curves  from  a  great  variety  of  engines  using  dif- 
erent  media. 

5.  Cases  Where  the  Law  PV^  =C  Does  Xot  Hold. — The  curves 
of  expansion  and  compression,  obtained  from  PT-diagrams,  do 
not  always  follow  the  law  PV^"  —  G.  This  fact  is  due  to  several 
causes,  some  of  which  have  been  definitely  determined.  These 
causes  will  be  treated  separately. 

a.  Wrong  Clearance,  or  Wrong  Location  of  the  Zero  Line  of 
Pressure. — The  law  PV^^  =G,  is  true  only  where  Pand  Fare  mea- 
sured in  absolute  units.  The  clearance  must  be  accurately  deter- 
mined in  order  to  give  absolute  values  of  V.  The  scale  of  the 
spring,  for  the  PF-diagram  analyzed,  musb  be  known,  and  the 
atmospheric  line  drawn  by  the  indicator,  in  order  to  locate  the 
zero  line  of  pressure.  The  units  used  for  P  or  V  may  be  of  any 
denomination,  but  they  must  be  measured  from  the  zero  of  Pand F. 

When  a  curve,  PV"-  =  G,  is  plotted  on  logarithmic  paper,  the 
resultant  curve  is  a  straight  line.  The  value  of  7i,  as  already 
explained,  is  the  slope  of  this  line,  measured  from  any  two  points. 
When  the  values  of  Pand  F  are  not  absolute  values,  this  curve  is 
no  longer  a  straight  line,  but  becomes  a  curve  of  the  second  degree. 
The  value  of  n  being  the  slope  obtained  from  two  points  on  this 
curve,  is  no  longer  constant  for  all  parts  of  the  curve,  but  varies 
from  point  to  point.  Therefore,  when  PF-diagrams  are  trans- 
formed to  logarithmic  diagrams,  the  values  of  both  P  and  F  must 
be  measured  in  absolute  units.  When  these  values  are  not  in 
absolute  units,  the  resulting  curve  is  not  of  the  form,  PV"^  =  G, 
and  therefore  is  not  a  straight  line  on  logarithmic  paper.  The 
form  of  the  curve  obtained,  when  the  values  of  T'  alone  are  not  in 
absolute  units,  is  given  in  Fig.  106. 
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b.  Leakage. — The  law  PV^  =C,  is  applicable  only  to  cases 
where  the  weight  of  the  working  medium  remains  practically 
constant  during  any  expansion  or  compression.  When  this 
weight  changes  materially  either  by  leakage  into,  or  out  from, 
the  cylinder  containing  the  medium,  the  resulting  curve  no  longer 
obeys  the  law,  and  it  becomes  a  curve  in  the  logarithmic  diagram. 
This  fact  is  very  clearly  shown  in  the  curves  of  the  logarithmic 
diagram  derived  from  cylinders  in  which  large  leaks  were  known 
to  exist.  The  examples  showing  this  condition  are  shown  in 
pp.  39,  41,  42. 

c.  Low  Speed  in  Steam  Engines. — Very  low  speeds  of  rotation, 
together  with  very  low  piston  speeds,  will  cause  the  compression 
curve  to  deviate  from  the  law  PV"  —  C.  The  most  common  cases 
of  this  effect  are  seen  in  the  "hook",  or  excessive  condensation, 
near  the  upper  end  of  compression  curves.  These  "hooks"  are 
found  almost  altogether  in  small  engines  having  very  low  piston 
speeds,  and  in  larger  engines  with  small  clearance,  having  very 
low  rotational  speeds,  as  in  pumping  engines. 

Diagrams  containing  "hooks"  in  the  compression  curves  have 
been  published  by  Professor  Dwelshauvers-Dery^  from  the  exper- 
imental engine  at  Liege.  This  is  an  example  of  a  very  low  speed 
in  a  small  engine.  The  size  was  12  in.  x  24  in.  and  the  speed 
from  30  to  60  r.  p.  m.  That  this  hook  was  caused  by  low  speed 
and  consequent  excessive  condensation  was  proved  in  a  measure 
in  the  case  of  the  engine  described  on  page  88.  This  engine  was 
also  12  in.  x  24  in.,  but  was  operated  at  from  90  to  150  r.  p.  m. 
In  no  case  was  a  hook  in  the  compression  curve  obtained  during 
the  tests,  although  some  1600  diagrams  were  taken.  A  set  of 
diagrams  from  these  tests  is  shown  in  Fig.  15  and  shows  no  sign 
of  a  hook.  On  one  occasion,  however,  the  diagram  shown  in  Fig. 
30  was  obtained.  This  was  taken  just  after  the  engine  was  start- 
ed from  cold,  and  had  been  brought  up  to  a  speed  of  120  r.  p.  m. 
In  conjunction  with  the  other  diagrams  obtained  from  this  engine 
in  regular  operation,  this  hook  is  believed  to  be  due  to  excessive 


Fig.  30.    Taken  While  Starting  from  Cold 


1  Power,  June  2S,  i)io.  p.  1165. 
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condensation  while  the  cyUnder  was  comparatively  cold. 

Diagrams  with  the  hook  present  in  the  compression  curv^es 
have  been  obtained  from  two  other  engines;  one  was  an  82  in.  x 
12  in.,  running  110  r.  p.  m.,  and  the  other,  5  in.  x  6  in.,  running 
140  r.  p.  m. 

This  excessive  condensation  at  the  end  of  compression,  or 
near  the  dead  center,    seems  to  be  due  to  the  fact  that  the  dele- 
terious surface  effect  of  the  cylinder  walls  is  so  enormous,  com 
pared  with  the  weight  and  volume  of  steam  present  at  this  point. 

The  three  causes  treated  above  are  believed  to  be  the  import- 
ant conditions  that  cause  the  curves  in  practice  to  depart  materi- 
ally from  the  law  PV"'  =^  G.  Sometimes  only  one  of  these  condi- 
tions is  present,  while  in  the  other  cases,  a  combination  of  these 
may  influence  the  resulting  curves.  The  separation  of  these 
conditions  by  their  effect  on  the  curves  is  treated  in  page  45. 

Values  of  n  From  Practice. 

6.  Steam  Engines. — The  values  of  n  for  the  expansion  and 
compression  curves  of  indicator  diagrams  are  subject  to  a  wide 
variation,  Zeuner^  gives  the  values  of  n  found  by  several  early 
investigators.  These  values  were  taken  mostly  from  the  dia- 
grams of  small  and  slow-speed  engines.  Leloutre  found  that  the 
value  of  71  was  practically  constant  for  any  one  case,  but  varied 
greatly  in  different  engines,  according  to  the  initial  pressure  and 
ratio  of  expansion.  Liiders  found  values  ranging  from  0.903  to 
0.535.  Zeuner  found  values  of  from  0.900  to  0.436  from  diagrams 
taken  by  Hallauer  from  a  Corliss  engine.  In  none  of  these  cases 
was  n  found  to  be  as  high  as  1.0.  Zeuner  concludes  that  the 
value  is  generally  close  to  1.0,  and  does  not  vary  much  either  way. 

Heck^  shows  diagrams  from  the  cylinders  of  compound  Cor- 
liss engines,  locomotives,  pumping  engines,  and  marine  engines, 
all  using  saturated  steam.  The  values  of  n  for  saturated  sream 
from  the  expansion  curves  of  the  h.  p.  cylinders  of  these  engines 
are  all  close  to  1.0.  The  values  for  the  1.  p.  expansion  curves  are 
generally  less  than  1.0,  ranging  from  about  0.95  to  0.90.  The 
values  for  the  compression  curves  shown  do  not  depart  far  from 
1.0. 

A  large  number  of  curves  have  been  examined  by  the  graph- 
ical method  described  on  page  52.  These  examples,  shown  in  Ta- 
ble 7-14,  may  be  classed  as  follows: 


1  Technical  Thermodynamics,  II.  p.  111. 

2  The  Steam  Engine.  II.  p.  476. 
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Class  A.    Corliss,  four-valve,  and  riding-cut-ofi"  types,  all  simple  expan- 
sion 

B.  Same,  compound. 

C.  Same,  triple  expansion. 

D.  Gridiron  valve  type,  compound,  steam  jacketed. 

E.  Poppet  valve  type. 

F.  High  speed  engines,  single  valve  types. 

G.  Single-acting  engines. 
H.  Locomotive  engines. 

These  classes  cover  the  values  derived  from  138  diagrams 
taken  from  36  separate  engines.  On  page  8,  are  given  the  values 
obtained  from  60  sets  of  diagrams  taken  from  a  12  in.  X  24  in. 
Corliss  engine. 

The  values  given  in  Tables  7-14  are  the  average  values  from 
both  ends  of  one  cylinder,  and,  in  the  case  of  two-cylinder  simple 
engines,  from  both  ends  of  both  cylinders.  In  many  cases  only 
the  expansion  curves  were  examined. 

These  diagrams  were  taken  from  cylinders  ranging  in  size 
from  II2  in.  x  13  in.  up  to  80  in.  x  60  in.,  and  in  speed  from  300 
r.  p.  m.  down  to  23.6  r.  p.  m.  Most  of  the  cylinders  were  un jack- 
eted. Examples  of  both  saturated  and  superheated  steam  are 
shown.  It  will  be  seen,  therefore,  that  the  range  of  the  exhibit 
is  very  broad. 

It  is  evident  that  the  values  of  n  are  subject  to  extremely 
wide  variations,  the  range  being  from  0.436,  found  by  Zeuner,  up 
to  1.341,  found  in  this  investigation  in  the  case  of  an  engine  us- 
ing highly  superheated  steam.  It  is  true,  however,  that  the  av- 
erage of  all  the  values  cited  is  not  far  from  1.0. 

7.  Gas  Engines. — The  values  of  n  for  the  curves  of  gas  en- 
gine diagrams  have  a  smaller  range  of  variation  than  that  found 
in  steam  diagrams. 

Gtildner^  finds  that  the  value  of  n  for  the  compression  curves 
varies  from  1.30  to  1.38,  with  an  average  of  about  1.35,  but  he 
mentions  rare  values  higher  than  the  adiabatic  value,  due  to  high 
temperature  of  cylinder  walls,  and  the  consequent  addition  of 
heat  to  the  gas  during  compression.  He  finds  that  n  for  expan- 
sion^ varies  normally  from  1.35  to  1.50,  but  cites  lower  values 
than  1.35  due  to  leakage,  and  higher  values  than  1.50  due  to  ex- 
cessive temperature  of  cylinder  walls  from  poor  cooling. 


1  Internal  Combustion  Engines,  p.  34. 

2  Internal  Combustion  Engines,  p.  38. 
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Wimperis^  gives  the  values  found  by  Professor  Burstall  from 
diagrams  tal^en  during  10  tests  on  the  same  engine,  presumably. 
Professor  Burstall  tinds  71  for  expansion  to  vary  from  1.199  to 
1.344,  with  an  average  of  1.288.  The  values  of  ?i  for  compression 
vary  from  1.345  to  1.364,  with  an  average  of  1.352. 

The  examination  of  17  diagrams  from  5  separate  engines 
gave  values  for  expansion  and  compression  as  given  in  Table  15. 
These  values  given  show  that  the  variation  of  n  for  expansion  is 
ordinarily   from   1.10   to    1.37,  while  for  compression  it  is  from 


TABLE  7 
Values  of  n  From  Class  A  Steam  Exgixes 


Value  of  n 

Size 
inches 

No.  of 
Diagrams 

Malie 

Remarks 

Expansion    Compression 

Examined 

18«x43 

0.952 
0.998 

1.007                    2 
1.115                    2 

Greene 

Saturated  steam 

loH  X  24 

1.049 

1 . 170                    2 

Buckeye 

26^x36 

0.928 
0.823 
0.996 

1.063                    2 
1.036                    2 
1.121                    2 

'• 

20x30 

0.624 

0.985                    2 

'  ■ 

1.024 

0.992 

2 

18  X  42 

1.047 

0.994 

2 

Unknown 

16x32 

1.065 

1.154 

2 

Buckeye 

1.111 

1.341                    2 

16?^  X  32 

0.964 

2 

Unknown 

26,',  X  48 

1.051 

2 

17x24.2 

1.131 

4 

•  * 

23x60 

1.098 

2 

' ' 

28H  X  59% 

1.108 

2 

*  * 

11  Engines 

Total— 34  Dias 

'rams 

\ 

TABLE  8 
Values  of  n  From  Class  B  Steam  Emginbs 


Size 
inches 

Expansion 

Comp 

ression 

No.  of 

Make 

Diagrams 

Remarks 

h.  p. 

1.  p. 

h.  p. 

1.  p.    Examined 

189i  X  36     X  36 

1.060 

0.896 

4 

Buckeye         Saturated  steam 

15     X  40^x27 

0  955 

2 

Fleming 

20     X  36     X  48 

1.055 

0.973 

0.973 

0.742 

4 

Watts  Campbell 

21      X  42     X  36 

1.068 

0.987 

4 

Gaskell 

25     X  50     X  37 

0.841 

0.879 

0.850 

8 

Worthington 

22     X  40     X  60 

1.070 

1.009 

1.018 

1.272 

4 

Harris-Corliss 

Cyls.  jacketed 

20      X  36     X  48 

1.079 

0.977 

4 

Watts  Campbell      ' '     non-jacketed 

16      X  40      X  48 

1.090 

0.950 

4 

Cooper  Corliss 

1.048 

1.116 

4 

Cyls.  jacketed 

8  Engines 

Total— 38  Dia 

grams 

3 The  Internal  Combustion  Engine,  p.  73. 
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TABLE  9 
Values  of  n  From  Class  C  Steam  Engines 


Size 
inches 

Expansion 

No.  of 
Diagrams 
Examined 

Remarks 

h.  p. 

1.  p. 

1.  p. 

28  X  54  X  80  X  60 

0.987 

L112 

0.984 

6 

Saturated  steam 
Cylinders  jacketed 

Compression 


28  X  54  X  80  X  60 
1    Engine 


Total— 6  Diagrams 


TABLE  10 
Values  of  n  From  Class  D  Steam  Engines 


Expansion 

No.  of 
Diagrams 

Make 

Remarks 

h.  p. 

1.  p. 

•  Examined 

28  X  58  X  48 

1.046 

1.070 

2 

Mcintosh 

Superheated  steam 

23  X  48  X  48 

0.955 

0.969 
1.108 

2 

1 

Seymour  &  Co. 

Jackets  not  used 

■ ' 

0.905 

0.925 

2 

'  * 

1.119 

1.075 

2 

29  X  60  X  56 

1.231 

1 

29  X  60  X  56 

1.172 

1      ; 

18  X  38  X  42 

1.170 

0.925 

2 

18  X  38  X  42 

1.118 

1.087 

2 

31  X  64  X  48 

1.024 

0.973 

2 

7  Engines 

T( 

)tal— 17  Diagrams 

TABLE  11 
Values  of  n  From  Class  E  Steam  Engines 


Size 

Expansion 

Com- 
pression 

o  g  o 

Make 

inches 

h.p 

1.  p. 

h.p. 

1.  P. 

Remarks 

16  X  28  X  42 

23ViX  31% 
2  Engines 

1.341 
1.260 
1.293 
1.033 
1.197 

1.141 
1.180 
1.152 
1.011 

1 
0.720'   1.048 
1.262    1.210 
0.980    0.989 
0.710,  1.060 
1.0571 

Total 

2 
2 
2 
2 
2 

-10  D 

Rice  and  Sargent 

Stumpf  Straight  Flow 
iagrams 

Highly  superheated  steam 

Saturated  steam 

Hifehly  superheated  steam 

TABLE  12 
Values  of  /(  From  Class  F  Steam  Engines 


S5ize 
inches 


Expansion 
h.  p. 


No.  of 
Diagrams 
Examined 


Make 


Remarks 


14^  X  13 
16     X  16 

imx  im 

3  Engines 


0.970 
1.027 
0.706 


Unknown 

Ide 
Unknown 


Saturated  steam 


Total— 6  Diagrams 
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TABLE  13 
Values  of  n  From  Class  G  Steam  Engines 


Size 
inches 


Expansion 


h.  p. 


Lp. 


No.  of 
Diagrams 
Examined 


Make 


Remarks 


1  Engine 


1.073 
1.054 
1.062 


0.874 
0.863 


VVestinghouse 


Saturated  steam 


Total — 5  Diagrams 


TABLE  14 
Values  of  n  From  Class  H  Steam  Engines 


Size 
inches 

Expansion 

Compres- 
sion 

No.  Of 
Diagrams              Make 
Examined 

Remarks 

16x24 

1.003 

4          Schenectady  No.  2 

Saturated  steam 

22  X  30 

0.985 
0.981 

0.987 

2 

I.  C.  No.  940 

22x30 

0  975 

0.970 

2 

I.  C.  No.  920 

' ' 

1.006 

1.125 

2 

16x24 

0.974 

1.208 

2 

Schenectady  No.  3 

Superheated  steam 

*  * 

1.124 

1.179 

2 

' ' 

1.167 

1.195 

2 

*  * 

1.046 

1.188 

o 

* ' 

1.149 

2 

3  Engines 


Total— 22  Diagrams 


TABLE  15 
Values  of  n  From  4-Cycle  Gas  Engines 


No.  of 

Size 
inches 

Expansion 

Compression     Diagrams 
Examined 

Malce 

Gas  Used 

10  X  19 

1.36 
1.37 
1.27 
1.21 
1.26 
1.25 
1.30 
1.16 
1.21 

1.19 
1.09 
1.26 
1.35 
1.35 
1.74 
1.43 
1.27 
1.43 

Otto 

Illuminating 

42  X  60 

1.16 
1.16 
1.09 

1.32 
1.30 
1.32 

Tod 

Blast  furnace 

32x42 

1.18 

1.34 

AUis-Chalmers 

Producer 

2b%  X  37% 

1.12 

1.24 

Koerting 

16  X  24 

1.10 
1.11 

1.20 
1.22 

Diesel 

Petroleum 

1.02 

1.22 

5  Engines 

Total— 17  Diagrams 
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TABLE  16 
Valuks  of  n  From  Compressed  Air  Locomotives 


Size 
inches 


Expansion 


h.  p. 


I.P 


No.  of 
Diagrams 
Examined 


Make 


5  X  10  X  10 
6x  10 


2  Engines 


1.123 
1.369 


1.354 


Porter 


Total—  8  Diagrams 


TABLE  17 

Values  of  n  From  Air  Compressors 


Size 
inches 


Compression 


h.  p 


1.  p. 


No.  of 
Diagrams 
Examined 


Remarks 


t2kxl8Mxl2 
1  Compressor 


1.336 
1.266 


1.219 
1.254 


Ingersoll-Sargent 


Small  amt.  of  cooling  water 
Large    


Total —  8  Diagrams 


TABLE  18 
Values  of  n  From  AmmoniaCompressors 


Size 
inches 


^Compression 


No  of 
Diagrams 
Examined 


Make 


Remarks 


12V4  xl8 
12ys  X  18 


2  Compressors 


1.148 
1.186 
1.235 


York 


Total—  5  Diagrams 


Dry  comp.  Sing,  acting 
Douh.    " 
Wet  compression 


TABLE  19 
Values  of  n  From  Gas  Compressors 


Size 
inches 


Compression 


No.  of 
Diagrams 
Examined 


Make 


Remarks 


28M_x  24 
I'Compressor 


1.140 
1.145 


IngersoU-Sargent 


Illuminating  gas 


Total—  4  Diagrams 
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about  1.20  to  1.40,  leaving  out  of  account  very  high  values  due  to 
imperfect  cooling  and  very  low  values  due  to  leakage  and  to  cool 
walls  during  the  period  of  "starting  up."  The  values  of  7i  are 
low  for  expansion  in  large  cylinders  with  lean  gases,  being  about 
the  same  as  those  foand  in  steam  cylinders  using  superheated 
steam. 

8.  Compressed  Air  Engines.— Very  few  data  have  been  found 
concerning  the  values  of  n  from  diagrams  taken  from  compressed 
air  engines.  Locomotives  comprise  the  large  part  of  this  class 
which  use  air  expansively. 

Curves  were  examined  from  eight  diagrams  taken  from  the 
four  cylinders  of  two  locomotives,  one  a  compound,  and  the  other 
a  simple  expansion  type.     The  results  are  given  in  Table  16, 

The  expansion  curves  of  these  diagrams  were  very  satisfac- 
tory, but  the  compression  curves  were  all  irregular,  and  no  val- 
ues were  obtained  from  most  of  them.  This  irregularity  was 
probably  due  to  the  vibration  that  is  present  in  most  locomotives 
under  running  conditions.  The  values  for  expansion  range  from 
about  1.12  to  1.37. 

9.  Air  Compressors . — Only  8  diagrams  from  one  two-stage 
compressor  were  available  for  examination.  The  values  of  n  for 
compression  are  given  in  Table  17.  No  values  for  re- expansion 
were  obtained. 

The  values  for  compression  in  air  compressors  do  not  vary 
much,  and  will  generally  fall  between  1.20  and  1.35. 

10.  Ammonia  Compressors. — The  examples  available  of  this 
type  of  compressor  were  limited  to  5  diagrams  from  2  compres- 
sors. The  compression  curves  were  very  satisfactory,  but  the  re- 
expansion  curves  were  quite  irregular.  These  values  will  be  found 
in  Table  18.  The  values  found  fall  between  about  1.15  and  1.24, 
very  little  variation  being  observed. 

11.  Gas  Compressors. — This  class  refers  to  compressors  used 
to  raise  the  pressure  of  illuminating  gas  in  order  to  send  it  to 
distant  points  in  small  pipes.    The  analysis  of  the  gas  compressed 

in  the  single  case  examined  is  given  on  page  83.  Values  of  n 
were  obtained  for  the  compression  curves  only.  These  values  are 
given  in  Table  19.  Although  taken  at  different  conditions  of  the 
speed  and  the  discharge  pressure,  these  values  show  substantial 
agreement,  but  are  considerably  lower  than  the  values  obtained 
for  air  compression. 
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Theoretical  Values  of  k  for  Adiabatic  Expansion 

The  relations  of  P  and  r  during  adiabatic  expansion  of  steam 
and  gases  may  be  closely  represented  by  the  equation  for  the 
poly  tropic  curve  PI*  =C 

The  value  of  k  for  steam  depends  upon  the  initial  state,  while 

for  gases  k  is  equal  to  the  ratio  -~' 
12.      Values  of  k  for  Steam, 
(a)     Saturated  Steam.     Rankine^  gives  the  value  of  k  as  — ' 

or  1 .111,  applicable  to  all  initial  states. 

Grashof^  examined  the  condition  of  initially  dry  saturated 
steam  and  gives  the  value  of  A-  as  1 .  140. 

Zeuner^  examined  the  condition  generally  occurring  in  engi- 
neering practice,  where  the  steam  is  initially  composed  of  a  mix- 
ture of  vapor  and  water,  and  gives  the  relation 

^•  =  1.035  +0.1.7'. 
He  found  the  influence  of  initial  pressure  to  be  negligible. 

Mr.  E.  H.  Stone*  examined  the  condition  of  various  initial 
states  of  pressure  and  quality,  using  the  tables  of  Marks  and 
Davis,  and  gives  the  relation 

fc  =  1. 059  — 0.000315P  +  (0. 0706  +  0. 000376P).r. 

Table  20  was  computed  from  this  equation  and  expresses  the 
relations  of  P  and  Fwith  an  average  error  of  less  than  0.2%. 

ib)     Superheated  Steam.     Zeuner''  gives  the  value  of  k  as  con- 
4 
stant  at-^,  or  1.33?.     Several  conditions  have  been  examined  for 

the  initial  state  ol  200  lb.  absolute  pressure  with  the  superheat 
varying  from  80°  to  530°.  The  relations  of  P  and  V  were  com- 
puted from  Professor  G.  A,  Goodenough's  characteristic  equa- 
tions'^ for  superheated  steam. 

It  has  been  found,  after  many  trials,  that  these  relations  are 
closely  expressed  by  the  equation 

P(r+ 0.088)^-=*'=  G. 
This  equation  expresses  the  relations  of  P  and  T'  with  an  average 
error  of  about  O.o  per  cent.     The  initial  pressure  and  the  degree 


1  The  Steam  Engine,  p  385. 

2  Zeitschrift  des  Vereins  deutscher  Ingenieure.  Vol.  VIII.  p  151. 

3  Technical  Thermodynamics  II,  p. 83. 
■•  Thesis.  University  of  Illinois,  1910. 

5  Technical  Thermodynamics,  II,  p.  223. 

6  Principles  of  Thermodynamics,  p.  203. 
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of  superheat  have  very  little  effect  upon  the  value  of  k  for  the 
ranges  commonly  used  in  practice. 

13.  Values  for  Gases. — The  values  of  Jc  for  gaseous  mixtures 
commonly  used  in  gas  engines  exhibit  considerable  variation  due 
to  the  variation  in  the  relative  proportion  of  the  constituents. 

C  * 

The  value  of  A-  for   any  gas  is  the  value  of  the  ratio  -~ '  and  its 

constancy  depends  on  the  relative  constancy  of  the  value  of  Cp' 
and  Cf  at  different  temperatures.  It  seems  certain,  from  experi- 
ments of  Mallard  andLe  Chatelier,  that  the  values  of  Cp  and  d-  in- 

crease  with  increase  of  temperatures,  but  that  the  ratio  -^  '  at  tem- 

peratures  common  to  actual  gas  engine  cycles,  is  very  closely 
constant. 

Most  of  the  following  data  on  the  value  of  k  for  gases  has 
been  taken  from  Guldner\  The  value  of  k  depends,  in  any  par- 
ticular mixture,  upon  the  relative  proportion  of  the  constituents. 
This  may  be  seen  from  the  values  of  k  for  different  gases  given  in 
Table  21,  from  Guldner.  This  table  shows  that  by  different  pro- 
portions of  these  gases  in  a  mixture,  values  of  k  may  be  obtained 
between  the  extreme  limits  of  1 .  210  and  1 .418.  Thus  k  for  illum- 
inating gas  alone,  for  example,  may  have  a  value  of  1.332,  while 
for  a  mixture  of  this  gas  with  air  in  the  proportion  of  1  to  12,  the 
value  rises  to  1.402,  or  very  nearly  the  value  of  pure  air.  After 
combustion,  the  analysis  of  the  gas  changes,  causing  a  change  of 
k,  the  effect  being  a  lowering  of  its  value  because  of  the  increase 
in  proportion  of  COo  and  H.^O,  Thus  for  the  mixture  cited  above 
the  value  of  k  after  combustion  is  1.337,  a  drop  of  1.1  percent. 
This,  in  a  hypothetical  case  of  an  ideal  gas  engine  cycle,  would 
cause  an  appreciable  difference  in  the  form  of  the  expansion  curve. 

Table  22  gives  all  the  data  necessary  to  compute  the  value  of 
k  for  the  case  of  one  sample  of  illuminating  gas  without  air.  The 
case  of  this  same  illuminating  gas  with  varying  ratios  of  ^i^  is 

gas 

given  in  Table  23.  This  table  gives  the  data  for  the  same  gas 
with  the  varying  combustible  ratios  of  |^  such  as  would  obtain  in 
gas  engine  practice. 

Table  24  gives  the  data  and  values  after  combustion  of  the 
different  mixtures  of  Table  23. 

The  value  of  A;  for  any  particular  gas  or  gaseous  mixture  is 
found  as  in  Table  22.      In  general,   rich  gases,  such  as  illuminat- 


ilnternal  Combustion  Engines. 
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TABLE  20 

Adjabatic  Values*  of  k  for  Various  Initial 
States  of  Pressure  and  Quality 


Initial  Pressure 
lb.  persq.  in.  abs. 


Initial 

i 

Quality 

20 

40 
1.132 

60 

80 

100 

120 

140 

160 

180 

200 

220 

240 

1.00 

1.1.31 

1.133 

1.134! 

1.136 

1.137 

1.138 

1.139 

1.141 

1.142 

1.143 

1.145 

0.95 

1.127 

1.128 

1.128 

1.129: 

1.131 

1.131 

1.133 

1.132 

1.134 

1.135 

1.135 

1.137 

0.90 

1.123 

1.123 

1.124 

1.124' 

1.126 

1.125 

1.127 

1.126 

1.127 

1.127 

1.128 

1.129 

0.85 

1.119 

1.119 

1.119 

1.119 

1.120 

1.120 

1.119 

1.119 

1.120 

1 .  120 

1.120  1 

1.121 

0.80 

1.115 

1.115 

1.114 

1.114 

1.114 

1.114 

1.113 

1.113 

1.113 

1.113 

l.!12  1 

1.112 

0.75 

1.111 

1.110 

1.110 

1.109 

1.109 

1.108 

1.107 

1.106 

1.106 

1.105 

1.104 

1.104 

0.70 

1.108 

1.106 

1.105 

1.1011 

1.104 

1.102 

1.101 

1.100 

1.099 

1.098 

1.097 

1.096 

0.65 

1.104 

1.102 

1.101 

1.099 

1.098 

1.096 

1.095 

1.093 

1.092 

1.091 

1.089 

1.088 

0.60 

1.100 

1.098 

1.096 

1.094 

1.093 

1.091 

1.089 

1.087 

1.085 

1.084 

1.081   , 

1.080 

0..55 

1.096 

1.093 

1.092 

1.089| 

1.087 

1.085 

1.083 

1.080 

1.078 

1.076 

1.074 

1.072 

0.50 

1.092 

1.089 

1.087 

1.084 

1.082 

1.079 

1.077 

1.074 

1.071 

1.069 

1.066 

1.064 

*Values  calculated  by  equation  i-^1.059— O.0OiD3l5  P-f-  < 0.07(18  —  0.0lX)376  P)  x 


TABLE  21 


Adiabatic  Values  of  A: 
FOR  Various  Gases 


Gas 

Value  of  k 

H 

1.412 

CH4 

1.270 

CO 

1.408 

C2H4 

1.210 

CO  2 

1.293 

0 

1.418 

N 

1.408 

H2O 

1.305 

Air 

1.410 

TABLE  22 

Adiabatic   Values  of  k  for  an  Average 
German-  Illuminating  Gas 


Composition  by 

Gases 

Cp 

c>- 

OXC]} 

GxCv 

Volume 

Weight 

H 

0.485 

0.084& 

3.430 

2.430 

0.2890 

0.2050 

CH4 

0.350 

0.4855 

0.593 

0.468 

0.2880 

0.2270 

CO 

0.070 

0.1703       1 

0.245 

0.174 

0.0416 

0.0296 

C2H4 

0.045 

0.1093       1 

0.400 

0.330 

0.0437 

0.0360 

CO2 

0.020 

0.0765 

0.200 

0.155 

0.0153 

0.0119 

0 

0.0025 

0*0070 

0.217 

0.153 

0.0015 

0.0019 

N 

0.0275 

0.0670       1 

1                                   ; 

0.245 

0.174 

0.0164 

0.C117 

Total 


0.5231 


1.330 
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TABLE  23 
Adiabatic  Values  of  A:  for  Illuminating  Gas  op 

AIR 


Table  22  with  Various  Ratios 


GAS 


Ratio by  vol- 

gas 


Ratio  -^  by  wt.  G  15  20  25  30 

gas 


Wt.  per  cu.  ft.  olMix-     jj,  0.0732        0.0748        0.0757        0.0769 

ture 


I 
Cp        0.26B7     I     0.2595         0.2556         0.252' 


Cv        0.1914         0.1858         0.1828         0.1803 


k  1.393  1.397      I     1.399  1.402 


TABLE  2i 

Adiabatic   Values  of  k  for  Gas  Given 
IN  Table  23,  After  Combustion 


Volume  Ratio 

gas 

6             !             8 

10 

12 

Combustion  of 

Burned  Gasts. 

volumes 

C02 

H20 
O 

N 

0.530 
1.275 
0.150 
4.768 

0.530 
1.275 
0.570 
6.348 

0.530 
1.275 

1.000 
7.928 

0.530 
1.275 
1.410 
9.508 

Constants  for 

Burned  Gases 

from  1  lb. 


Ci- 


0.2787 
02035 


0.2674 
0.1940 


0.2623 
0.1894 


0.2.566 
0.1851 


1.380 


1.385  1.387 
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ing  gas  or  natural  gas,  require  very  large  ratios  of  -5iir  and  there- 

gas 

fore  the  resulting  mixtures  have  values  of  k  very  near  the  value 
for  pure  air,  1.405.  In  the  case  of  lean  gases,  as  blast  furnace 
gas,  or  producer  gas,  requiring  small  ratios  of  ^'^  the  value  of  A; 
is  lower  or  nearer  the  value  k  for  the  gas  alone.  The  limits  for 
ordinary  gases  and  mixtures  are  between  the  values  of  1.320  and 
1.405,  while  after  combustion  these  values  are  lowered  somewhat, 
in  general  about  1  to  2  per  cent.  The  range  of  values  for  gaseous 
mixtures  is  not  nearly  so  large  as  wMth  steam. 

14.  Values  for  Air  Compressors. — The  proportion  of  the  con- 
stituents of  air  is  almost  always  constant,  so  that  the  values 
<7paad  C,.  are  always  constant  if  we  are  discussing  them  in  tem- 
peratures in  the  range  of  compressor  practice.  This  makes  the 
ratio  of  k  constant.  The  value  of  k  for  air  has  been  determined 
many  times  by  different  investigators  in  different  w^ays.  The 
degree  of  variation  in  determining  this  constant  will  be  seen  from 
Table  25.  Zeuner^  after  discussing  all  the  values  and  the  exper- 
iments supporting  them,  concludes  that  the  value  1.410  most 
clearly  fits  the  case  of  pure  dry  air.  Zeuner  also  shows  that  in 
cases  of  w^ater  injection  in  compressors,  used  to  keep  down  the 
temperature,  the  value  of  k  does  not  change  materially  from 
1.410.     The  true  value  seems  to  lie  between  1.405  and  1.410. 

15.  Values  for  Compressed  Air  Engines. — The  temperatures 
<5xisting  in  the  engines  using  compressed  air  for  the  active  med- 
ium are  not  far  below  that  existing  in  compressors.  Within  the 
range  covered  by  both,  the  value  of  k  is,  as  far  as  can  be  ascer- 
tained, practically  constant. 

16.  Values  for  Ammonia. — The  properties  of  ammonia  have 
not  been  so  thoroughly  investigated  experimentally  as  those  of 

air  and  the  vapor  of  water .   The  value  of  k,  depending  on  the  value 

(J 
of   the   ratios  ~,  therefore  is  not  so  certain  as  the  values  for  the 

other  working  media  given.  Various  determinations  place  the 
value  of  k  as  between  1.30  and  1.333,  these  values  being  some- 
what similar  to  those  of  superheated  steam. 

17.  Values  for  Illuminating  Gas  and  CO-2. — Illuminating  gas 
is  often  compressed  to  send  it  to  outlying  districts  in  cities,  and 
there  its  pressure  is  reduced  for  distribution.      The  value  of  k 

here  depends  in  each  case  on  the  value  of  the  ratio  -^  from   the 

Cv 


iTechnical  Therinodynaiiics,  I,  p.  121. 
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analysis  of  the  particular  gas  compressed.  The  analysis  and 
values  of  the  gas,  made  by  the  New  Orleans  Gas  Company,  New 
Orleans,  La.,  which  is  compressed  to  send  it  to  outlying  districts 
of  New  Orleans,  is  given  in  Table  26. 

The  value  of  k  for  this  gas,  1.349,  is  considerably  higher  than 
the  value  of  the  gas  given  in  Table  22,  1.332.  This  is  due  to  the 
very  much  larger  proportion  of  CO  in  the  gas  of  Table  26,  and 
illustrates  well  the  variation  of  this  value  with  gases  of  similar 
heating  value,  but  with  a  different  proportion  of  the  same  constit- 
uents. Lummer  and  Pringsheim  give  the  value  of  k  for  CO2  as 
1.2961  from  their  experiments.    Guldner  gives  the  value  as  1.293. 

TABLE  25 

Adiabatic  Values  of 
k  FOB  Air  Obtained 
BY  Various  Ex- 
perimenters 


Experimenter 


Value 


La  Place 

1.403 

Dulong 

1.421 

Wullnerat32= 

1.4053 

at  212° 

1.4029 

Clement 

1.356 

Masson 

1.419 

Hirn 

1.384 

Weisbacb 

1.402 

Cazin 

1.410 

Rontgren 

1.405 

Lummer  and 

Pringsheim 

1.4015 

TABLE  26 
Adiabatic  Values  of  k  for  an  Illuminating  Gas 


I 

II 

III 

IV 

V 

VI 

Constituents 

Per  Cent 

Wt.  of  1  cu. 

Wt.  in  1  cu.  ft. 

^     •       ''•P 

IV  xV 

Weight 

ft.  lb. 

of  This  Gas, lb. 

kv 

CO2 

2.40 

0.12367 

0.00295 

1.293 

0.00381 

C2H4 

9.00 

0.07809 

0.00703 

1.210 

0.00851 

0 

0.50 

0.08921 

0.00045 

1.418 

0.000635 

CO 

31.00 

0.07807 

0.02420 

1.408 

0.0341 

H 

35.20 

0.00559 

0.00197 

1.412 

0.00278 

CH4 

18.50 

0.04464 

0.00827 

1.270 

0.01050 

N 

3.40 

0.07831 

0.00266 

1.408 

0.00375 

Total 


0.04753 


0.06409 


0.04753 
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APPENDIX  2 

Description  of  the  Plant 
Apparatus  Used 

The  engine  used  for  the  tests  given  in  Part  I  is  of  the  Corliss 
type,  and  is  a  part  of  the  equipment  of  the  Mechanical  Engineer- 
ing Laboratory  of  the  University  of  Illinois.  The  plant  comprises 
the  engine  and  various  auxiliaries  which  are  used  in  connection 
with  the  engine.  These  auxiliaries  consist  of  a  throttle  valve  in 
the  steam-pipe  line,  an  independently  fired  superheater,  a  direct 
current  generator  with  a  water  rheostat,  a  surface  condenser, 
scales,  and  a  tank.  The  instruments  used  consist  of  indicators, 
steam  pressure  gauges,  thermometers,  ammeters,  a  voltmeter, 
and  a  continuous  revolution  counter. 

The  general  arrangement  of  the  plant,  with  the  exception  of 
the  superheater  and  the  steam  piping,  was  the  same  for  both  sat- 
urated and  superheater  steam  tests.  Steam  was  obtained  from 
the  main  boiler  plant  of  the  University,  located  about  150  ft.  away 
from  the  engine.  Two  pipe  lines,  one  of  6-in.  pipe  for  saturated 
steam  and  the  other  of  4- in.  pipe  for  superheated  steam,  traverse 
the  laboratory,  and  each  is  connected  to  the  steam  pipe  of  the 
engine  tested. 

The  steam  exhausts  from  the  engine  through  30  ft.  of  5-in. 
pipe  to  the  condenser,  where  the  exhaust  steam  is  condensed,  and 
is  then  weighed  in  a  large  tank  on  a  platform  scales.  The  engine 
is  connected  by  a  belt  to  the  generator,  which  furnishes  the  load. 
This  generator  is  loaded  upon  a  water  rheostat  located  close  by. 

1.  The  Engine. — The  engine  is  a  small  well-designed  Corliss 
engine  of  a  standard  type  built  for  heavy  duty  service.  Its  prin- 
cipal dimensions  are  given  in  Table  27.  A  view  of  the  right  side 
of  the  engine  is  shown  in  Pig.  31,  and  a  view  of  the  left  side  is 
given  in  Pig.  32. 

The  cylinder  is  not  steam-jacketed  on  the  ends,  but  is  partly 
jacketed  on  the  barrel  by  the  steam  chest,  the  latter  covering 
about  one-sixth  of  the  barrel  surface.  The  exhaust  passages  are 
separated  from  the  lower  part  of  the  cylinder  barrel  by  a  dead 
air  space  formed  in  cylinder  casting.  The  cylinder  is  shown  in 
section  in  Pig.  34. 

The  engine  is  fitted  with  separate  eccentrics  for  actuating  the 
exhaust  and  the  steam  valves,  thus  enabling  the  steam  valve  gear 
to  cut-off  up  to  about  50%  of  the  length  of]the  stroke.  The  two 
separate  eccentrics  and  the  two  wrist  plates  are  well  shown  in 
Fig.  31. 
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TABLE  27 

Prixcipal  Dimensions  of  Corliss  Engine 


1 .    Type— Horizontal  sinsle-cylioder.  double  eccentric,  noa-condensing,  variable  speed,  heavy 
duty  frame.  Reynolds  Corliss  tngine. 


2.    Class--Belt  drive  for  mill  work. 


3.    Maker- A  His  Chalmers  Co  ,  Milwaukee,  Wisconsin 


4      Rated  Power  of  Engine— 100  h.  p.  at  115  lb.  initial  pressure  above  atmosphere  on  indicator 
diagram.  H  cut-off,  and  120  r.  p.  m. 

5.  Cylinder  dimensions: — 

■  a)     Bore  'measured  while  hot > 12.02in. 

(bi    Stroke 24.00  in. 

'  c »    Diameter  of  piston  rod 2  i'.-  in. 

6.  Clearance— in  per  cent  of  volume  displaced  by  piston  per  stroke 

(a      Headend 7.89percent 

(">    Crank  end  7. 04  per  cent 

T.    Speed— Controi:ed  by  fly-ball  g-overnor  with  variable  gear  ratio  between   main  shaft  and 
governor,  giving  any  engine  speed  from  20  to  160  r.  p.  m    Usual  speed  IS-Jr  p  m. 


(a)  Speed  Control. — The  speed  of  the  engine  is  controlled  by 
a  fly-ball  governor  acting  on  the  cut-off  cams  of  the  steam  valve 
gear.  Variable  speed  is  obtained  by  varying  the  gear  ratio 
between  the  main  shaft  and  the  governor.  This  gearratio  change 
is  accomplished  by  the  mechanism  shown  to  the  left  of  the  fly- 
wheel in  Fig.  31.  The  mechanism  is  operated  as  follows:  The 
belt  from  the  main  shaft  drives  the  concave  disc  to  the  left  which  is 
loose  on  the  shaft;  this  disc  drives  by  friction  three  fiber  rimmed 
idlers  which  are  mounted  between  two  discs  on  frames  supported 
by  a  stationary  frame  in  a  manner  which  permits  the  plane 
of  the  idlers  with  respect  to  the  shaft  to  be  changed:  the  concave 
disc  to  the  right  is  friction-driven  by  the  three  idlers  and  is  keyed 
to  the  shaft  which  is  connected  through  bevel  gears  to  the  gov- 
ernor. The  discs  are  kept  in  contact  with  the  idlers  by  an  end 
thrust  provided  by  a  helical  spring  (^surrounding  the  shaft)  which 
is  located  between  the  right  disc  and  the  out-board  bearing:  the 
left  disc  is  loose  on  the  shaft  but  works  against  a  collar  formed  by 
the  sleeve  carrying  the  shaft;  the  spring,  therefore,  acting  against 
the  out-board  bearing,  forces  the  right  disc  against  the  idlers  and 
the  left  disc  against  its  collar.  The  hand  wheel  shown  in  the 
figure,  by  a  gear  and  sector  device  not  shown,  changes  the  plane 
of  the  idlers  with  respect  to  the  shaft,  and  therefore  changes  the 
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gear  ratio  between  the  two  discs.  This  device  permits  any  speed 
from  20  to  160  r.  p.  m.  to  be  obtained.  A  leakage  test  of  all 
valves  and  the  piston,  the  engine  being  at  rest,  showed  that  these 
parts  were  fairly  tight. 

2.  The  ^Superheater. — The  superheater  is  of  the  Foster  sep- 
arately-fired type, and  is  rated  at  200°  P.  of  superheat  for  a  flow 
of  4500  lb.  of  steam  per  hour.  The  draft  is  induced  by  an  engine- 
driven  fan. 

3.  The  Condenser — The  condenser  is  of  the  Worthington  sur- 
face type  having  362  sq.  ft.  of  condensing  surface.  Two  pumps 
are  provided;  one  a  Worthington  circulating  pump  drawing  its 
water  from  a  creek  about  40  ft.  away,  the  other,  a  Blake  wet  air 
pump,  discharging  into  a  tank  on  a  platform  scales.  Tests  at  fre- 
quent intervals  showed  that  the  condenser  was  practically  with- 
out leakage. 

4.  The  Generator  and  Water  Rheostat. — The  engine  was 
loaded  on  a  generator  and  water  rheostat  show^n  in  Fig.  33.  This 
generator  is  of  the  Edison  bi-polar  type,  and  is  rated  at  100  kw. 
at  140  volts,  thus  giving  a  full  load  current  of  715  amperes.  The 
field  was  separately  excited  for  the  tests,  the  current  being  ob- 
tained from  the  laboratory  220- volt  direct  current  supply. 

Fig.  33  shows  the  arrangement  of  the  loading  part  of  the  plant. 
The  generator  output  was  conducted  through  cables  in  the  conduit 
shown  to  the  main  switch  on  the  switch-board:  here  connections 
were  made  to  the  plates  of  the  water  rheostat.  Voltmeter  and  am- 
meter connections  are  made  on  the  back  of  the  switchboard.  The 
table  shown  to  the  right  of  Fig.  33  contains  the  voltmeter  and 
millivoltmeter  for  the  main  load  current,  and  the  field  ammeter 
and  rheostat  for  controlling  the  voltage.  The  water  rheostat 
consists  of  three  water-tight  wooden  barrels,  each  containing  two 
iron  plates,  one  positive  and  one  negative.  The  connections  of 
all  the  barrels  are  in  parallel.  Referring  to  Pig.  33,  and  describ- 
ing only  one  barrel,  a  plate  connected  to  the  negative  terminal  is 
placed  on  the  bottom  of  the  barrel;  the  positive  terminal  is  con- 
nected through  the  looped  wire,  shown  to  the  front,  to  a  movable 
plate  suspended  by  a  rope  from  the  long  shaft  hung  under  the 
frame  carrying  the  conductors.  This  long  shaft  is  turned  by 
means  of  the  handwheel  and  worm  device  shown.  The  rope  hold- 
ing the  upper  plate  is  tied  through  a  hole  in  the  shaft,  so  that 
when  the  shaft  is  turned,  the  rope  is  wound  up,  or  vice  versa,  as 
desired.  The  desired  load  as  shown  by  the  millivoltmeter  is  ob- 
tained by  regulating  the  distance  between  the  plates  and  by  throw- 
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ing  salt  in  the  water  to  obtain  the  desired  resistance.  An  over- 
flow from  the  top  of  each  barrel  is  provided  at  the  back,  so  that 
when  the  water  boils,  cold  water  is  admitted  so  that  the  heat  is  car- 
ried away  in  the  overflow  water  instead  of  by  the  boiling  of  the 
water.  All  the  upper  plates  are  lowered  simultaneously  by  means 
of  a  long  shaft.  An  almost  absolutely  constant  load  is  maintained 
by  this  rheostat. 

5.  The  Instruments. — The  various  instruments  used  were  care- 
fully calibrated. 

Indicators 

The  indicators  and  the  indicator  rig  are  shown  in  positions 
in  Fig.  32.  Two  Crosby  inside  spring  indicators  in  very  good 
condition  were  used  for  the  tests.  The  pipe  connections  consist 
of  5  inches  of  i  in.  pipe  for  each  indicator.  The  reducing  motion 
is  a  wooden  pantagraph  mounted  as  shown.  The  lost  motion  in 
the  indicator  rig  was  less  than  .01  in. 

Great  care  was  observed  in  the  indicator  work,  since  the  in- 
dicator diagrams  themselves  formed  the  basis  of  the  results  to  be 
obtained.  The  pistons  were  oiled  at  intervals  of  about  one  hour. 
The  springs  were  calibrated  by  steam  in  the  indicators  used,  by 
a  Cooley  fluid  scales  tester,  using  a  method  which  duplicated  al- 
most exactly  the  conditions  under  which  the  indicators  wtre  used 
during  the  tests. 
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Fig.  31. 


Fig. 32 
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TEST  METHODS 
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APPENDIX  3 

Test  Methods 

1.  PMiiiiinarij. — The  object  of  the  inv^estigation  given  in 
Part  1  was  to  examine  the  values  and  relations  of  the  exponent  n 
obtained  from  the  expansion  curve  of  the  indicator  diagrams 
under  different  conditions  of  pressure,  speed,  and  cut-off.  The 
effect  of  changing  one  of  these  variables  was  studied  while  keep- 
ing the  other  two  constant.  The  method  of  testing  was  planned 
therefore  with  a  view  to  maintaining  the  conditions  of  pressure, 
speed,  and  cut-off  as  constant  as  was  possible  during  any  one  test. 

2.  Length  of  Tests. — Tests  may  be  very  short  when  a  surface 
condenser  is  used  and  constant  conditions  are  maintained.  Prior 
to  running  a  test,  the  engine  was  operated  for  about  one  hour. 
It  was  found  that  after  the  operating  conditions  for  one  test  had 
been  maintained  constant  for  ten  minutes  that  the  steam  con- 
densed per  unit  of  time  was  almost  exactly  constant.  After  the 
conditions  had  become  constant,  it  was  found  that  30  minutes  of 
operation  gave  a  length  of  test  which  produced  trustworthy  and 
consistent  results.  All  observations  and  diagrams  were  taken 
every  three  minutes  in  response  to  a  signal  given  on  the  even 
minute.  Six  observers  were  required  to  maintain  the  desired 
conditions  of  load,  pressure,  superheat,  and  to  take  the  readings. 

3.  Control  of  Steam  Pressure  and  Temperature. — The  steam 
pressure  was  closely  controlled  by  an  observer,  who  throttled  the 
steam  in  the  main,  before  it  reached  the  engine,  to  the  pressure 
desired  as  shown  by  a  gauge  at  the  valve.  Ordinarily  this  pres- 
sure was  maintained  to  within  three  pounds  of  the  pressure 
desired.  It  was  decided  to  keep  the  steam  temperature  for  the 
superheated  steam  tests  constant  at  500°  F.  at  the  superheater. 
The  superheater  was  operated  by  an  observer  who  was  guided  by 
the  indication  of  a  thermometer  placed  in  the  pipe  carrying  the 
steam  leaving  the  superheater.  Ordinarily,  the  temperature  of 
the  steam  was  kept  within  the  limits  of  490°  to  510°  F.  The 
temperature  variation  at  the  steam  chest  of  the  engine  did  not  ex- 
ceed 2°  or  3°  F.  during  one  test.  The  load  was  kept  to  within 
about  1  per  cent  variation  from  the  average  load  during  one  test. 
Aback  pressure  of  about  h  lb.  above  the  atmosphere  was  main- 
tained at  the  engine  by  keeping  the  vacuum  at  the  condenser  at 
1.5  in.  of  mercury,  this  vacuum  being  controlled  by  an  observer  who 
regulated  an  air  leakage  valve  on  the  condenser. 

4.  Plan  of  Tests. — The  testing  crew  became  expert  in  control- 
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ling  the  conditions  so  that  the  variations  from  constant  conditions 
were  remarkably  small  for  test  work.  When  the  conditions  of 
one  test  varied  for  any  reason  more  than  the  amounts  given,  this 
test  was  not  used  for  the  purposes  of  the  investigation. 

The  tests  were  designated  in  the  laboratory  by  a  symbol  in- 
dicating the  conditions  to  be  maintained.  Thus,  test  5(X)°-100-52- 
120  indicated  that  the  steam  was  to  be  superheated  to  500"  P.  at 
the  superheater;  that  100  lb.  gauge  pressure  was  to  be  maintained 
at  the  engine  throttle;  and  52  kw.  load  was  to  be  put  on  the  gen- 
erator; and  that  the  speed  was  adjusted  to  be  120  r.  p.  m,  measured 
at  no  load. 

5.  Data  for  Test  52.— All  the  readings  to  Test  52  (500^  100- 
52-120)  are  given  in  Table  28.  A  study  of  these  readings 
shows  the  constancy  of  conditions  that  was  attained. 

Method  of  Selecting    One  Set  of  Indicator    Diagrams 
TO  Represent  the  Average  Conditions  of  One  Test 

After  a  test  was  run,  the  constancy  of  the  conditions  of  pres- 
sure, superheat,  load,  the  number  of  revolutions  and  the  weight  of 
the  condensate  for  each  3-min.  reading  was  examined.  If  the  va- 
riations of  these  conditions  were  within  the  limits  selected,  the 
test  was  worked  up  in  the  usual  manner.  It  was  generally  found 
that  the  area  of  each  of  the  indicator  diagrams  for  each  end  of 
the  cylinder  was  within  3  per  cent  of  the  mean  area.  The  gauge 
pressure  for  each  reading  at  which  the  diagrams  were  taken  was 
found  in  general  to  vary  less  than  3  lb.  from  the  average.  To  rep- 
resent the  average  conditions  of  one  test,  the  simultaneous  com- 
bination of  a  gauge  pressure  reading  nearest  to  the  average  and 
of  one  set  of  diagrams  which  had  an  area  nearest  to  the  mean 
area,  was  sought.  This  combination  gave  one  set  of  diagrams, 
taken  at  the  average  pressure,  which  represented  the  average 
area  of  all  the  diagrams.  This  mean  combination  condition  could 
generally  be  satisfied  to  within  i  of  1  per  cent  of  the  average 
area. 

The  value  of  the  average  quality  of  the  steam  mixture  pre- 
sent in  the  cylinder  at  cut-off,  and  the  average  value  of  n  for  both 
expansion  curves  were  obtained  from  this  set  of  diagrams  (trans- 
ferred to  the  logarithmic  form)  selected  as  representative  average 
conditions.  The  unit  of  measurement  of  both  quality  and  n  was 
therefore  the  revolution. 

The  manner  of  selecting  the  representative  diagrams  is  illus- 
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trated  in  Table  28.  The  areas  of  the  diagrams  are  given  in 
columns  14  and  15.  The  pair  taken  at  2:44,  the  time  of  reading 
No.  9,  was  chosen.  The  steam  pressure  for  this  reading  is  99.5 
lb.  at  the  throttling  valve,  while  the  average  is  99. 4  lb.  The  pres- 
sure at  the  engine  throttle  was  94.1  lb.,  while  the  average  was 
95.1  lb.  This  last  pressure,  94.1  lb.,  was  always  read  some  time 
after  the  signal  for  readings,  while  the  pressure  at  the  throttling 
valve  was  always  read  at  the  time  of  the  signal. 

The  area  of  the  crank-end  diagram  of  the  pair  selected  is 
2.70  sq.  in. ,  while  the  average  is  2.714  sq.  in. ;  the  area  of  the  head- 
end diagram  is  3.05  sq.  in.,  while  the  average  is  3.055  sq.  in.  The 
crank-end  diagram  is  0.5  per  cent  lower  in  area  than  the  average; 
the  head- end  diagram  is  0. 2  per  cent  lower  than  the  average ;  both  of 
them  considered  together  are  0.35  per  cent  below  the  average. 
This  figure,  0.35,  may  be  taken  to  show  the  average  difference,  and 
shows  that  no  material  error  is  introduced  by  this  method. 

6.  Methods  of  Computation. — The  manner  of  computing  the 
value  of  a:,:  and  n  is  given  for  test  30,  the  representative  indicator 
diagrams  of  which  are  given  in  Fig.  15,  and  the  logarithmic  dia- 
grams in  Fig.  9.  The  results  of  the  computations  for  all  tests  are 
given  in  Tables  1  and  2. 

The  absolute  pressure  of  cut-off  was  determined  from  the  indi- 
cator diagrams  at  a  point  located  by  inspection,  as  was  also  the 
per  cent  of  cut-off,  the  latter,  however,  not  being  involved  in  this 
investigation.  The  cut-off  pressures  for  all  the  tests  constituting 
one  group  were  averaged  and  this  average  was  used  to  obtain  all 
values  of  Xc  for  one  group.  Test  30  belongs  to  group  G,  com- 
prising series  6  and  14,  and  the  average  absolute  pressure  at  cut- 
off was  129.01b. 

The  logarithmic  diagrams  of  test  30,  shown  in  Fig.  9,  are  the 
basis  of  the  calculations  for  the  value  of  Xc.  The  calculations 
which  follow  are  given  in  detail  in  the  same  form  as  they  were 
made  for  all  tests. 

Computation  for  the  Values  of  Xc  and  n  for  Test  30. 
(Volumes  Obtained  from  Fig.  9.) 

Steam  present  at  cut-off  pressure  of  129.0  lb.  absolute 

Volume  of  steam  present,  head   end  0.482  cu.  ft. 

Volume  of  steam  present,  crank  end .  .0.478  cu.  ft. 

Total,  head  and  crank  end  ..   0.960  cu.  ft. 

Specific  volume^  of  steam  at  129.0  lb.  absolute  =3.478  cu.  ft.  per  lb. 

iMarks  and  Davis  Steam  Tables. 
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0.960 
Weight  of  steam   present   at  cut-off    g  ^-g   =0.2760  lb. 

Steam  regained  in  compression  at  15.0  lb.  absolute 

Volume  of  steam  present,  head  end 0.350  cu.  ft. 

Volume  of  steam  present,  crank  end 0.322  cu.  ft. 

Total,  head  and  crank  ends 0.672  cu.  ft. 

Specific  volume  of  steam  at  15.0  lb.  absolute  =  26.27  cu.  ft.  per  lb. 

Weight  of  steam  retained  in  compression     '   ''Z=  0.0256  lb. 

26.2/ 

From  Table  1,  the  weight  of  steam  and  water  supplied  =  2796  lb.  per  hour 
Revolutions  per  hour 6840 

9796 
Pounds  of  steam  and  water  supplied  per  revolution  =   ~    ,^  =  0.4087  lb. 

6840 

Total  weight  of  mixture  present  per  revolution 

0.4087  lb.  supplied 

0.0256  lb.  retained  in  compression 

0.4343  lb.  total  present 

Xc  —  Q-2/60  ^Q  (335,  or  63.5%  present  as  steam. 
0.4343 

Value  of  n  from  point  0,  Fig.  9. 

Headend    Length  0X=  1.575  in. 
OY=1.56    in. 

n.  head  end  =  1:^  =1.010 
1,56 

Similarly-^,  crank  end  =  i^^=  1.006 
1.52o 

Average  value  of  n  =1.008 

When  the  actual  cut-off  pressure  wa»  less  than  129.0  lb.,  the 
line  of  constant  weight  of  steam  mixture  on  the  logarithmic  dia- 
gram was  extended  to  this  pressure,   and  the  calculations  made. 

7.  Compression  Steam. — ^The  point  of  compression  was  selected 
in  the  following  manner  from  Fig.  9  for  the  reasons  explained  fully 
on  page  49.  The  straight  line  of  the  compression  curve  on  the 
logarithmic  diagram,  or  the  line  of  constant  weight  of  steam  mix- 
ture, was  prolonged  dotted  as  shown  to  the  back  pressure.  In 
these  tests  the  average  back  pressure  was  about  15.0  lb.,  and 
this  back  pressure  was  used  to  calculate  all  steam  retained  in 
compression.  The  intersection  of  the  compression  line,  pro- 
longed, with  the  back  pressure  line  (15.0  lb.),  extended,  was 
taken  as  the  volume  of  dry  steam  retained  in  compression.  This 
method  generally  gives  less  steam  retained  than  the  ordinary 
method. 
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THE  EFFECTS  OF  GOLD  WEATHER  UPON  TRAIN 
RESISTANCE  AND  TONNAGE  RATING 

I.    Introduction 

The  resistance  ofiered  by  railway  trains  is  greater  in  cold 
weather  than  it  is  under  ordinary  summer  temperatures.  Evi- 
dence of  this  fact  will  occur  to  all  who  are  concerned  with  train 
operation,  and  its  recognition  has  led  to  the  practice  of  reduc- 
ing tonnage  ratings  of  locomotives  during  cold  weather.  This 
practice  is  almost  universal  among  the  railroads  operating  in 
the  northern  part  of  the  United  States  and  in  Canada.  On  the  few 
roads,  running  in  this  territory,  which  do  not  reduce  ratings  dur- 
ing cold  weather,  it  seems  probable  that  the  ordinary  summer 
ratings  are  lower  than  they  might  well  be  and  that  consequently 
the  locomotives  have  a  reserve  tractive  effort  great  enough  to 
permit  them  to  handle  these  same  ratings  throughout  the  winter 
months. 

Any  method  of  tonnage  rating  should  recognize  the  three 
important  variables  which  modify  train  resistance,  viz.,  speed, 
average  weight  of  the  cars,  and  air  temp:Tature.  The  influence 
of  speed  is  quite  generally  allowed  for  in  establishing  ratings 
and  it  is  becoming  more  and  more  customary  to  make  distinctions 
in  rating  on  account  of  differences  in  car  weight.  The  influ- 
ence of  the  third  variablr-.  air  temperature,  may  be  as  ereat  as 
that  of  either  speed  or  car  weight,  and  it  is  proper  that  it  should 
have  received  as  general  consideration  in  establishing  winter 
ratines  as  has  been  accorded. 

Recognizing  the  importance  of  the  subject,  the  Railway  En- 
gineering department  of  the  University  of  Illinois,  two  years  ago, 
undertook  tests  to  determine  the  increase  in  train  resistance  due 
to  cold  weather,  and  this  work  is  still  in  progress.  It  is  hoped 
that  it  may  result  eventually  in  information  sufficiently  specific 
to  indicate  the  law  according  to  which  train  resistance*  and 
air  temperature  are  related,  and  thereby  to  enable  the  reductions 
in  rating  for  different  air  temperatures  to  be  determined  with 
greater  certainty  than  is  now  possible;  for.  as  will  appear  later, 
there  is  at  present  considerable  diversity  of  practice  concerning 
such  tonnage  reductions.    These  tests  are  still  far  from  being 

'Throughout  the  paper,  train  resistance  means  the  force  needed  to  keep  the  train  moving 
at  uniform  speed  on  straight,  level  track  and  in  still  air.  This  force  is  expressed  in  pounds  per 
ton  of  train  weight. 
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completed  and  the  data  in  hand  do  not  yet  warrant  definite  con- 
clusions. Tlie  work  has,  however,  gone  far  enough  to  develop 
some  rather  interesting  results  and  it  is  the  purpose  here  to  pre- 
sent this  evidence  and  also  to  present  a  summary  of  the  current 
practice  of  American  railroads  in  reducing'  lonnage  ratings  dur- 
ing cold  weather. 

The  material  here  presented  was  first  published  in  substan- 
tially the  same  form  in  the  Pro,ceedings  of  the  Central  Railway 
Club  for  January,  1912,  and  is  reproduced  by  permission.  The 
tests  referred  to  were  made  possible  by  the  courtesy  of  the  ofTicers 
of  the  Illinois  Central  Railroad, 

Before  presenting  the  experimental  results,  it  may  be  helpful 
to  examine  the  ways  in  which  low  air  temperatures  may  affect 
tonnage  rating.  In  establishing  a  rating,  the  purpose  is  to 
equate  locomotive  tractive  elfort  and  the  total  resistance  of  the 
train,  i,  e.,  to  determine  a  train  whose  gross  resistance  shall 
equal  the  available  tractive  effort,  x\nything,  therefore,  which 
decreases  tractive  elfort  or  which  increases  resistance  will  neces- 
sitate a  reduction  in  rating.  A  drop  in  air  temperature  does  both 
these  things.  Cold  weather  decreases  tractive  effort  by  decreas- 
ing the  capacity  of  the  locomotive  boiler.  This  it  does  in  two 
ways — tirst,  by  increasing  the  amount  of  heat  lost  by  radiation, 
and  second,  by  lowering  the  temperature  of  combustion.  Allow 
speed  the  reduction  i n  boiler  capacity  by  increased  radiation  prob- 
ably does  not  amount  to  more  than  two  or  three  per  cent  even  in 
very  cold  weather.  The  decrease  in  combustion  temperature  must 
be  so  small  as  to  be  negligible  in  its  effects  on  steam  production. 
Some  slight  decrease  in  the  eiriciency  of  the  performance  within 
the  cylinders  probably  also  ensues  in  cold  weather,  but  data  do  not 
exist  to  enable  us  to  evaluate  this  effect.  Gold  weather  further 
decreases  tractive  effort  by  increasing  the  machine  friction  in  all 
the  locomotive  bearings,  Since,  however,  the  total  machine  fric- 
tion is  itself  not  generally  more  than  eight  or  ten  per  cent,  when 
maximum  tractive  effort  is  being  developed,  it  is  apparent  that 
even  considerable  variations  in  this  friction  cannot  greatly  affect 
tractive  effort.  Taking  all  tliese  facts  into  consideration,  it  seems 
likely  that  cold  weather  does  not  greatly  reduce  the  tractive  ef- 
fort of  locomotives,  and  that,  consequently,  it  does  not  neces- 
sitate radical  reductions  in  rating  in  so  far  as  its  effect  upon  the 
locomotive  itself  is  concerned.  Probably  a  reduction  in  rating 
o^'  four  or  five  per  cent,  even  with  air  temperatures  as  lowasO°F., 
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is  siifTicient  to  allow  for  flu-  rodiicfd  traclivo  cfTort  of  tho  loco- 
motive. 

The  influence  of  cold  weather  in  increasine  total  train  resis- 
tance is.  however,  greater  than  its  influence  on  tractive  effort. 
Under  the  conditions  prevailing  at  ruling  grades,  total  train  re- 
sistance is  made  up  of  net  resistance  as  above  defined,  together 
with  resistances  due  to  grade,  to  acceleration,  and  to  curva- 
ture. Of  these  four  elements  of  resistance  only  the  first — 
the  net  resistance  on  straight  level  track  at  uniform  speed — 
is  at  all  afTected  by  temperature.  At  the  speeds  at  which  freight 
trains  pass  ruling  grades,  this  net  resistance  is  composed  almost 
entirely  of  those  resistances  which  develop  at  the  wheel  tread 
and  the  resistance  developed  in  the  car  journals.  The  former  we 
shall  call  rolline-  resistance  and  the  latter  journal  resistance. 
When  the  temperature  of  the  air  falls  below  the  freezing  point, 
the  moisture  in  the  road  bed  freezes  and  the  whole  track  struc- 
ture becomes  less  yielding.  It  seems  reasonable  to  expect  that 
under  these  conditions  the  rolling  resistance  will  be  different 
from  what  it  is  in  summer  weather.  Whether  it  is  greater 
or  smaller  does  not  appear,  although  there  are  some  reasons  for 
supposing  it  to  be  less  on  "'frozen  (rack."  Whether  it  is 
ereater  or  smaller  need  not  concern  us  here,  for  it  is  altogether 
likely  that  at  the  speeds  prevailing  at  ruling  grades  this  rolling 
resistance  is  much  less  than  the  other  element  of  resistance,  viz.. 
the  journal  friction.  It  is  in  journal  friction,  therefore,  that  we 
must  seek  for  the  explanation  of  the  effect  which  cold  weather 
is  known  to  produce  upon  train  resistance  and  consequently 
upon  tonnage  rating. 

A  brief  review  of  the  actions  within  the  car  journal  may 
serve  to  make  clearer  the  way  in  which  temperature  afYects  the 
journal  resistance.  In  the  journals  of  a  car  which  has  been 
standing,  the  oil  film  has  been  broken  through  and  the  journal 
and  brass  are  probably  in  direct  contact.  The  temperature  of 
the  oil  and  of  all  the  bearing  parts  is  the  same  as  that  of  the  air. 
and  the  lower  this  temperature,  the  more  viscous  is  the  oil.  As 
the  car  starts  and  the  journal  turns,  oil  is  brought  up  from  the 
waste  below  and  the  film  of  oil  begins  to  establish  itself.  Until 
this  oil  film  is  established  over  the  whole  journal,  the  friction  is 
high  and  gives  rise  to  the  great  starting  resistances  which  pre- 
vail at  this  time.  As  the  journal  continues  to  turn,  the  oil 
and  all  bearing  parts  begin  to  warm  up.  due  to  the  heat  devel- 
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oped  by  the  bearing  friction.  As  the  temperature  increases,  the 
viscosity  of  the  oil  diminishes  and  the  resistance  decreases.  The 
temperature  of  the  bearing  continues  to  increase  until  the  rate  of 
heat  production  within  the  bearing  equals  the  rate  at  which  the 
heat  is  dissipated  from  the  box  and  other  parts,  sucli  as  the  axle. 
At  this  point,  the  bearing  temperature  becomes  constant  and  the 
resistance  reaches  its  minimum  value  and  here  remains.  This 
dissipation  of  heat  is  accomplished  by  the  air  moving  over  the 
box  and  axle,  and  the  rate  of  heat  dissipation  varies  almost 
directly  with  the  amount  of  the  difference  between  the  tempera- 
ture of  the  bearing  and  the  temperature  of  the  surrounding  air. 
To  maintain  a  certain  rate  of  dissipation  of  heat  the  journal 
temperature  may  be  lower  therefore  in  cold  weather  than  in 
warm  weather,  the  temperature  of  equilibrium  attained  by  the 
journal  is  consequently  lower  in  cold  weather  than  in  warm 
weather,  and  the  minimum  viscosity  of  the  oil  is  greater.  On 
these  accounts  we  are  prepared  to  find  that  the  minimum  resist- 
ance attained  in  cold  weather  is  greater  than  in  warm  weather. 
These  statements  are  exemplified  by  the  following  record  of 
journal  temperatures  obtained  by  the  use  of  the  University  of 
Illinois  dynamometer  car:* 

Test  number 109i       2007 

Average  air  temperature — degrees  F  63  9 

Approximate  average  test  speed — m.  p.  h 16  15 

Maximum    temperature    attained    by    test    car   journal — 

degrees  F  - 116  98 

These  tests  difl'er  chiefly  in  the  air  temperature.  In  the  test 
on  the  colder  day  the  temperature  of  equilibrium  attained  by  the 
journal  is  18°  less  than  that  attained  on  the  warmer  day. 

In  another  series  of  tests  in  which  the  journal  temperature 
was  measured,  the  resulting  average  maximum  journal  tempera- 
tures attained  during  the  tests  were  about  125°.  137°  and  145°  for 


^C5 


constantly  maintained  speeds  of  10.  20  and  30  miles  per  hour, 
respectively.  In  this  case  the  temperature  is  derived  from  a 
journal  of  one  of  the  cars  in  the  test  train.  This  car  weighed 
lOl.OOU  lb.  and  was  equipped  with  5  in.  by  9  in.  journals.  The  air 
temperature  during  these  tests  varied  from  62°  to  yO°.  These 
values  serve  to  show  the  temperatures  attained  in  a  heavily  loaded 
journal  and  also  to  show  the  influence  of  speed  on  these 
temperatures. 

*This  car  is  equipped  with  a  recording  thermometer,  the  bulb  of  which  is  inserted  in  a  hole 
drilled  in  the  body  of  one  of  the  journal  brasses.  This  instrument  makes  a  continuous  record 
of  journal  temperature.  The  car  weighs  58,000  lb.,  and  is  equipped  with  4M  in.  by  gin.  journals 
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II.    Results  of  Experiments 

Two  years  ago  the  Railway  Engineering  department  of  the 
University  of  Illinois  completed  a  series  of  tests*  to  determine  the 
influence  of  car  weight  on  resistance.  These  tests  were  intended 
to  show  only  the  resistance  prevailing  in  summer  weather  in 
order  that  they  might  serve  as  a  basis  for  normal  or  ''summer 
ratings. ■■  Tests  made  during  cold  wealher  have  therefore  been 
eliminated  from  Ihe  results.  These  results  are  here  presented  as 
Fig.  1  merely  to  offer  a  basis  of  comparison.  In  deriving  the 
curves  of  Fig.  1  it  was  necessary  to  produce  for  each  lest  such  a 
curve  as  is  shown  in  Fig.  2  in  which  the  relalion  between  speed 
and  resistance  is  indicated.  Fig.  2  shows  the  values  for  resis- 
tance at  various  speeds  for  test  1027  made  in  July.  1908,  during 
which  the  air  temperature  varied  from  G4°  to  S0°.  In  such 
a  diagram  a  definite  relation  between  resistance  and  speed  is 
obvious  and  no  ditficulty  was  experienced  in  drawing  a  curve  to 
represent  fairly  this  relation.  In  these  respects  Fig.  2  is  quite 
characteristic  of  the  entire  series  of  32  tests  which  led  to  the 
conclusions  embodied  in  Fig.  1.  It  should  be  borne  in  mind 
that  these  tests  were  made  in  warm  weather. 

As  the  tests  progressed,  however,  and  cold  weather  was  en- 
countered, the  plotted  values  of  resistance  and  speed  exhibited 
no  such  obvious  relalion.  Fig.  3  shows  the  resistances  at  var- 
ious speeds  obtained  from  test  1041,  the  first  test  made  in  cold 
weather.  This  test  was  made  on  October  31,  1908  and  the  air 
temperature  V'aried  from  30°  at  the  beginning  to  42°  at  the  end  of 
the  test.  If  there  is  a  definite  relation  between  resistance  and 
speed  for  this  test.  Fig.  3  certainly  does  not  disclose  it  and  it 
would  require  considerable  hardihood  to  try  to  draw  a  curve  for  the 
points  there  shown.  The  attempt  to  discover  a  reason  for  the 
discordance  among  resistance  values  disclosed  in  Fig.  3  by  a 
comparison  of  the  conditions  prevailing  in  test  1041  with  the 
conditions  of  the  preceding  tests,  made  it  clear  that  this  test  dif- 
fered chiefly  in  being  run  during  cold  weather.  The  explana- 
tion was  sought  in  this  fact. 

In  Fig.  3  the  resistance  values,  for  speeds  in  the  neighbor- 
hood of  15  miles  per  hour,  vary  from  8.9  to  12.6  lb.  per  ton,  and 
similar  variations  occur  at  other  speeds.  If  cold  weather  causes 
these  variations,  it  does  so  through  its  influence  on  journal  tem- 
perature.    It  was  conceived,  therefore,  that  the  variations  were 

♦Freight  Train  Resistance:  Bulletin  43  of  the  Engineering  Experiment  Station  of  the 
University  of  Illinois . 
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due  to  differeiicos  in  journal  temperature,  and  that  Ihese  differ- 
ences were,  in  their  turn,  due  to  the  fact  that  most  of  the  points* 
in  Fig.  3  applied  to  the  period  during  which  the  journals  were 
warming  up.  In  other  words,  it  was  assumed  that  cold  weather 
had  unusually  delayed  in  this  test  the  time  at  which  the  temper- 
ature of  equilibrium  of  the  journal  became  established. 
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Pkogbesses.    The  Resistances  Apply  to  a  Speed  of 

About  15  Miles  per  Hour 

If  these  assumptions  are  correct,  it  might  be  expected  that  a 
diagram  showing  the  resistance  values  and  the  corresponding 
journal  temperatures  would  disclose  their  intimate  relation.  No 
record  of  journal  temperature  was  available  at  this  time  and  it 
was  consequently  impossible  to  produce  such  a  diagram.  If, 
however,  the  juurnal  temperature  was  varying,  it  must  have  been 
increasing  as  the  train  moved  further  and  further  from  the  start- 
ing point,  and  it  was  concluded  that  if.  for  each  point  on  the 
r(»ad  at  which  resistance  had  been  determined,  its  value  were 
plotted  with  respect  to  the  distance  of  that  point  from  the  be- 
ginning of  the  run.  such  a  plot  would  reveal  a  regular  variation 
of  resistance  with  distance  due  to  the  inlluence  of  distance  upon 


•Each  point  in  this  and  succeeding  diagrams  represents  the  resistance  value  applying  to 
a  particular  position  of  the  train  upon  the  road.  It  may  define  the  momentary  resistance  as 
the  train  passes  a  particular  point,  or  it  may  define  the  average  resistance  during  the  time  the 
train  passes  a  short  track  section. 
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journal  temperalure.  It  was  hoped  that  such  a  diagram  would 
offer  an  explanation  of  the  discordance  among  Ihe  values  shown 
in  Fig.  3.  This  assumption  was  tested  in  the  following  manner: 
On  Fig.  3  the  two  lines  A  and  B  were  drawn  embracing  all 
points  whose  speed  values  lie  between  14  and  16  miles  per  hour. 
All  points  lying  within  the  belt  defined  by  lines  A  and  B  pertain, 
therefore,  to  speeds  which  are  not  far  fnmi  15  miles  per  hour. 
The  resistance  values  of  the  points  lying  within  this  zone  were 
next  plotted  as  Fig.  4.  in  which  vertical  distances  again  denote 
resistance,  and  horizontal  distances  represent  miles  run  from 
the  starting  point.  The  points  which  in  zone  AB  of  Fig.  3  have 
the  highest  resistance  values  are  found  in  Fig.  4  near  the  begin- 
ning of  the  run.  whereas  those  having  the  lowest  resistance 
values  fall  at  the  end  of  the  run,  and  in  general   the   points*  in 
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Fig  4  so  arranged  themselves  that  their  resistance  values  con- 
stantly decrease  as  the  distance  increases.  A  few  of  the  points 
in  Fig.  4  are  numbered.  These  numbers  in  Fig.  3  denote  the 
corresponding  points.  Bearing  in  mind  the  facts  that  all  values 
apply  to  the  same  train  and  to  approximately  the  same  speed,  it 


*Points  e  and  fin  Fig.  4  do  not  lie  within  zone  AB;  but.  since  they  correspond  to  speeds 
not  far  from  15  miles  per  hour.  (13.0  and  16."  m.p.h.  resi)ectivel y  i  they  are  there  plotted  in 
order  to  fill  out  the  exhibit  for  the  first  10  miles. 
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is  apparent  that  neither  variations  in  car  weightfnor  variations 
in  speed  can  account  for  the  regular  decrease  in  resistance  shown 
in  Fig.  4.  This  decrease  must  therefore  be  due  to  the  only  re- 
maining variable  which  exerts  any  important  influence  upon 
resistance,  viz..  journal  temperature.  It  is  therefore  assumed 
that  in  Fig.  4  the  regular  decrease  in  resistance  as  the  train 
progresses  is  due  to  the  fact  that  the  journal  temperatures  are  con- 
stantly increasing  and  that  oil  viscosity  and  journal  resistance 
are  therefore  diminishing.  This  assumption  underlies  the  fur- 
ther discussion  of  this  and  of  the  following  figures.  The  test 
conditions*  make  it  difTicult  to  directly  measure  the  temperature 
of  the  journals  in  the  train  and  the  results  are  therefore  pre- 
sented in  terms  of  distance  run  by  the  test  train.  The  journal 
temperatures  are  intimately  related  to  this  distance  unless  the 
test  is  run  under  widely  varying  speeds. 
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6.    SHowrsG  THE  Relation  Between  Resistance  and  Speed  foh  Test 
1041  at  5  Miles  and  at  35  Miles  fhom  the  Beginning  of  the  Run 


The  curve  CG  drawn  in  Fig.  4  represents  approximately  the 
rate  at  which  resistance  changes  with  distance  run.  and  it  ap- 
plies to  a  speed  of  about  15  miles  per  hour.  It  is  apparent  from 
this  curve  that  the  resistance  at  the  beginning  of  the  run  is 
about  14  lb.  per  ton  at  this  speed  and  that  it  constantly  decreases 
until  the  train  has  progressed  about  35  miles,  at  which  point  the 

♦The  trains  tested  are  freight  trains  of  the  Illinois  Central  Railroad,  accepted  as  they 
come  in  the  regular  service.  It  has  not  proved  feasible,  thus  far,  to  directly  measure  the 
temperature  of  any  of  the  journals  of  the  cars  composing  these  trains. 
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resistance  reaches  its  minimum  value  of  about  10.5  lb.  per  ton 
and  (he  journal  temperature  reaches  its  maximum.  Trains  of 
like  character  when  run  at  similar  speeds  in  warm  weather  reach 
their  minimum  resistance  within  the  first  eight  or  ten  miles  of 
their  run.  and  their  minimum  resistance  is  less  than  that 
attained  in  the  train  whose  performance  is  exhibited  in  Fig.  4. 

Fig.  5  also  shows  for  this  same  test  (1041)  the  decrease  in 
resistance  as  the  train  progresses.  The  curve  G  there  shown  is 
reproduced  from  Fig.  4.  and  the  additional  curves  A.  B  and  D  there 
drawn  were  derived  by  a  process  similar  to  that  just  explained 
in  the  discussion  of  Fig.  4.  The  curves  A.  B,  G  and  D  denote  the 
approximate  resistance  for  speeds  of  21.3,  17.3,  15  and  12  miles 
per  hour,  respectively.  All  four  curves  show  that  the  minimum 
resistance  is  reached  at  about  35  miles  from  the  beginning  of 
the  run.  For  widely  different  speeds  this  distance  would  be 
different.  Fig.  5  offers  a  means  whereby  we  may  determine  the 
relation  between  resistance  and  speed  at  different  points  in  the 
run.  This  relation  is  found  in  the  following  manner.  On  Fig. 
5  the  lines  EE  and  FF  are  drawn,  intersecting  all  four  curves  at 
points  corresponding  respectively  to  5  and  35  miles  from  the 
start.  The  points  at  which  the  line  FF  cuts  curves  A.  B.  G  and 
D  determine  four  resistance  values  which  correspond  respec- 
tively to  speeds  21.3,  17.3,  15  and  12  miles  per  hour.  These  cor- 
responding values  of  resistance  and  speed  constitute  the  co-or- 
dinates of  the  four  points  show^n  on  the  curve  H  of  Fig.  6  and 
serve  to  define  this  curve.  The  values  corresponding  to  the 
intersections  of  the  line  EE  with  the  four  curves  of  Fig.  5  serve 
similarly  to  define  the  curve  G  of  Fig.  6.  In  Fig.  G  vertical  dis- 
tances represent  resistance  and  horizontal  distances  represent 
speed,  the  curves  G,  and  H  represent,  therefore,  the  variations  of 
resistance  with  speed  for  test  1041,  and  present  train  resistance 
curves  in  their  usual  form.  The  curve  G  shows  the  resistance 
at  about  5  miles  from  the  beginning  of  the  run,  when  the  jour- 
nals are  still  cold.  The  curve  H  shows  the  resistance  at  35  miles 
from  the  beginning  when  the  journals  have  attained  their  max- 
imum temperature.  Fig.  6  presents  the  same  information  as  is 
embodied  in  Fig.  5;  but  in  a  more  familiar  form.  It  should  be 
recalled  that  Fig.  6  applies  to  a  test  made  when  the  air  tempera- 
ture varied  from  30°  to  42°  and  when  the  wind  was  light.  The 
train  was  composed  of  cars  weighing,  on  the  average.  17.2  tons. 

In  order  to  compare  the  resistance  shown  by  curves  G  and  H 
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with  the  resistance  prevailing  in  warm  weather,  the  curve  K  is 
drawn  in  Fig.  6.  This  curve  is  derived  from  Fig.  1  and  shows 
the  approximate  resistance  in  summer  weather  of  a  train  com- 
posnd  of  cars  weighing  17.2  tons.  Curve  K  is  therefore  compar- 
able with  either  G  or  H.  Curve  H  represents  resistances  which 
are  approximately  25  to  30  per  cent  greater  than  those  repre- 
sented by  curve  K  and  we  may  conclude  that  for  the  train  of  test 
1041  even  the  minimum  resistance  attained  after  the  train  had 
run  35  miles  is  about  25  per  cent  greater  than  the  resistance  of  a 
similar  train  in  warm  weather.  Whether  the  change  from  sum- 
mer temperatures  to  a  temperature  of  30°  will  always  result  in 
an  increase  of  25  per  cent  in  the  resistance  does  not  appear,  and 
the  data  in  hand  do  not  as  yet  w^arrant  generalizations  of  this 
sort.  Attention  is  again  called  to  the  fact  that  the  term  resistance 
as'here  used  means  resistance  on  level  track,  and  consequently  a 
difference  of  25  per  cent  in  resistance  does  not  necessarily  re- 
quire a  diil'erence  of  25  per  cent  in  tonnage  rating.  This  state- 
ment is  developed  beyond. 

Fig.  3  to  0  constitute  what  is  perhaps  unneeded  evidence  of 
the  effect  of  low  air  temperature  upon  train  resistance  and  upon 
tonnage  rating.  They  show  a  way  in  which  quantitative  expres- 
sion may  be  given  to  this  effect.  These  four  figures  also  serve 
to  show  the  methods  employed  in  the  study  of  this  problem 
which  is  now  in  progress  at  the  University  of  Illinois.  When 
this  work  has  progressed  far  enough  to  cover  all  ordinary 
ranges  of  air  temperature  and  all  ordinary  car  weights,  it  may 
result  in  information  which  will  enable  tonnage  reductions  to 
be  determined  more  systematically  than  seems  now  to  be  pos- 
sible. It  may  be  of  interest  to  present  a  few  additional  diagrams 
touching  one  or  two  other  phases   of  the   subject. 

Fig.  7  and  8  are  similar  to  Fig.  3  and  4  and  they  lead  to 
similar  conclusions.  Fig.  7  and  8  apply  to  test  1045  during 
which  the  air  temperature  varied  from  22°  to  26°.  and  for  which 
the  train  was  composed  of  cars  averaging  49.2  tons  in  weight. 
In  Fig.  7  the  resistance  values  are  plotted  with  respect  to  speed 
and  the  same  dilliculty  of  discovering  any  relation  between  re- 
sistance and  speed  presents  itself  as  was  presented  in  Fig.  3. 
When,  however,  these  resistance  values  are  plotted  with  respect 
to  distance  from  the  beginning  of  the  run,  as  they  are  in 
Fig.  8,  they  arrange  themselves  in  a  more  orderly  way. 
All  the  points  of  Fig.  7  are  plotted  in  Fig.  8.    Points  8,  9  and 
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17.  which  in  Fig.  7  correspond  to  the  highest  values  of 
resistance,  fall  in  Fig.  8  either  at  the  beginning  of  the  run 
or  immediately  beyond  the  stop  at  A;  whereas  points  1  and  2 
which  have  the  lowest  resistance  values  fall  at  the  end  of  the 
run.  In  Fig.  8  the  speed  during  the  run  is  indicated  by  the  line 
in  the  upper  part  of  the  diagram.  It  will  be  noticed  that  the 
train  was  brought  up  to  a  speed  of  about  20  miles  per  hour  with- 
in the  first  three  miles  of  the  run  and  that  the  speed  was  there- 
after maintained  at  approximately  20  miles,  except  in  the  im- 
mediate neighborhood  of  the  two  stops  which  are  indicated  at 
A  and  B.  The  speed  for  all  but  four  of  the  points  for  which  re- 
sistance is  calculated  lies  between  18  and  21  miles  per  hour,  and 
the  speeds  for  these  four  points  lie  close  to  this  range.  Since  the 
speed  is  so  nearly  uniform  for  all  these  points,  its  influence  in 
modifying  resistance  is  practically  eliminated,  and  such  changes 
in  resistance  as  are  indicated  on  the  diagram  are  chiefly  due  to 
changes  in  journal  temperature.  At  point  A  about  14 miles  from 
the  start  the  train  was  slopped  for  one  hour  and  fifteen  min- 
utes, the  air  temperature  at  that  time  being  23°.  Again  at  B.  12 
miles  farther  along,  a  stop  of  two  minutes'  duration  was  made. 
It  is  interesting  to  note  the  effect  of  these  stops  upon  the  resist- 
ance. The  resistance  in  the  beginning  is  in  the  neighborhood  of 
seven  pounds  per  ton.  It  steadily  decreases  as  the  train  prog- 
resses, until  at  the  point  A.  where  thp  train  was  first  detained, 
it  had  fallen  to  about  four  or  four  and  one-half  pounds.  Upon 
leaving  A  the  train's  speed  was  immediately  raised  to  its  general 
value  of  20  miles  per  hour  and  the  resistance  is  found  to  have 
risen  again  to  about  the  same  value  which  it  had  at  the  original 
starting  point.  From  there  on.  the  resistance  again  decreases 
steadily  until  the  point  B  is  reached,  after  w'hich  there  is  a  slight 
increase  in  resistance  due.  probably,  not  so  much  to  the  two- 
minute  stop  as  to  the  cooling  of  the  journals  during  the  consid- 
erably longer  period  in  which  the  speed  at  this  point  was  low, 
while  the  train  was  approaching  and  leaving  B.  The  diagram 
serves  well  lo  show  how  important  the  effect  of  such  a  slop  as 
that  at  A  may  be.  If  the  ruling  grade  in  this  case  had  occurred 
just  beyond  A,  it  is  entirely  likely  that  the  increased  train  resist- 
ance would  have  stalled  the  train  at  that  point.  There  is  no  evi- 
dence in  this  diagram  that  the  minimum  resistance  of  this  train 
at  this  speed  is  reached  during  the  test.  Indeed,  if  the  resistance 
curves  there  drawn  are  accepted  as  correct,  it  seems  clear  that 
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the  stops  have  dflayed  tlie  pslablishnipnt  of  this  minimum  re- 
sistance beyond  the  test  limits.  Comparison  with  resistance  in 
warm  weather  is  therefore  unwarranted. 

During  test  1084,  the  results  of  which  are  presimted  in  Fig,  9, 
the  air  temperature  varied  from  1°  below  zero  at  the  beginning 
to  5°  above  zero  at  the  end  of  the  test.  These  temperatures  are 
lower  than  any  others  prevailing  during  the  tests  here  discussed, 
and  Fig.  9  is  introduced  primarily  on  that  account.  It  exhibits 
the  same  facts  as  may  be  derived  from  Fig,  4  and  8  and  needs 
but  little  additional  comment.  The  speed  during  this  test  was  in- 
creased from  8  miles  per  hour  near  the  start  to  20  miles  per  hour 
at  the  point  A.  beyond  which  it  was  maintained  almost  uniform 
at  20  miles  per  hour.  The  resistance  values  derived  for  the  first 
10  miles  of  the  run  are  not  numerous  enough  to  otTer  much  in- 
formation. Between  A  and  B.  however,  the  points  are  more 
numerous  and  indicate  clearly  the  usual  decrease  in  resistance 
as  the  train  progresses.  The  resistance,  which  at  A  is  20  pounds 
per  ton.  has  decreased  at  B — ^24  miles  from  the  start — to  about 
16  pounds  per  ton.  and  probably  it  would  have  continued  to  de- 
crease had  the  test  been  continued  beyond  this  point.  The  nor- 
mal resistance  in  summer  weather  for  a  train  of  this  car  weight 
(16.5  tons  I.  as  derived  from  Fig.  1.  is  9.5  pounds  per  ton.  The 
train  of  this  test  has.  therefore,  a  resistance  08  per  cent  in  excess 
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of  Ihe  normal,  even  after  running  24  miles.  Part  of  this  excess 
is  doubtless  due  to  the  fact  that  a  strong  wind  prevailed  during 
the  test;  most  of  it,  however,  is  probably  due  to  low  temperature. 
Fig.  10  and  11  apply  to  test  108(3,  during  which  there  were 
very  light  winds  and  the  air  temperature  varied  between  28°  and 
30°.  The  lest  train  was  composed  of  cars  whose  weights  aver- 
aged 59.5  tons.  Fig.  10  shows  the  resistance  values  plotted  with 
respect  to  speed,  and  it  differs  from  similar  preceding  diagrams 
only  in  that  the  speeds  vary  Ihroughout  a  greater  range.  This 
figure  will  be  used,  as  have  the  others,  to  show  the  influence  of 
journal  temperature;  but  before  doing  so  it  may  be  of  interest  to 
show  how  plausibly  this  exhibit  might  be  so  construed  as  to  lead 
to  wrong  conclusions. 
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10.    Showing  Resistance  and  Speed  for  Test  I0b6— Air  Temperature 
Varied  from  28°  to  30° 


The  diagram  exhibits  considerable  variations  in  the  resist- 
ance values,  even  at  like  speeds.  Let  it  be  assumed,  however, 
that  speed  is  the  only  important  influence  at  work  in  causing 
this  variation.  Presupposing  that  no  record  of  wind  velocity  is 
available  it  might  seem  justifiable  to  ascribe  much  of  this  varia- 
tion to  the  variations  in  wind  resistance,  and  also  to  occasional 
changes  in  such  elements  of  resistance  as  flange  friction.  Mak- 
ing such  allowances,  the  discordance  among  points  in  the  dia- 
gram might  appear  no  greater  than  should  be  expected.  Such  con- 
siderations might  easily  lead  to  the  belief  that  the  diagram  does 
actually  represent  the  true  relation  between  average  train  resist- 


SCHMIDT-MARQUIS — TONNAGE    RATING 


19 


ance  and  speed,  and  it  would  therefore  appear  justifiable  to  rep- 
resent this  relation  by  a  line  drawn  among  the  points  of  Fig. 
10.  An  attempt  to  thus  express  the  assumed  relation  would 
probably  result  in  a  horizontal  straight  line  lying  at  a  height 
corresponding  to  about  4.5  pounds  per  ton.  Such  a  process 
would  consequently  lead  to  the  conclusion  that  for  this  train  the 
resistance  is  the  same  for  all  speeds  up  to  aboiit  40  miles  per 
hour;  that  is.  that  train  resistance  is  independent  of  speed.  It  is 
obvious,  however,  from  what  has  preceded,  that  in  causing  the 
variations  in  resistance  shown  in  Fig.  10,  the  journal  tempera- 
ture plays  al  least  as  important  a  part  as  the  speed.  Fig.  11  will 
make  it  clear  thai  Ihere  is  no  warrant  for  the  above  conclusion 
in  this  case. 
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Fig.  11.    Showing  the  Variatiox  of  Resistance  with  Distance  and  with 
Speed  fob  Test  1086 

Fig.  11  comprises  the  points  which  in  Fig.  10  lie  between  the 
lines  A  and  B.  corresponding  to  speed  limits  of  12.5  and  26  miles 
per  hour.  B  is  chosen  at  this  point  merely  to  reduce  the  length 
of  Fig.  11.  The  resistance  value  for  each  point  lying  within  this 
zone  is  plotted  in  Fig.  11  with  respect  to  the  distance  of  this  point 
from  the  start.  The  upper  line  in  Fig.  11  again  represents  the 
speed,  which  was  quite  uniform  and  near  20  miles  per  hour  for 
the  first  12  miles  of  the  run — up  to  the  point  C.  Beyond  G  the 
speed  varied  considerably.  As  in  the  tests  previously  discussed, 
the  resistance  decreases  with  great  regularity  during  the  first  12 
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miles,  iiiilil  at  G  Ihe  journals  have  apparently  attained  their 
maximum  temperature  for  a  speed  of  20  miles  per  hour,  and  the 
resistance  has  reached  its  minimum  value  for  this  speed.  Be- 
yond G,  therefore,  the  influence  of  journal  temperature  upon  re- 
sistance largely  disappears  and  the  resistance  thereafter  responds, 
in  its  variation,  quite  definitely  to  changes  in  speed. 
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Showing  the  Intimate  Relation  of  Resistance  and  Speed 
after  the  journals  have  become  warm 


Reference  was  made  above  to  the  definite  response 
made  by  resistance  to  changes  in  speed,  after  the  journals  have 
become  thoroughly  warmed  up.  Fig.  12  is  introduced  to  further 
illustrate  this.  It  applies  to  test  1031.  which  was  made  in  warm 
weather  and  which  was  selected  on  this  account.  During  test 
1031  the  air  temperature  varied  between  70°  at  the  start  and  82° 
at  the  end  of  the  test.  Within  the  first  eleven  miles  the  journals 
had  assumed  their  maximum  temperature  and  the  record  is  pre- 
sented only  for  that  portion  of  the  run  lying  beyond  this  point. 
As  before,  the  upper  line  in  Fig.  12  represents  speed  and  the  lower 
line  represents  resistance.  The  diagram  reveals  the  intimate 
relation  which  exists  between  resistance  and  speed  when  the 
journals  are  warm.  Every  change  in  speed  is  closely  followed 
by  a  corresponding  change  in  resistance. 
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III.    The  Effect  op  Grade  on  Tonnage  Reductions 

It  was  slated  above  that  an  increase  in  net  train  resistance, 
of  say  30  per  cent,  due  to  low  temperature,  does  not  necessarily 
require  a  like  reduction  in  train  tonnage.  This  is  due  to  the 
facts  that  net  train  resistance,  which  here  denotes  merely  the 
resistance  on  level  track,  is  not  the  only  resistance  which  absorbs 
the  tractive  effort,  and  that  the  other  resistances  are  unaffected 
by  temperature. 

The  process  of  rating  locomotives  consists  essentially  in 
specifying  a  train  whose  gross  resistance  shall  equal  the  avail- 
able tractive  effort.  Since  ratings  are  made  to  meet  the  condi- 
tions which  exist  at  the  ruling  grades,  this  gross  resistance  must 
always  consist  of  net  resistance,  as  above  defined,  and  of  grade 
resistance.*  Of  these  two  elements  the  grade  resistance  is 
almost  always  the  greater.  Obviously  neither  air  temperature 
nor  any  other  external  condition  can  affect  the  grade  resistance, 
which  is  modified  only  by  difference  in  grade.  Since  the  larger 
element  of  gross  resistance  remains  unaffected,  the  reductions 
in  rating  in  cold  weather  need  not  be  as  great  as  the  variations 
which  cold  weather  causes  in  the  smaller  element  of  gross  re- 
sistance; that  is.  in  the  net  train  resistance.  Neither  are  these 
tonnage  reductions  the  same  for  different  grades.  An  example 
may  serve  to  make  this  clearer. 

Let  us  assume  that  it  be  required  to  find  the  summer  and 
winter  ratings  for  a  certain  class  of  locomotives  on  two  divisions 
of  a  road,  which  we  here  designate  as  division  A  and  division  B. 
The  ruling  grade  on  A  is  one-half  per  cent,  and  that  on  B  is  one 
per  cent.  The  resistance  due  to  grade  alone  is  20  pounds  per  ton 
of  train  weight  for  each  per  cent  of  grade,  and  the  grade  resist- 
ance on  division  A  is  therefore  10  pounds  per  ton  while  on  divi- 
sion B  it  is  20  pounds  per  ton.  Now  assume  also  that  the  net  train 
resistance  for  the  desired  speed  is  4.5  pounds  per  ton  in  summer 
and  that  in  winter  it  is  33%  per  cent  ereater.  namely,  6.0  pounds 
per  ton  We  assume  further  that  in  summer  the  available  tractive 
effort  on  grade  A  for  the  class  of  engines  under  consideration  is 
32,000  lb.  and  on  grade  B  30,500  lb.  If  the  effect  of  cold  weather 
upon  the  engine  itself  be  assumed  such  as  to  cause  a  reduction  of 


♦Acceleration  and  curve  resistance  may  also  be  components  of  this  gross  resistance. 
Th^y  are,  however,  ignored  here,  since  their  consideration  is  not  necessary  to  the  argument, 
although  their  presence  may  modify  its  conclusion. 
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five  percent  in  tractive  elTort.  we  find  the  available  tractive  effort 
in  winter  to  be  30,400  lb.  on  division  A  and  28,970  lb.  on  division  B. 
We  have  now  available  enough  information  to  calculate  the  ton- 
nage ratings.  On  division  A,  for  example,  the  gross  resistance 
in  summ'eris  10+4.5=14.5  lb.  per  ton.  the  tractive  effort  is  32.000 
lb.  and  the  tonnage  is  consequently  32.000-^14.5=2,207  tons.  The 
winter  tonnage  on  division  A  is  30,400-^  (10+6.0)  =1,900  tons. 
The  proper  winter  tonnage  on  division  A  is  found  therefore  to  be 
(2207 — 1,900) -^2207=  14  per  cent  less  than  the  summer  tonnage. 
Similarly  for  division  B  the  tonnage  reduction  for  winter  weather 
is  found  to  be  10  percent.  The  results  uf  these  calculations  are 
summarized  in  the  following  table: 

Division  A  Division    B 

Ruling  Grade — per  cent —  V2  i 

Tractive  Effort  in  Summer,        pounds  32,000  30,500 

Tractive  Effort  in  Winter,         pounds 30,-iOO  28.970 

Grade  Resistance,                        pounds  per  ton 10  20 

Net  Resistance  in  Summc^,             "         "       "  4.5  4.5 

Net  Resistance  in  Winter,              "         "       "  6.0  6.0 

Gross  Resistance  in  Summer,          "         "       "  14.5  24.5 

Gross  Resistance  in  Winter,          "         "       "  16.0  26.0 

Tonnage  in  Summer,                   tons 2,207  1,245 

Tonnage  in  Winter,                         "  1,900  1,115 

Tonnage  Reduction,                     percent 14  10 

It  is  apparent  from  these  calculations  that  an  increase  in  net 
resistance  of  SSVs  per  cent  necessitates  a  reduction  in  rating  on 
division  A  of  only  14  per  cent  and  on  division  B  this  reduction 
need  be  only  10  per  cent.  Not  only  are  the  tonnage  reductions  in 
both  cases  considerably  less  than  the  difference  in  net  resistance, 
but  the  reductions  are  different  on  the  different  grades.  The 
greater  grade  requires  the  smaller  tonnage  reduction.  If  the 
ruling  grades  on  a  particular  road  do  not  differ  greatly  on  the 
different  divisions,  it  would  be  an  unnecessary  refinement  of 
practice  to  discriminate  between  divisions  in  establishing  ton- 
nage reductions  for  winter  weather.  If.  on  the  other  hand,  a 
road  runs  in  both  level  and  mountainous  country,  it  is  not  only 
logical  but  economical  to  make  such  distinctions.  The  infor- 
mation at  hand  concerning  current  practice  indicates  that  these 
facts  have  received  little  consideration,  or  at  any  rate,  no  ap- 
plication in  the  establishment  of  certain  existing  tonnage  rating 
systems.  On  other  roads.  howTver.  the  facts  are  duly  recognized 
and  embodied  in  their  rating  practice. 

There  are  a  few  roads  operating  almost  exclusively  in 
mountain  territory  which  find  it  unnecessary  to  make  reductions 
in  rating   for  low  temperatures.    The  ruling   grades   on  these 
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roads  are,  of  course,  heavy.  The  foregoing  example  illustrates 
how  the  effect  of  heavy  grades  may  disguise  and  almost  nullify 
great  variations  in  net  resistance,  and  it  offers,  therefore,  some 
justification  for  the  practice  which  ignores  distinctions  between 
summer  and  winter  ratings  in  such  territory. 

These  facts  serve  also  to  show  the  necessity  for  care  in 
adopting  on  one  road  the  practice  which  has  proved  satisfactory 
on  another.  Unless  the  ruling  grades  are  nearly  alike,  the  sys- 
tem of  tonnage  reductions  which  has  proved  itself  satisfactory 
on  one  road  ought  not  to  be  transplanted  to  another  without 
due  consideration  of  these  facts,  even  though  the  wealher  con- 
ditions are  identical. 

IV.    A  Summary  op  Current  Practice 

In  connection  with  this  investigation,  a  considerable  amount 
of  information  has  been  collected  from  the  railroads  of  the  coun- 
try concerning  their  tonnage  rating  practice.  The  attempt  has 
been  made  to  summarize  this  information  and  present  it  in  the 
table  which  is  here  included,  in  the  expectation  that  it  would  be 
useful  to  have  siich  information  assembled  in  somewhat  com- 
pact form.  It  is  believed  that  the  table  fairly  represents,  in 
most  cases,  the  practice  of  the  various  roads  as  stated  by  their 
own  officers.  It  has.  however,  been  difficult  occasionally  to 
force  into  the  form  and  limits  of  the  table  all  the  information 
available,  and  in  a  few  cases  the  tabular  statement  scarcely  re- 
presents all  the  facts.  It  is  dillicult.  for  example,  to  present  in 
tabular  form  the  limitations  placed  by  some  roads  upon  the  ap- 
plication of  their  general  practice.  It  is  hardly  possible  to  in- 
dicate in  the  table  the  degree  of  authority  given  on  these  roads 
to  trainmasters  and  dispatchers,  under  which  they  may  vary 
from  the  usual  practice. 

The  roads  are  arranged  in  the  table  in  the  order  of  the  air 
temperature  limits  which  determine  the  normal  rating  and  which 
appear  in  the  first  column.  This  arrangement  was  adopted  be- 
cause it  makes  easier  the  direct  comparison  of  figures  appearing 
in  the  later  columns.  At  the  same  time,  it  brings  together  roads 
which  operate  in  very  different  territory  and  under  very  different 
weather  conditions  and  these  facts  should  be  borne  in  mind  in 
making  comparisons.  Examination  of  the  table  makes  it  evi- 
dent at  once  that  there  is  great  diversity  of  practice.  Not  only 
are  difTerent  tonnage  reductions  made  for  similar  temperatures, 
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but  the  range  in  lemperaluro  which  is  considered  to  warrant 
tonnage  reduction  varies  from  a  few  degrees  to  30  or  40  degrees. 
Some  roads  have  only  one  rating  schedule  in  addition  to  their 
normal  schedule:  others  operating  under  weather  conditions  not 
radically  dilferent  have  as  many  as  ten  additional  schedules. 
Most  of  the  differences  in  practice  are,  however,  not  surprising 
when  it  is  considered  that  the  roads  included,  represent  practi- 
cally the  entire  United  States  and  Canada  and  represent,  there- 
fore, the  greatest  variety  in  weather  conditions  and  topography. 
Most  of  the  differences  in  practice  disclosed  by  the  table  are  quite 
sufficiently  explained  by  the  differences  in  the  weather  condi- 
tions prevailing  in  the  territory  served. 
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THE  COKING  OF  GOAL  AT  LOW  TEMPERATURES 

I.    Introduction 

1.  Purposie  of  the  Investigation. — The  investigations  dis- 
cussed in  this  bulletin  had  two  general  purposes  in  view:  (1) 
to  discover  some  fundamental  facts  pertaining  to  the  properties 
and  characlerislics  of  biluminous  coals;  (2)  to  determine  Ihe 
feasibility  of  modifying  the  composilion  of  raw  coal  in  order 
that  a  different  type  of  fuel  might  be  produced,  or  possibly  an 
alteration  accomplishe'd  of  the  entire  fuel  content  into  forms  bet- 
ter suited  to  present-day  requirements. 

2.  Scope  of  Previous  Investigations. — In  earlier  experi- 
ments^ (1907-1908),  the  information  developed  was  mainly  of 
the  type  indicated  under  the  first  division;  for  example,  the  ex- 
periments early  indicated  the  important  role  played  by  small 
amounts  of  oxygen  in  the  gases  surrounding  the  heated  masses 
of  coal.  The  ease  with  which  carbonaceoius  matter  absorbed  or 
united  with  oxygen  was  so  striking  that  it  seemed  desirable  to 
follow  the  matter  into  detail  regarding  the  temperatures  at 
which  oxidation  takes  place,  and  its  efTect  upon  the  material  in 
hand.  As  a  result,  the  whole  matter  of  coal  oxidation  at  low 
temperatures  was  opened  up  as  one  of  extreme  importance.  One 
fundamental  fact  brought  out  in  the  study^  was  the  absorbent 
power  of  freshly-mined  coal  for  oxygen,  and  the  part  oxygen 
played  in  producing  certain  changes  in  the  coal  and  promot- 
ing the  initial  form  of  deterioration  in  storage.  Again^,  the 
prime  element  in  all  the  phenomena  was  seen  to  be  that  of  oxi- 
dation. It  will  thus  be  seen  that  these  preliminary  studies  on 
low  temperature  distillation,  while  mainly  bringing  into  view 
what  might  be  termed  the  scientific  or  fundamental  properties 
of  the  material,  at  the  same  time  determined  facts  which  have 
had  much  to  do  with  develojTing  the  practical   application   of 


iThe  present  investigations  are  a  continuation  of  the  work  carried  on  in  1907-8  and  presented 
as  a  preliminary  report  under  the  title  of  "The  Modification  of  Illinois  Coal  by  Low  Teinpera- 
ature  Distillation",  Bulletin  No.  24,  University  of  Illinois,  Engineering  Experiment  Station, 
by  S.  W.  Parr  and  O.K.  Francis.    1908. 

2"The  Occluded  Gases  in  Coal",  Bulletin  No.  32.  University  of  Illinois,  Engineering  Experi 
ment  Station,  by  S.  W.  Parr  and  Perry  Barker. 

3"The  Weathering  of  Coal",  Bulletin  No.  38,  University  of  Illinois,  Engineering  Experi- 
ment Station,  by  S.  W.  Parr  and  W.  F.  Wheeler;  also  "The  Spontaneous  Comtiustion  of  Coal", 
Bulletin  No.  46.  University  of  Illinois.  Engineering  Experiment  Station,  by  S.  W.  Parr  and 
F.  W.  Kressmann. 
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the  information  in  its  relation  to  storage  and  spontaneous  com- 
bustion. 

In  the  second  phase  of  the  earlier  study,  i.  e.,  its  industrial 
side  as  related  to  the  development  of  a  special  type  of  fuel,  it 
seemed  to  be  established  that  below  a  certain  temperature,  say 
700°  F..  the  heavy  hydrocarbons,  those  chiefly  responsible  for 
the  formation  of  smoke,  could  be  driven  off,  yielding  a  gas  of 
high  illuminating  power,  a  tar  with  high  percentage  of  volatile 
oil,  and  a  solid  which,  while  it  could  be  burned  without  smoke, 
was  friable  and  not  well  adapted  to  ordinary  use  as  a  fuel. 

3.  Oulline  of  Present  Investigation. — In  the  present  studies, 
the  friable  or  non-cokine-  tendency  of  the  earlier  product  has 
been  found  to  depend  directly  upon  the  amount  of  oxidation 
that  has  occurred  both  in  the  preliminary  exposure  at  ordinary 
temperature  and  in  the  process  of  heating  to  moderately  high 
temperatures. 

The  fact  that  a  coke  of  good  texture  could  be  produced 
when  a  careful  exclusion  of  oxygen  had  been  effected,  has  given 
special  interest  to  the  present  experiments.  In  addition,  im- 
portant facts  have  developed  in  connection  with  the  study  of 
the  various  by-products.  These  by-products  have  also  been 
more  or  less  modified  in  their  characteristics  by  the  exclusion 
of  oxygen. 

Briefly  outlined,  the  present  studies  have  developed  three 
lines  of  industrial  interest. 

First:  The  possibility  of  developing  a  smokeless  fuel  of 
good  texture 'and  admirably  suited  to  domestic  as  well  as  to  gen- 
eral industrial  use  where  absence  of  smoke  is  essential.  The  ac- 
companying by-products  promise  to  be  of  special  value.  These 
consist  of  (a)  Ammonia,  though  smaller  in  quantity  than  the 
yield  obtained  at  higher  temperatures;  (b)  Illuminating  gas  of 
high  candle-power  and  high  heat  value;  and  (c)  Tar.  which  is 
composed  almost  entirely  of  oils,  with  a  minimum  amount  of 
pitch  and  free  carbon.  Some  of  the  oils  produced  are  of  pecul- 
iar structure  and  may  have  more  than  passing  interest,  two  of 
the  fractions,  for  example,  being  readily  oxidizable.  The  iodine 
absorption  numbers  of  the  lighter  fraction  are  found  to  be  as 
high  as  165. 

Second:  They  suggest  a  possible  method  for  the  manufac- 
ture of  producer  gas  which  would  be  free  from  present  difficul- 
ties attending  the  use  of  bituminous  coal,  and  would  convert  a 
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much  higher  per  cent  of  the  fuel  into  the  gaseous  form.  In 
view  of  recent  developments  in  the  matter  of  combustion,  etRci- 
encies  are  possible^  where  gaseous  fuel  is  available  which  are 
almost  revolutionary  in  character. 

Third:  There  are  opened  up  interesting  possibilities  in  the 
])roduction  of  coke,  briquettes  or  other  forms  of  fuel  in  a  dense 
and  stable  form  to  meet  certain  requirements  of  shipping,  stor- 
ing, foundry,  and  other  industrial  uses.  Certain  facts  developed 
in  these  studies  will  be  found  to  throw  some  light  on  the  prob- 
lem of  coking,  which  is  at  present  but  little  understood^. 

It  is  not  intended  here  to  enter  into  a  discussion  of  these 
three  main  topics;  they  will  be  taken  up  again  after  the  details 
of  the  experiments  have  been  set  forth.  The  results  of  the  ex- 
periments may  then  with  belter  understanding  be  made  to  enter 
into  the  conclusions  reached. 

II.  Experimental  Work 

4.  Apparatus. — The  apparatus  employed  is  illustrated  in 
Fig.  1.  From  the  high  pressure  main  at  .4,  steam  was  admitted 
to  BB.  a  %-in.  pipe  11  ft.  long,  fitted  with  two  return  elbows. 
The  steam  was  then  heated  by  a  20-burner  combustion  furnace, 
CC.  The  retort  D,  18  in.  by  8  in.,  containing  the  coal,  was  fitted 
with  a  head  /  held  in  place  with  set-screws  and  sealed  with 
asbestos.  From  the  retort,  the  distillates  were  conducted  by  a 
pipe  to  a  condenser  E  connected  in  turn  with  a  large  wash 
bottle  F.  Here  the  oils  and  tars  were  collected  while  the  gases 
passed  on  to  the  gasometer  G.  A  Hoskins  nickel-nichrome 
thermocouple,  inserted  through  a  stulTing  box  5  and  joined  to  a 
millivoltmeter  K  measured  the  temperature  of  the  retort  contents. 
A  battery  of  burners  placed  directly  under  the  retort  provided 
a  means  for  securing  additional  heat,  which  was  retained 
by  means  of  an  asbestos-lined  oven  which  entirely  surrounded 
both  the  returt  and  the  furnace. 

5.  Use  of  Superheated  Steam. — Superheated  steam  was 
used  in  this  series  of  experiments  as  a  medium  for  carrying  the 


iSurf  ace  Combustion.  Proc.  Am.  Gas  Inst.,  1911.  By  Prof.  W.  A.  Bone.  In  this  article 
Prof.  Bone  gives  data  showing  an  efficiency  in  the  generation  of  steam  by  use  of  the  principle 
of  surface  combustion  of  94.2  per  cent.  It  should  be  noted,  however,  that  this  efficiency  is 
based  upon  the  net  heating  value  of  gas. 

2"The  question  as  to  what  really  is  the  factor  that  produces  the  coking  tendency  character- 
istic of  some  coals  has  been  a  matter  of  some  speculation  among  manufacturers  and  users  of 
coke  for  two  hundred  years  and  we  are  no  nearer  to  its  solution  now  than  were  the  investigators 
of  two  centuries  ago.'— Iron  Age.  1907.    F.  C.  Keighley. 
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Fig.  1 

heat  into  the  coal  mass^  in  order  to  dislribnte  the  heat  evenly 
throughout  the  coal  and  thus  obviate  the  necessity  for  revolving  the 
container.  In  the  earlier  experiments  (1007-1908  .  the  carboniza- 
tion was  carried  on  in  a  cylinder  heated  externally  and  mounted 
on  hollow  tri.inions  in  order  to  make  possible  the  turning  of  the  re- 
ceptacle, while  at  the  same  time  the  hollow  bearings  permitted 
the  admission  of  various  inert  gases  at  one  end  and  tlie  discharge 
of  the  distillates  at  the  other.  With  that  device,  the  frequent 
turning  over  of  the  coal  seemed  to  be  unfavorable  to  the  forma- 
tion of  coke  having  a  homogeneous  texture.  Moreover,  the 
mechanical  features  were  not  easily  installed.  There  was 
positive  evidence  also  of  the  activity  of  small  quantities  of  oxy- 
gen, which  entered  by  leakage  or  as  an  impurity  in  the  circula- 
ting gas  employed,  thereby  acting  as  a  disturbing  element. 
There  seemed  sufficient  reasons,  therefore,  for  employing  a 
fixed  retort  and  using  superheated  steam  as  the  medium  for  con- 
veying the  heat  and  also  for  securing  a  suitable  atmosphere  for 
the  distillation.  As  will  be  seen  later  under  the  discussion  of  the 
coking  of  coal,  the  use  of  steam  in  this  manner  has  other 
advantages  which,  while  not  fully  appreciated  at  first,  are 
directly  in  line  with  the  fundamental  conditions  upon  which 
depends  the  property  of  coke  formation. 

6.    Coal  Used. — Table  1  gives  the  data  concerning  the  coals 
used.   It  should  be  noted  that  since  these  studies  were  made  for  the 
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purpose  of  testing  the  coking  powers  of  the  dii'ferent  coals  and 
not  to  determine  their  relative  commercial  values,  many  of  the 
samples  selected  were  cleaner  than  the  general  run-of-mine. 
The  low  ash  and  sulphur  percentages  result  from  the  exclusion 
of  pyrites. 

TABLE  1 

Composition  of  Coal 


Mines 
Counties — Illinois 

Vermilion 

Franklin 

Saline 

Macon 

Perry 

Williamson 


Moisture 

Ash 

Volatile 
Matter 

Fixed 
Carbon 

Sulphur 

8.80 

8.72 

43. 05 

39.43 

2.88 

6.84 

7. 38 

37.96 

47.82 

1.33 

3.93 

5.80 

37.86 

52.41 

1.54. 

8.70 

12.12 

39.30 

40.88 

2.30 

7.19 

10.05 

35.42 

47.34 

.80 

5.30 

8.55 

36  50 

49.65 

2.77 

12078 
12770 
13593 
11417 
12153 
12640 


7.  Operation. — A  quantity  of  coal  sufTicient  for  one  run 
only  from  2500  to  3000  grams,  was  crushed  at  one  time.  In  the 
first  experiments,  the  pieces  ranged  from  i/4  in.  to  buckwheat 
size,  the  dust  being  removed  by  a  sieve.  At  first  the  coal  was  put 
directly  into  the  retort,  but  it  was  found  that  the  circulation  of 
the  steam  was  retarded,  delaying  the  heating  of  the  mass.  To 
remedy  this,  a  cylindrical  sheet-iron  container.  6  in.  in  diameter, 
perforated  with  small  holes,  was  made  to  hold  the  charge.  This 
shell  "^^see  Fig.  2)  being  smaller  than  the  retrort  and  having  a  sur- 
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Fig.  2 


rounding  space  of  about  1  in.,  allowed  a  free  distribution  of  heat. 
It  was  used  throughout  the  remaining  runs  of  the  series. 

Steam  was  admitted  from  the  main  and  allowed  to  blow 
through  the  system  until  the  air  was  entirely  displaced.  The 
combustion  furnace  was  next  started  and  then  the  burners  under 
the  retort.    The  coal  was  not  stirred  after  heating  had  begun. 

Table  2  exhibits  the  a\erage  working  conditions.  By  im- 
proving the  facilities  for  applying  external  heat  to  the  retort, 
the  time  of  the  later  runs  was  reduced  to  an  average  of  about  five 
hours. 
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TABLE  2 

Test  Conditions:  First  Series 


Run  No. 

3 

4 

5 

6 

7 

Weight  of  coal',  grams 

4800 
4030 
475° 
8H 

5351 

4112 
515° 
76.8* 

2195 
1895 
450° 
86.3* 

3498 
2810 
410° 
80.3* 

3398 

Weight  of  residue,  errams 

2895 

Max.  temp,  (degrees  C.) 

Ratio  of  coke 

430° 

85.1* 

iNineteen  runs  were  made  in  the  first  series,  using  Williamson  Co.  coal  for  the  first  10 
tests.  In  the  other  tests,  the  coal  came  from  the  following  counties  in  the  order  given.  Ver- 
milion, Williamson,  Franklin,  Saline,  Macon.  Vermilion,  Vermilion,   Williamson.  Vermilion. 

8.    Distribution  of  Products. — Table  3  illiistrales  the  distri- 
bution of  products. 

TABLE  3 
Experiment^  No.  1 1 


Coal  usedS Electric  Mine.  Danville,  111. 

Temperature  (average) 450' 

Time  of  distillation 5hr. 

Volatile  matter  in  original  coal  not  including  moisture 43.00 

Volatile  matter  in  coke  residue 27,95 

Volatile  matter  in  coke  residue  referred  to  original  coal. .  .    22.01 

Loss  in  weight  of  original  coal,   volatile  matter  only,    not 

including  moisture 20.28 

Total  volatile  matter  derived  as  above,  not  including  mois- 
ture    42 .  29 

Total  material,  removed  by  distillation  including  moisture   29.10 

^Selected  as  a  typical  example. 

3For  methods  of  calculating  percentages  of  coal  constituents  in  this  and  succeeding  tables 
see  Bui.  No.  16.  p.  209.  111.  Geol.  Sur. 

TABLE  4 
Yield  of  Products  for  Different  Periods  of  Heating 


Time  of  Heating 


6hr. 


Coal 

Coke 

Per  cent  coke 

Weight  of  tar 

Per  cent  tar 

Weight  of  total  water 

Per  cent  free  moisture 

water  constitution 

Volume  of  gas  at  760  mm .  and  0° 

Calculated  to  cu.  ft.  per  lb.  of  coal. 


3000  grams 
2327  grams 
77.50* 
238.5  grams 

7.93* 
208.5  grams 

3;|Jor6.93* 

87  liters 
.46  cu.  ft. 


4000  grams 
S902  grams 
72.50* 
J16.0  grams 

7.90* 
348.4  grams 

Ifxt  o^8.71* 
134.7  liters 
.54  cu.  ft. 


From  the  preceding  tables  a  fair  indication  is  given  of  the 
ratio  of  distribution  of  the  main  products  of  decomposition.  A 
study  of  these  three  products,  gas,  tar  and  coke,  has  been  made, 
sufficient  to  determine  their  general  characteristics  and  value. 
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III.    Gases 

9.  Analysis  of  the  Gas. — The  methods  of  Hempel  were  used 
in  rnaking  all  gas  analyses.  For  absorbing  Ihe  illuminants.  bro- 
mine water  checked  wilh  the  results  from  fuming  sulphuric 
acid  and  was  free  from  the  disagreeable  properties  of  the  latter. 
The  parafTin  hydrocarbons  wer:  determined  by  the  use  of  the  ex- 
plosion pipette.  Hydrogen  was  determined  .separately  with 
palladium  sponge,  a  variation  from  the  ordinary  industrial 
method  necessary  when  higher  paraffins  are  present  in  the  gas. 
Oalorific  values  were  determined  wilh  the  Parr  gas  calorimeter. 

It  is  impossible  to  determine  absolutely  the  paraffin  content 
of  a  gas  by  any  methods  now  in  general  use.  when  more  than 
two  of  the  homologues  of  methane  are  present.  However,  by 
measuring  the  contraction  of  the  gases  and  the  amount  of  COj 
produced  in  burning  th^m  in  the  explosion  pipette,  the  total 
volume  of  the  hydrocarbons  having  the  general  formula  GnH2n+2 
may  be  determined  together  with  the  average  value  for??.  On 
the  assumption  that  the  higher  homologues  are  all  ethane,  the 
percentages  of  methane  and  ethane  may  then  be  computed^ 

Several  analyses  of  the  gases  obtained  early  in  the  work 
were  made,  but  on  account  of  air  leakage  in  the  gasometer,  the 
results  obtained  were  misleading.  Table  5  shows  the  average  of 
results  obtained  under  satisfactory  conditions,  from  gas  evolved 
at  an  average  temperature  of  400'^. 


TABLE  5 
Gas  From  Danville  Electric  Mine  Coal 


H2S 

COi: 

Illuminants 

CO 

Hi 

C2Ho 

CH4 

Ni 

B.  t.  u. 

3.2 

5.7 

8.3 

5.2 

5.0 

14.4 

51.4 

5.7 

1038 

The  computed  heat  value  of  this  gas  was  1024  B.  t.  u.  and 
agrees  closely  with  that  determined  directly.  Heat  values  of  the 
■different  gases  as  given  by  Abady^  were  used  as  the  basis  of  cal- 
■culation.^ 

From  the  agreement  between  the  observed  heat  value  as 
shown  by  the  gas  calorimeter  and  the  calculated  value  as  derived 


lAbady.  Gas  Analyst's  Manual,  p.  356,  1902. 

2Gas  Analyst's  Manual,  p.  521,  1902. 

^According  to  J.  H.Coste  (Chemical  Engineer,  February,  1911)  it  has  been  found  from 
JuUus  Tbomsen's  figures  that  the  average  calorific  value  of  the  unsaturated  hydrocarbons  is 
equivalent  to  that  of  propylene,  C'iHe. 
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from  the  coiislilueiits,  indirect  evidence  is  obtained  as  to  the 
correctness  of  the  assumption  concerning  the  composition  of  hy- 
drocarbons assumed  to  be  present  in  the  higher  forms. 

10.  Heat  Value. — It  will  be  noted  that  this  gas  is  relatively  of 
high  heating  value,  1024  B.  t.  u.  per  cu.  f[.  Compared  with  ordi- 
nary city  gas  at  600  B.  t.  u.  per  cu.  ft.,  this  gas  has  a  heat  value 
about  70  per  cent  greater,  i.  e.,  1  cu.  fl.  al  1024  B.  t.  u.  would  be 
equal  to  nearly  1.7  cu.  ft.  at  OoO  B.  t.  u. 

11.  Sulphuretted  Hydrogen. — The  gas  is  practically  free 
from  naphthalene  but  has  a  considerable  content  of  HoS.  The  latter 
feature  is  unexpected,  since  the  temperature  of  decomposition  of 
FeS._,  is  1000°  G.  and  above.  Doubtless,  therefore,  the  sulphur- 
etted hydrogen  present  is  in  the  main  due  to  the  breaking  down 
of  the  organic  sulphur.  It  seems  to  be  entirely  in  the  form  of 
H.2S  and,  therefore,  easily  removable  by  the  usual  methods  of 
purification.  Some  of  the  coke  residue  from  a  coal  having  orig- 
inally 4  per  cent  of  sulphur  was  examined  to  see  if  any  of  the 
iron  pyrites,  FeSj,  had  been  broken  down  by  the  temperature  em- 
ployed to  ferrous  sulphide.  FeS.  Five  grams  were  treated  with 
a  large  excess  of  dilute  hydrochloric  acid.  The  mass  was  thor- 
oughly washed  and  the  percentage  of  sulphur  remaining  deter- 
mined. Test  No.  1  gave  3.55%  ;  No.  2,  under  identical  conditions, 
3.70%.  A  quantity  of  the  same  residue  kept  well  moistened  was 
then  exposed  to  air  and  sunlight  for  a  period  of  twelve  days  in 
order  to  oxidize  any  FeS  present  to  a  sulphate.  After  washing, 
the  sulphur  content  was  3.74%,  indicating  that  FeS  in  the  origi- 
nal sample  was  absent.^  It  is  evident,  therefore,  that  the  pyritic 
iron  had  been  little  alTected  by  the  temperatures  of  the  retort. 

12.  Ammonia. — Any  by-product  process  for  the  carboniza- 
tion of  coal  would,  of  course,  lake  account  of  the  nitrogen  liberated 
in  the  form  of  NH3.  At  the  temperature  employed  in  these  experi- 
ments, it  would  not  be  expected  that  any  considerable  part  of  the 
nitrogen  organically  present  would  be  decomposed.  The  follow- 
ing values  are  shown  in  a  distillation^  varying  in  temperature 
from  375°-i00°G.  In  this  work  the  entire  distillate  from  a  run  of 
3000  grams  was  retained  and  the  total  ammonia  of  the  liquor  de- 
termined.   It  was  found  to  contain  ammonia  as  NH3  suflicient  to 


'On  the  subject  of  the  decomposition  of  pyrite,  Peters,  in  Principles  of  Copper  Smelting,  p. 
268,  Quotes  Sticht  as  saying  "  'At  dull  red  heat  FeS-J  loses  ^/7  of  its  sulphur  and  becomes  Fe7S8 . 
At  1200°,  it  becomes  for  the  first  time  FeS". 

-Experiments  by  Mr.  E.  C.  Hull,  Fellow  in  Chemistry,  University  of  Illinois,  Engineering- 
Experiment  Station.  March,  1909. 
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represent  a  yield  of  U.8  lb.  per  ton  of  coal,  somewhat  less  Ihaii  14 
of  the  yield  from  high  temperature  distillation.  It  is  not  certain 
that  the  value  of  this  product  would  pay  for  its  recovery. 

13.  Decomposition  of  Oxygen  Compounds. — The  oxygen 
compounds  upon  decomposing  form  water.  They  are.  therefore, 
of  ten  referred  to  as  the  water  of  constitution.  They  are  prop- 
erly considered  under  this  division,  though  not  forming  perma- 
nent gases.  It  is  a  question  of  great  interest  whether  any  decom- 
posingaction  in  connection  with  the  temperatures  employed  has 
taken  place.  If  such  decomposition  has  occurred,  it  has  by  so 
much  enriched  the  fuel  value  of  the  remaining  coke  for  the  rea- 
son that  these  compounds  are  inert  and  noncombustible  and, 
when  present,  by  so  much  increase  in  efi'ect  the  ash  factor  so  far 
as  combustion  is  concerned.  The  fact  of  their  decomposition 
is  shown  by  the  increase  of  w^ater  content  in  the  distillate  over 
and  above  that  which  would  normally  occur  from  a  condensa- 
tion of  the  hygroscopic  moisture  alone.  While  this  fact  was  not 
available  in  the  case  of  distillation  with  superheated  steam,  the 
point  was  well  established  in  the  previous  experiments^  as  also 
by  experiments  conducted  by  Mr,  E.  C.  Hull,  not  heretofore  pub- 
lished, in  which  careful  measurement  was  kept  of  the  amount  of 
water  distillate  recovered  from  the  coal  used.^  Thus,  from  the 
work  of  the  latter  we  have  the  followiiig: 

T.\BLE  6 


Weight  of  water  in  distillate 

Weight  of  free  moisture  in  orig-inal  coal 

Excess  water  from  decomposition  of  oxygen  compound  in  coal. 
Per  cent  of  water  from  decomposition  of  oxygen  compound  . . 


!    3000  Grams 

4000  Grams 

;Coal    Distilled  Coal    Distilled 

iforShr.Temp. 

for  6  hr.  Temp. 

1    300^  to  400- 

.    300=  to  400= 

208.5 

348.4 

I          102.0 

120  0 

106.5 

228.4 

3.55 

5.71 

14.  Summanj  of  Data  Concerning  the  Gaseous  Product. — 
Distillation  of  Illinois  coals  at  temperatures  averaging  450°  G. 
and  not  exceeding 500°  C.  produces  a  gas  having  a  heating  value 
exceeding  1000  B.  t.  u,  per  cu,  ft.  The  yield  approximates  V2  cu. 
ft.  per  lb.  of  coal  which,  at  the  heat  value  present,  would  repre- 
sent a  yield  of  1,00  cu,  ft.  per  lb.  of  a  gas  with  a  heat  value  of 
500  B.  t.  u.  per  cu.  ft.  The  ammonia  yield  is  low.  being  approx- 
imately 3  lb.  of  ammonium   sulphate   per   ton  of  coal.     Decom- 


iBulletin  Xo.    24.    University  of    Illinois,    Engineering   Experiment   Station.  Parr   and 
Francis. 

2See  also  Porter  and  Ovitz.      Bulletin  No.  l.U.  S.  Bureau  of  Mines,  p.  26-28. 
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position  at  this  temperature  extends  to  tlie  oxygen  compounds, 
which  are  in  the  main  carried  off  and  appear  in  the  condensate 
instead  of  in  tlie  gaseous  product.  This  feature  will  be  referred 
to  again  under  the  discussion  of  the  composition  and  properties 
of  the  coke  residue. 


IV.    Tar 

15.  Composition. — As  already  noted,  the  amount  of  tar  re- 
covered from  the  distillations  approximates  Y^  of  the  yield  of  vol- 
atile matter  and  in  the  sample  noted  where  a  direct  weighing  was 
made  (Table  0),  this  material  represents  very  nearly  8%  by 
weight  of  the  original  coal.  An  exhaustive  study  of  this  ma- 
terial would  be  an  elaborate  topic  for  research  in  itself.  We 
can.  therefore,  give  only  the  general  characteristics  of  the  ma- 
terial as  found  by  fractional  distillation  as  follows  : 

TABLE  7 
Fkagtions  From  Low  Temperature  Tar 


Amount  of  tar  (exclusive  of  water  carried  over). 

Light  oil       (  20°-100°) 

Fraction  (b)  (100° -200°) 

(c)  (200° -240°) 

(d)  (240°-275°) 

Coke  residue 


375     grams 

39.1 

10.5 

109.1 

29.1 

111.8 

29.8 

20.6 

5.5 

80.0 

21.3 

From  the  results  as  given  in  Table  7,  it  will  be  seen  that  75% 
of  the  material  classed  as  tar  is  in  reality  oils  of  difTerent  spe- 
cific gravities  and  thus  of  much  greater  value  than  the  pitch 
proper.  This  latter  product,  moreover,  is  much  smaller  in 
amount  than  is  produced  with  high  temperature  distillation.  In 
the  latter  case  over  one-half  of  the  tar  is  pitch,  with  a  consider- 
able content  of  free  carbon  suspended  in  the  material.  The  low 
temperature  product  is  approximately  one-fifth  a  pitch  residue 
with  some  suspended  carbon  present,  seemingly  depending  on 
the  extent  to  which  the  temperature  of  the  coal  mass  has  been 
carried  above  400°. 

16.  Properties  of  Oils. — The  further  examination  of  the  oils 
distilled  from  the  tar  has  developed  the  interesting  fact  that  these 
oils  are  readily  oxidizable.  As  a  measure  of  this  property  the 
iodine  absorption  number  was  determined  with  results  as  given 
in  Table  8.    It  is  realized,  of  course,  that  the  iodine  absorption 


PARR-OLIxV — COKING  OP  GOAL  AT  LOW  TEMPERATURES  13 

must  include  or  represent  other  activities  than  simple  oxida- 
tion especially  in  a  complex  mixture  where  members  of  the  aro- 
matic series  are  present. 

TABLE  8 
Iodine  Absorption  of  Oil  Distillate 


Fractions,  100°-200°  (29^)... 
Fraction  c.  200°-240°  (29.Slh). 


Iodine  No.  165 
115-125 


Further  study  of  the  oils  recovered  is  necessary  in  order  to 
determine  their  specific  values.    Their  ready  oxidizability  opens 
up  a  very  interesting  and   suggestive   field.    For  example,   this 
feature  is  a  marked  characteristic  of  drying  oils,  turpentines,  etc., 
used  in  paint  mixtures.    The  question  arises  as  to  whether  these 
oils  will  have  drying  qualities,  i.  e.,  will  they  not  simply  evapo- 
rate, leaving  no  residue,  or  will  they  oxidize  in  such  a  manner  as 
to  produce  a  film-covering,  which  will  serve  as  a  paint  vehicle. 
Or,  in  a  mixture  with  a  drying  oil  such   as   linseed   or   similar 
oil,  will  they  promote  the  peculiar  properties  of  such  oils  which 
make  them  of  value  for  paint  mixtures?    While  only  a  few  gen- 
eral points  in  (his  connection  have  been  developed,  Ihey  indicate 
characteristics  of  great  interest  and,  possibly,   value.    It   seems 
fair  to  conclude  that  in   some   measure  at   least  the  iodine  ab- 
sorption numbers  are  an  indication  of  the  avidity  of  the  oils  for 
oxygen.    This  is  shown  by  the  rapid  discoloration  of  the   oil 
when  exposed  to  the  air  and  to  the  fact  that  the  lighter  fraction 
will  yield  a  dry  film  on  glass  at  a  45°  angle  when  exposed  for  24 
hr.  under  the  usual  standard  requirements   for  such  test.    The 
second  fraction  has  also  drying  properties,  but  the  process  is 
much  slower.    Or.  rather,  a  fractionation  appears  to  take  place 
in  which  the  drying  oil  forms  a  hard  gelatinous  film    while  the 
non-drying  portion  segregates  into   minute   globules   which  are 
more  or  less  enveloped  by  the  films  of  oxidized   oil.    At  least,  it 
may  be  said  of  the  oils  which  make  up  the  element   of  the  tar, 
they  are  available  directly  as  fuel  or  for  enriching  or   carburet- 
ting  water  gas.     For  example,  if  the  process  were  continued    to 
include  the  manufacture  of  water  gas  from  the  coke  residue, 
the  oil  of  the  tar  would  doubtless  enter  into  the  reaction  in  the 
same  manner  as  the  crude  petroleum  now  used,  and  thus  would 
furnish  the  needed  enrichment  without  the  clogging  effect  which 
results  when  the  attempt  is  made  to  use  the  raw  coal  directly  in 
the  manufacture  of  water  gas. 
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^'.     Coke 

17.  Yield  of  Coke. — The  yield  of  coke,  under  average  condi- 
tions, as  already  noted  in  previous  tables,  is  approximalely  75%  to 
80%.  This  factor  will,  of  course,  vary  greatly  with  the  amount 
of  ash  originally  in  the  coal  and  on  Ihe  temperature  at  which  the 
distillation  has  been  carried  on.  These  items  of  variation  are 
shown  in  tlie  following  table  where  material  of  widely  varying 
composition  was  used. 

TABLE  9 
Composition  of  Coke  Residues 


Experiment  No.  11 
Vermilion  Co. 

Experiment  No.  13 
Franklin  Co. 

Experiment  No.  14 
Saline  Co. 

Moisture 

.34 
11.15 
27.61 
59.90 
2.58 
12892 

.40 

9.28 

26.60 

63.72 

1.21 

13446 

.28 

Ash 

6.97 

Volatile  matter 

Fixed  Carbon 

Sulphur 

23.50 

69.23 

1.20 

B.  t.  u 

13746 

TABLE  10 

Showing  the  Yield  of  Coke  From  Various  Co-\ls  Referred  to 

Orioin.al  Co.\l — Dry  Basis 


Experiment 
No    11 

Experiment 
No.  13 

Experiment 
No.  U 

Ash 

Volatile  matter  expelled 

Residual  coke 

9.56 
25.48 
78.10 

7.92 
18.00 
84.72 

6.04 
19.12 
84.86 

18.  Reactions  Involved. — In  the  transformation  illustrated 
by  the  change  from  the  composition  as  given  for  the  raw  coal  in 
Table  1  and  the  residual  coke  as  shown  by  the  table  above.  No. 
9,  certain  facts  may  be  deduced  as  follows  : 

First :  there  has  been,  seemingly,  a  decomposition  of  the  vol- 
atile matter  in  a  manner  which  would  increase  slightly  the  fac- 
tor for  fixed  carbon.  For  example,  if  the  fixed  carbon  be  calcu- 
lated as  indicated  in  Table  11  to  a  percentage  of  ash  correspond- 
ing to  that  of  the  raw  coal,  comparisons  will  be  obtained  as 
follows : 

TABLE  11 
Comparisons  of  Fixed  Carbon  in  Original  Coals  and  Residues,  Dry  Basis 


Experiment  No.  11    Experiment  No.  13    Experiment  No.  14 
Vermilion  Co.  Franklin  Co.  Saline  Co. 


Fixed  carbon  in  original  coal  ... 
Fixed  carbon  in  coke  residue  re- 
ferred to  original  ash 


43.24 
46.80 


51.30 
54.10 


54.56 
59.70 
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lU.  (fjyrjep  Removed. — As  has  already  been  stated,  the  ae- 
'jompositions  oociii'ring  al  temperatures  in  the  neighborhood  of 
400°  G.  include  the  liberation  of  oxygen,  or,  as  it  is  frequently 
designated,  the  waler  of  constitution.  Since  this  ingredient  of 
the  ra\v"  coal  is  non-combustible^  it  has  the  same  function  as  so 
much  ash.  Its  removal,  therefore,  serves  to  make  of  the  result- 
ing material  a  richer  or  more  concentrated  fuel.  This  feature 
is  still  further  promoted  by  the  removal  of  the  hygroscopic  or 
free  moisture  which  usually  exceeds  in  amount  the  water  of 
composition.  This  point  may  be  illustrated  by  the  accompany- 
ing tabh^  wherein  the  heat  values  per  pound  of  Ihe  original  coal 
are  compared  with  the  heat  values  per  pound  of  the  residual 
coke.  There  is  also  given  an  estimate  of  the  amount  of  non- 
combustible  material  removed  in  the  form  of  water  in  the  pro- 
cess of  decomposition. 

TABLE  12 


Samples 

B.t  u^per!    B^^Var- 

pi„„tttH     Treatment 
Received  ,     p^^  ^^ 

Gain 

Thermal 

Units 

Gain 
per  cent 

Estimated 
Loss  of  Total 
Non-combusti- 
ble Free  and 
Combined 
Moisture 

Williamson  Co 12695              13150 

Saline  Co 13583              13746 

VermillonCo '      12673              12892 

455 
163 
219 

3.60 
1.63 
1.72 

10.30 
8.93 
13.30 

20.  Properties,  Poro.sitij.  Hardness,  etc. — The  coke  material 
obtained  by  this  process  varies  in  character  somewhat  with  the 
kind  of  coal  used,  and  also  the  amount  of  pressure  employed 
during  the  carbonization.  The  Williamson  Go.  coal,  for  exam- 
ple, gives  a  coke  of  much  finer  texture  and  less  porosity  than  the 
coal  from  Vermilion  Go.  With  a  view  to  determining  the  reason 
for  this  greater  porosity  or  to  finding  the  conditions  that  would 
modify  it.  the  attempt  was  made  to  carry  on  a  test  with  the  coal 
sample  under  pressure.  To  this  end  the  following  apparatus  was 
used: 

21.  Apparatus. — A.  Fig.  3.  is  an  iron  cylinder. 8  in.  by  4  in., 
fitted  with  screw  caps  B  and  B^.  which  received  the  coal.  The 
movable  piston  G  to  which  is  attached  a  long  rod  E).  is  pressed 
against  the  charge  by  tightening  the  nuts  EE.  The  cylinder  is  per- 
forated with  small  holes  to  allow-  the  escape  of  gases.  This  con- 
trivance was  fitted  into  the  retort  originally  used  and  heat  was 
applied  as  before. 


iBuUetinNo.  3,  Illinois  Geological  Survey,  p.  32-33. 
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Exhibit  1  shows  the  results  obtained  when  pressure  is 
applied  slowly  during  the  entire  heating  period.  The  outer 
portions  passing  through  the  temporary  state  of  fusion  soon 
harden  and  form  a  wall  which  resists  external  pressure.  The 
inner  core,  therefore,  is  extremely  porous.  When  sutricient  pres- 


FiG.  3 

sure  is  applied,  the  outer  part  fraclures  and,  as  in  this  case,  the 
residue  comes  out  broken  up  into  small  pieces.  The  coke  shown 
in  the  figure  is  from  coal  from  Perry  Go.  The  specific  gravity 
of  the  outer  portions  of  the  mass  is  .733  against  .652  when 
coked  without  pressure. 

It  was  evident,  therefore,  that  in  order  to  get  a  firm  block, 
pressure  must  be  constant.  In  the  next  run,  the  charge  was 
rammed  into  the  cylinder  and  the  piston  was  screwed  up  tightly 
but  not  moved  after  healing  had  begun.  The  resulting  column 
cohered  well  and  showed  the  same  increase  in  specific  gravity  as 
the  one  mentioned  above. 

22.  Illustrations  of  Various  Products. — An  interesting  fea- 
ture of  the  product  is  the  complete  fusion  of  the  mass,  where 
proper  conditions  exist,  i.  e.,  the  individual  particles  of  coal  of 
buck- wheat  or  pea  size  have  completely  lost  their  identity,  the 
resulting  homogeneous  mass  showing  no  lines  of  demarcation 
from  the  original  pieces  of  coal.  The  texture,  however,  in  some 
cases  is  finer  or  closer  than  in  others.  These  points  are  well 
illustrated  in  photographs  of  typical  masses  as  reproduced  in 
exhibits  2  and  3.  for  coals  from  southern  Illinois.  Exhibit  4 
represents  a  somewhat  coarser  texture.  It  was  made  from  Ver- 
milion Go.  coal.  For  the  composition  of  these  samples,  reference 
is  made  to  Table  9,  p.  14.  Exhibi  t  2  from  Saline  Go.  coal  showed  a 
crushingstrenglhof  750  lb.  persq.in^  exhibits  from  a  Franklin 

iJohn  Fulton.  (Coke,  p.  33t.)  gives  1200  lb.  per  sci.  in.  as  the  ultimate  crushing  strength 
ol  standard  Connellsville  coke:  hy-product  coke  is.  in  general,  considerably  stronger. 

The  crushing  strength  is  important  in  reference  to  the  load  or  burden  the  coke  can  with 
stand  in  the  furnace  without  crushing. 
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Co.  sample  crushed  at  900  lb.  On  account  of  its  coarse  cellular 
structure,  exhibit  4  showed  little  rigidity,  and  broke  down  at  a 
pressure  of  300  lb. 

28.  Resume  Helatiny  to  the  Coke  Product. — It  is  evident  up- 
on examination  of  the  coke  product  obtained,  as  above  described, 
that  we  have  here  a  fuel  of  firm  texture,  not  readily  broken 
down  by  handling  and  producible  in  the  most  convenient  sizes 
for  handling  and  for  efficiency  in  combustion.  It  is.  moreover, 
in  a  more  concentrated  form,  in  that  for  the  most  part,  the  free 
moisture  and  the  water  of  constitution  have  both  been  removed. 
Thus  in  freshly  mined  coal  there  would  be  eliminated  from  15  to 
20  per  cent  of  inactive  material.  Again,  the  heavy  hydrocarbons 
have  been  removed.  These  are  the  constituents  most  directly 
responsible  for  the  formation  of  smoke  in  the  combustion  of 
untreated  coal.  It  is  to  be  noted  further  that  because  this  coke 
has  been  subjected  to  a  temperature  just  approaching  a  red  heat, 
it  will  not  begin  to  evolve  volatile  matter,  when  thrown  upon  the 
fire,  before  it  again  comes  up  to  or  passes  that  temperature. 

The  effect  of  this  point  is  twofold:  first,  there  is  obviated  the 
cooling  effect' which  must  be  necessary  in  the  vaporization  of 
moisture  in  the  raw  coal  which  also  lowers  the  temperature  just 
when  a  high  temperature  is  needed  for  burning  the  heavy  hydro- 
carbons: and  second,  the  remaining  gases  to  be  evolved  consist 
almost  wholly  of  ethane  or  marsh  gas  '  GH^j  and  hydrogen,  both 
of  which  are  readily  combustible.  Thf  hydrogen,  of  course, 
burns  with  a  non-luminous  flame  and  is  incapable  of  making 
smoke.  The  marsh  gas  ''CH4  ,  though  it  has  carbon  in  its  com- 
position, adds  but  little  luminosity  to  the  flame  and  is  almost  in- 
capable of  producing  smoke  in  tlip  process  of  combustion. 

It  may  be  well  to  analyze  briefly  the  processes  of  combustion 
as  they  occur  in  an  ordinary  hand-fired  furnace.  The  first  result 
of  throwing  a  mass  of  coal  upon  a  fire  is  to  lower  the  tempera- 
ture during  {he  time  of  volatilization  of  the  moisture  in  the  coal. 
Theoretically,  the  temperature  of  the  mass  during  this  process 
would  remain  at  or  slightly  below  100°  G. 

Other  factors  tending  to  lower  the  temperature  would  be  the 
specific  heat^  of  the  coal  and  the  heat  necessary  to  effect  the  de- 
composition, since  it  is  probable  that  the  decomposition  reactions 
are  endothermic  up  to  approximately  300°  G^. 

^Bulletin  No-  46.  University  of  Illinois  Engineering  Erperiment  Station.  Parr  and  Kress- 
man.  p.  34. 

2Bulletin  Xo.  24.  University  of  Illinois,  Engineering  Experiment  Station.  Parr  and 
Francis,  p.  46—47. 
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11  is  to  be  noted  thai  during  this  depression  of  the  general 
temperature  there  is  being  dislilled  from  tlie  coal  such  volatile 
substances  as  are  liberated  at  these  lower  temperatures.  This 
point  can  best  be  illustrated  by  means  of  the  accompanying  dia- 
gram. In  Fig.  4,  the  region  between  the  lines  A  and  B  may  be 
assumed  to  include  those  volatile  constituents  that  are  driven  off 
at  a  temperature  below  400°  G.  This  area  includes  the  free 
moisture  of  the  coal,  the  combined  moisture  or  water  of  con- 
stitution, or  as  some  prefer.  Ihe  oxygen  compounds  of  the  coal, 
shown  on  the  chart  as  inert  volalile;  and,  in  addition,  some  of 
the  pure  hydrocarbons  which  constitute  a  porlion  of  the  true 
volatile  combustible  matter.  It  is,  moreover.  Ihe  nature  of  this 
latter  or  volatile  combustible  material  with  which  we  are  just 
now  concerned  in  this  discussion  of  the  processes  of  combus- 
tion.   It  is  to  be  noted  first  that  this  volatile  matter  contains  the 


bulk  of  the  heavy  hy.drocarbons.  By  this  is  meant  that  they  be- 
long to  the  higher  series  of  any  of  the  homologous  compounds 
present  which  in  general  are  characterized  by  a  higher  percent- 
age of  carbon.  For  example,  if  the  series  is  that  of  marsh  gas 
or  methane  GH^,  i.  e.,  Gq  H^n+i^  then  the  next  higher  order  of 
this  series  would  be  ethane  or  G.^Hg,  and  the  next,  propane  or 
GgHs.  The  carbon  percentages,  respectively,  being  75,  80,81.8, 
etc.  Again  a  very  considerable  part  of  the  volatile  matter  de- 
livered at  this  temperature  belongs  to  the  methylene  series 
GnHan,  and  the  tirst  known  member  of  the  series  is  ethylene  or 
olefiant  gas,  G2H4.  with  a  carbon  percentage  of  92.92.    Moreover, 
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this  last  compound  may  be  made  to  break  down  under  higher 
heat  into  members  of  other  series,  as  acetylene,  GiH^.  hnnzene, 
'^fiH,;.  and  naphthalene.  GioH^.  Other  members  of  the  ethylene  or 
parallin  series  are  found  which  ally  the  resulting  complex 
mixture  quite  closely  to  the  very  com^plicated  compounds  with 
which  we  are  familiar  in  petroleum. 

The  point  to  be  noted  in  this  phase  of  the  discussion  is  the 
fact  that  these  compounds  discharged  at  this  relatively  low  tem- 
perature, and  having  these  high  percentages  of  carbon,  are  the 
most  difficult  of  complete  combustion  without  the  formation  of 
smoke. 

It  is  not  necessary  here  to  discuss  the  mechanics  of  com- 
bustion of  hydrocarbons.  As  a  result  of  the  researches  of  H.  B. 
Dixon^  and  of  Professor  Bone^  the  selective  theory  of  oxygen  for 
hydrogen  or  the  dogma  of  "preferential  combustion  of  hydro- 
gen" has  be^n  obliged  to  give  place  to  the  theory  of  the  inter- 
mediate formation  of  "oxygenated"  or  "hydroxylated"  mole- 
cules. In  any  event,  or  whatever  the  theory  finally  developed  by 
Professor  Bone  in  his  most  important  researches  on  combustion, 
the  fact  remains  that  these  heavier  hydrocarbons  are  the  most 
difficult  of  all  with  which  to  effect  complete  combustion,  and 
that  even  under  favorable  circumstances  the  tendency  in  their 
combustion  is  to  form  condensation  products  in  which  free  car- 
bon largely  predominates.  The  faulty  reaction  is  thereby  made 
visible  to  the  eye  as  smoke.  A  good  illustration  of  this  fact  is 
found  in  acetylene  gas.  which  requires  a  special  burner  with 
special  provision  for  an  extra  oxygen  supply  in  order  to  produce 
a  smokeless  flame. 

Smokeless  combustion  of  raw  coal  is  secured,  therefore, 
by  observing  the  principles  indicated  above;  i.  e..  there  must  be 
uniform  and  gradual  accession  of  fresh  coal  and  a  combustion 
chamber  maintained  at  a  sufficiently  high  temperature,  and  the 
same  extending  over  a  sufficient  space  to  permit  of  ultimate 
mixing  and  contact  of  the  oxygen  with  the  combustible  gases. 
Other  conditions  such  as  accelerating  the  reaction  by  introduc- 
ing the  principle  of  surface  combustion,  as  developed  by  Pro- 
fessor Bone,  may  at  some  time  be  added  to  the  mechanical 
and  physical  conditions  now  in  vogue.  But  while  these  provis- 
ions are  readily  adapted  to  large  steam  generating  units,  they 
are  impossible  of  application  to  the  larger  members  of  combus- 

iPhil.  Trans.  1893.  159;  Trans.  Chem.  Soc.  61.  873  (1892 1; 
■^hem.  News.  102,  309 1 1911 1 . 
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tion  processes  such  as  are  common  to  the  small  plant,  house 
heaters,  and  possibly  to  locomotives.  It  is  these  latter  cases  es- 
pecially that  demand  a  modified  fuel  which  can  be  burned  with- 
out the  formation  of  smoke. 

It  will  thus  be  seen  that  in  the  low  temperature  distillation 
of  coal,  processes  have  been  put  into  operation  which  have 
taken  out  the  heavy  smoke-producing  ingredients,  and  have  also 
removed  the  moisture,  both  free  and  combined,  which  are  chiefly 
responsible  for  the  depression  of  temperatures  under  ordinary 
conditions.  There  is  left,  moreover,  as  volatile  matter,  practi- 
cally these  volatile  substances  only;  methane  GH^  and  hydrogen, 
which  most  easily  of  all  the  gaseous  products  from  coal,  main- 
tain a  smokeless  combustion. 

VI.    The  Formation  of  Coke 

The  experiments  as  thus  far  conducted  seem  to  throw  some 
light  upon  the  matter  of  coke  formation.  In  this  discussion  of 
the  theories  involved,  it  may  be  helpful  to  formulate  certain  hy- 
pothetical conditions  which  have  had  more  or  less  confirmation  in 
these  studies,  as  follows : 

First :  For  the  formation  of  coke  there  must  be  present  cer- 
tain bodies  which  have  a  rather  definite  melting  point. 

Second:  The  temperature  at  which  decomposition  takes 
place  must  be  above  the  melting  point. 

Third:  Where  the  compounds  that  satisfy  the  first  and 
second  conditions  are  unsaturated,  it  is  possible  by  subjecting 
them  to  oxidation  to  so  lower  the  temperature  of  decomposition 
as  to  alter  the  second  condition  prescribed,  in  which  case  coking 
will  not  occur. 

Discussion  of  Couditions. — The  first  condition  prescribed 
above  may  be  well  illustrated  by  the  behavior  of  sucrose  or  cane 
sugar.  This  substance  has  a  rather  low  melting  point,  say,  160'* 
C.  This  melting  point,  however,  is  just  below  the  temperature 
of  decomposition.  Where  this  point  is  reached,  gaseous  products 
in  the  form  of  steam,  etc.,  are  delivered,  leaving  behind,  if  the 
high  temperature  is  continued,  a  mass  of  coke.  On  the  other 
hand,  if  starch  is  heated  in  a  similar  manner,  it  does  not  melt 
but  its  first  action  is  that  of  decomposition.  When  this  is  car- 
ried to  completion,  there  remains  not  a  strongly  coherent  mass 
but  easily  disintegrated  particles  of  carbon.  Pure  cellulose  be- 
haves in  a  still  more  striking  manner,  showing  no  fusion  pro- 
perties whatever  as  maybe  demonstrated  by  distilling  in  a  closed 
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tube  some  cotton  fiber,  or  other  form  of  cellulose  such  as  filter 
paper  beaten  to  a  pulp  and  dried.  Wood,  hoiwever,  if  not  disin- 
tegrated, as  in  the  form  of  sawdust,  has  enough  resinous 
material  closely  associated  with  the  fibrous  structure  to  bind 
tjhe  carbon  filaments  resulting  from  the  decomposition  of  the 
cellulose  by  reason  of  the  fact  that  these  gums,  or  resins,  have 
a  melting  point  below  that  of  their  decomposition  temperatures, 
and  thus  form  a  binding  film  of  carbon  throughout  the  mass, 
producing  a  sort  of  coking  effect  which  we  find  in  charcoal. 

In  the  case  of  Illinois  coals,  we  find  (he  first  prerequisite 
formulated  above,  as  present  in  a  marked  degree.  As  an  illus- 
tration of  the  fact  of  a  low  melting  point,  reference  is  made  to 
exhibit  5,  w^hich  is  a  photograph  of  a  mass  of  such  ma- 
terial, which  exuded  from  a  sample  of  Vermilion  Go.  coal,  sub- 
jected to  the  usual  treatment  as  described  on  p.  7.  The  lump 
shown  is  a  part  of  a  mass  that  flowed  out  of  the  container, 
forming  a  bubble-like  puddle.  It  would  seem,  therefore,  that 
this  type  of  coal  from  the  north  Danville  field  (Electric  mine) 
has  the  first  essential  for  coke  formation  in  a  marked  degree. 

As  illustrating  the  conditions  w^hich  exist  w^here  oxidation 
had  been  allowed  to  take  place,  an  example  is  given  in  exhibit  6. 
This  was  made  from  a  weathered  sample  of  coal  from 
Niantic.  It  had  little  if  any  lendency  to  fuse;  the  individual 
particles  of  coal  still  retain  their  form  and  the  mass  may  be  eas- 
ily crumbled  between  the  fingers.  It  should  be  noted  that  this 
result  is  not  due  to  any  inherent  quality  possessed  by  the  original 
coal;  a  Danville  mine  sample,  for  instance,  weathered  to  a  like 
degree,  gives  the  same  results. 

Test  No.  9. — Another  verification  of  this  point,  though  in  a 
more  marked  manner,  was  the  result  of  test  No.  9.  The  coal 
used  was  the  fine  material  which  had  collected  from  the  prepar- 
ation of  the  previous  tests,  all  of  which  had  given  excellent  sam- 
ples of  coke  in  their  freshly  prepared  condition.  A  quantity  of 
coal  passing  through  alO-meshsievehad  accumulated  through  a 
period  of  about  six  weeks  and  had  been  stored  in  an  ordinary 
coal  hod  in  the  grinding  room.  After  being  heated  for  eleven 
hours  under  conditions  identical  with  those  of  the  preceding 
runs,  it  showed  no  signs  of  fusion  and  was  entirely  without  cok- 
ing properties. 

It  is  evident  from  these  tests  that  the  very  great  avidity  of 
fresh  coal  for  oxygen  is  evidence  of  the  presence  of  those  com- 
pounds which   satisfy  the  first  of  the  hypothetical  conditions. 
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p.  17.  and  the  subjection  of  the  coal  to  oxidation  destroys  the 
fusion  property  of  the  fresli  coal  and  produces  a  condition  cor- 
responding to  that  described  under  the  third  proposition,  in 
which  the  coking  property  is  lost. 

Other  studies  on  the  nalure  of  the  coking  process  were  car- 
ried out  as  follows:  The  apparent  plasticity  exhibited  by  the 
coal  during  certain  stages  of  the  treatment  suggested  the  idea 
of  compressing  it  into  a  briquette  at  the  time  when  it  would  most 
easily  yield  lo  pressure  and  when  it  would  presumably  cohere 
without  requiring  an  artificial  binder.  Accordingly,  a  cupel 
press  with  a  pressure  of  500  lb.  was  provided  and  the  retort  was 
charged  with  Danville  mine  coal.  At  the  time  of  maximum  evo- 
lution of  gas,  the  heat  was  suddenly  shut  ofT  and  the  retort 
quickly  opened.  It  was  found  at  this  point  that  the  outer  and 
hotter  portion  of  the  mass  was  hard  and  unyielding.  A  soft  in- 
ner core  was  discovered,  however,  and  portions  of  this  were  put 
into  the  press.  The  resulting  briquette  is  shown  in  exhibit  8.  The 
escaping  gases  have  swollen  it,  considerably.  Determinations  of 
the  amount  of  volatile  tnatter  possessed  by  the  coal  when  in  the 
plastic  condition  showed  that  this  constituent  had  been  reduced 
very  little, — from  38  %  to  30  %.  In  short,  the  state  of  fusion  seems, 
to  exist  in  early  stages  of  distillation  but  disappears  before  the 
process  has  proceeded  far. 

In  one  of  the  earlier  tests  with  Danville  mine  coal  using  the 
apparatus  described  in  Fig.  3,  the  extreme  fusibility  of  this  type 
was  again  demonstrated.  As  the  piston  was  slowly  forced  in, 
pencils  of  bituminous  matter  were  squeezed  out  through  the 
holes  of  the  cylinder.  Exhibit  5  includes  some  of  these 
nodules.  The  fact  that  there  was  a  selective  separation  of  bi- 
tumen is  proved  by  a  comparison  of  the  ash  values,  the  residue 
as  a  whole  having  13  %.  the  nodules.  8  %  of  ash. 

The  readiness  with  which  the  cementing  material  ran  to 
waste  seemed  to  indicate  that  the  coal  contained  a  superfluous 
amount  of  it — more  than  was  necessary  for  binding  itself  togeth- 
er. The  correctness  of  this  view  was  shown  by  a  series  of  runs 
in  which  crushed  gas  house  coke  and  anthracite  were  heated 
with  varying  amounts  of  bituminous  coal. 

Exhibit  7  shows  the  hard  firm  product  resulting  from 
the  mixture  of  equal  parts  of  Majestic  bituminous  coal  and 
gas  house  coke,  both  crushed  to  20  mesh.  Fairly  good  results 
were  obtained  in  the  next  run  with  75  %  of  the  coke  and  only 
25  %  of  Danville  Electric  coal.    In  like  manner,  powdered  an- 
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thracite  and  biluminous  coal  in  ratios  varying  from  1  :  1  to  3  : 1 
were  firmly  cemented  together.  Pitchy  material  no  longer 
exuded  from  the  retort,  being  absorbed,  seemingly,  by  the  added 
substance. 

One  of  the  essential  factors  in  this  scheme  for  briquet  ting 
loose  infusible  material  with  bituminous  coal  is  the  use  of  the 
press  for  keeping  the  two  substances  in  close  contact.  On  ac- 
count of  the  ditficulty  of  applying  such  a  contrivance  in  indus- 
trial work,  attempts  w^ere  made  to  attain  the  desired  end  by  us- 
ing temporary  binders,  i.  e.,  substances  which  might  hold  the  par- 
ticles together  cliosely  until  the  permanent  coal  binder  could 
relieve  them. 

Mixtures  of  Danville  mine  coal  and  Danville  mine  coke  resi- 
due No.  17  in  the  proportion  3  :  1  were  thoroughly  moistened 
with  water  and  pressed  (1)  in  the  cupel  machine  and  (2)  in  a 
testing  machine  up  to  1000  lb.  per  sq.  in.  Neither  of  the  bri- 
quettes survived  the  subsequent  heating,  being  disintegrated, 
seemingly,  by  tihe  escaping  steam.  The  same  elTect,  though  to  a 
much  less  degree,  was  noted  when  coal  tar  was  employed.  The 
resulting  briquette  retained  its  shape,  but  w'as  rather  soft  and  fri- 
able. Crude  molasses,  of  all  the  binding  materials  tride.  proved  to 
be  the  best  for  this  purpose.  DifTerenl  percentages  of  the  molasses, 
ranging  from  5  to  15,  were  tested  out  at  different  times.  Below 
ten  per  cent  the  strength  of  the  briquette  was  much  diminished. 
Exhibit  9  is  a  3:1  mixture  of  Danville  mine  coke  residue 
and  fresh  Danville  mine  coal,  both  ground  to  20  mesh,  first 
bound  with  11  %  of  molasses  and  then  pressed  in  the  cupel  ma- 
chine. The  cake  was  next  heated  in  the  retort  under  the  atmos- 
pheric conditions  of  all  the  preceding  runs.  This  briquette  2  in, 
high  and  2  in.  in  diameter,  has  a  crushing  strength  of  550  lb. 
per  sq.  in.  Exhibit  10  shows  anthracite  briquettes  made 
in  the  same  way.  They  have  a  specific  gravity-  of  1.02  and  crush 
at  650  lb.  per  sq.  in. 

These  tests  seem  to  show  that  the  fusible  substance  of  Illin- 
ois coals  is  the  true  binding  material  in  the  coking  process:  that 
it  is  present  in  such  abundance  as  to  produce  a  coke  of  too  open 
and  spongy  a  character  as  a  result  of  the  evolution  of  the  large 
amount  of  gaseous  products  which  result  from  its  decomposi- 
tion. In  this  respect,  it  is  paralleled  by  the  behavior  of  sugar  in 
the  process  of  coking,  which  yields  as  a  result  of  the  large  vol- 
ume of  escaping  gases  a  very  porous  mass  of  sugar,  coke  or  car- 
bon.   However,  if  the  raw  coal  is  mixed  with  a  considerable 
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amount  of  material  which  has  already  gone  through  the  coking 
process,  or  which  has  at  least  given  off  the  larger  part  of  its 
gases,  and  then  has  been  reduced  to  a  fine  division  like  breeze, 
the  cementing  material  of  the  fresh  coal  is  able  to  disseminate 
throughout  the  mass,  and  the  gases  may  also  escape  without 
blowing  it  into  a  spongy  mass,  with  the  result  that  a  coke  of 
good  texture  is  formed.  Exactly  in  a  similar  way,  if  molasses 
or  other  sucrose  or  glucose  material  be  substituted  for  the  fresh 
coal,  we  shall  have  again  the  formation  of  a  dense  coke  capable 
of  retaining  its  shape  under  conditions  of  firing  much  better 
than  where  a  plastic  binder  is  used.  In  both  cases  a  strongly 
cohering  mass  is  produced  which  meets  the  requirements  of 
handling,  storage,  and  combustion  with  the  greatest  efficiency 
and  the  least  formation  of  smoke.  A  small  admixture  of  raw 
coal  may  thus  be  made  to  serve  the  purpose  of  a  binder  for  ma- 
terial otherwise  wasted  as  coke  breeze  at  a  cost  which  would 
enable  il  to  compete  with  the  pitch  binders  now  in  use.  It  also 
suggests  a  process  of  fractional  coking,  or  coking  in  two  stages. 
The  first  result  at  the  lower  temperature  furnishes  a  product 
which,  when  ground  to  a  moderate  degree  of  fineness  and  mixed 
with  a  small  portion  of  fresh  raw  coal,  would  furnish  the  essen- 
tial conditions  for  producing  a  coke  of  dense  nature  with  a 
binder  so  distributed  as  to  give  the  material  a  strength  quite 
comparable  with  that  produced  by  coals  of  the  regular  coking 
variety.  Moreover,  an  advantage  would  be  evident  in  such  ma- 
terial, especially  for  use  in  household  appliances,  in  that  it 
would  be  more  lively  in  combustion  and  less  dilficult  of  manipu- 
lation in  the  matter  of  maintaining  a  fire  than  coke  made  by  the 
usual  methods. 

One  point  further  is  to  be  noted  in  this  connection.  It  was 
said  at  the  beginning  of  the  discussion  that  superheated  steam  was 
employed  for  the  purpose  of  conveying  heat  into  the  material  so 
that  it  would  not  be  necessary  to  revolve  the  apparatus  in  order 
to  secure  an  even  distribution  of  heat.  It  is  seen  from  the  above 
detail  of  the  essential  conditions  to  be  observed  in  the  coking  of 
coals,  at  least  of  this  class,  that  an  atmosphere  free  from  oxygen 
is  of  prime  importance.  Indeed  following  the  indicated  require- 
ment, the  coal  should  be  fresh,  or  as  recently  mined  as  possible, 
and  in  any  event  retained  in  larger  sizes  than  in  a  broken  down 
or  a  fine  state  of  division,  in  order  that  the  least  possible  oppor- 
tunity be  given  for  the  absorption  of  oxygen.  Furthermore,  by 
first  admitting  steam  or  bringing  the  coal  into  an  atmosphere  of 
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superheate(i  steam,  the  effect  is  to  drive  out  such  oxygen  as  has 
been  occluded  or  absorbed  by  the  coal  and  as  yet  not  chemically 
combined.  This  is  also  brought  about  at  temperatures  and  other 
conditions  least  conducive  to  a  reaction  between  oxygen  and  the 
coal  substance.  Moreover,  from  former  experiments.^  it  has 
been  shown  that  no  reaction  at  these  temperatures  lakes  place 
between  the  steam  itself  and  the  coal.  These  principles  have  an 
important  bearing  on  certain  recent  tendencies  to  concentrate 
gas  production  and  coke  manufacture  in  large  units  and  distri- 
bute the  gaseous  products  at  high  pressure.  From  the  above,  it 
would  seem  that  the  nearer  such  units  were  located  to  the  mine 
OP  pit-mouth,  the  better.  If  it  is  found,  as  seems  probable,  that 
the  coke  residue  is  a  suitable  material  for  further  continuation 
of  the  gas-making  process  for  the  manufacture  of  producer  gas, 
then  the  above  advantages  and  essential  conditions  would  be 
magnified. 

A  discussion^ by  Prof.  Lewes,  relating  to  English  coals,  bears 
such  a  striking  resemblance  to  the  facts  developed  in  our  own 
work  on  Illinois  coals  that  the  references  have  especial  interest  in 
this  connection.  Lewes  develops  his  theories  on  the  basis  o_  llie 
exist-ence  in  coals  of  four  types  of  degradation  products  which 
have  all  come  from  two  original  forms  of  vegetation :  viz :  cellulose 
or  lignose.  and  resinous  bodies  such  as  the  spores  of  the  lycopodia. 
The  first  form  of  vegetation,  i.  e..  the  cellulose,  has  produced  the 
coal  compounds  of  the  humic  and  ulmic  types,  while  the  resinous 
bodies  have  produced  the  other  three,  viz:  (1)  :  resinous  bodies 
with  but  little  alteration;  (2)  isometric  or  other  slight  modifica- 
tions in  form  rather  than  of  composition:  and  (3;  decomposition 
products  from  resins  produced  by  the  action  of  heat  and  pres- 
sure and  consisting  of  a  long  series  of  both  saturated  and  unsat- 
urated compounds,  hydrocarbons  of  the  hydro-aromatic  series, 
and  saturated  hydrocarbons,  like  hexane.  pentane,  etc. 

"All  these  degradation  products  of  the  original  vegetation  are  to  be 
found  in  the  bituminous  coals,  the  residual  body  and  humus  forming 
the  basis,  which  is  luted  together  by  the  hydrocarbons  and  resins,  and 
the  characteristics  of  the  various  kinds  of  coal  are  dependent  upon  the 
proportions  in  which  the  four  groups  of  the  conglomerate  are  present. 
*  *  *  *  The  resin  bodies  and  hydrocarbons  which  form  the  cementing 
portion  in  the  coal  melt  between  300°  and  320X,  and  if  a  coarsely  pow- 
dered sample  of  the  coal  becomes  pasty  or  semi-fluid  at  this  temperature, 

iParr  and  Francis,  p.  45.  Bulletin  No.  24,  Engineering  Experiment  Station. 

2a  recent  contribution  to  the  theories  of  coke  formation  is  made  in  a  lecture  by  Vivian  B. 
Lewes,  Professor  of  Chemistry.  Royal  Naval  College.  Greenwich.  England,  published  in  Pro- 
gressive Age,  Dec.  15,  1911,  page  1030. 
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it  is  a  strong  inference  that  the  coal  will  coke  on  carbonization,  a  fact 
noted  by  Anderson,  and  which  I  have  found  very  useful  in  practice  as  a 
rough  test.  About  these  temperatures  also  the  resin  bodies  and  hydro- 
carbons begin  to  decompose. 

The  resin  bodies  at  low  temperature  yield  saturated  hydrocarbons, 
unsaturated,  chiefly  hexahydrides  or  naphthenes,  together  with  some 
oxygenated  compounds,  while  the  hydrocarbons  yield  paraffins  and  liquid 
products,  all  these  primary  constituents  undergoing  further  decomposi- 
tions at  slightly  higher  temperatures.  The  liquids  so  produced  begin  to 
distill  out  as  tar  vapors  and  hydrocarbon  gases,  and  leave  behind  with 
the  residuum  pitch,  which  at  500°C  forms  a  mass  already  well  coked  to- 
gether if  the  residuum  from  the  humus  is  not  too  large  in  quantity;  the 
coke  formed  at  this  temperature  is,  however,  soft,  but  if  the  heat  be  now 
raised  to  1000°C,  the  pitch  residue  undergoes  further  decomposition, 
yielding  gas  and  leaving  carbon,  which  binds  the  mass  into  a  hard  coke." 
He  discusses  further  the  action  of  oxygen  upon  certain  of 
the  initial  constituents,  referring  to  the  investigations  of  Bou- 
douard. 

"Boudouard  has  shown  that  when  coal  is  weathered  humus  bodies  are 
produced  and  the  coking  power  lessened  or  destroyed.  In  seven  samples 
of  various  coals  the  humus  constituents  were  increased  by  the  oxidation, 
which  seems  to  show  that  the  action  of  the  absorbed  oxygen  is  to  attack 
the  resin  compounds,  and  as  we  know  that  carbon  dioxide  and  moisture 
are  the  chief  products  of  the  earlier  stages  of  heating  of  masses  of  coal, 
it  seems  probable  that  the  result  is  a  conversion  of  resinic  into  humus 
bodies  with  evolution  of  these  gases,  and  it  is  this  change  which  leads  to 
the  serious  deterioration  in  the  gas  and  tar  made  coal  which  has  been 
too  long  in  store,  while  the  fact  that  a  cannel  coal  like  Boghead  or  a  shale 
do  not  weather  is  partly  due  to  their  dense  structure  and  also  is  an  indi- 
cation that  the  resin  bodies  of  which  they  are  chiefly  composed  are  of  a 
different  type,  a  fact  borne  out  by  their  resistance  to  certain  coal  sol- 
vents which  freely  attack  the  ordinary  resin  matter." 

A  continuation  of  studies  along  this  line  is  being  made. 
?/Iention  has  been  made  concerning  the  adaptability  of  the  coke 
thus  produced  to  use  in  suction  gas  producers  for  furnishing 
fuel  to  gas  engines.  Its  freedom  from  tar,  oils,  and  the  heavier 
products  of  distillation,  which  clog  and  render  impossible  the 
use  of  raw  bituminous  coals  of  this  type,  would  seem  to  offer 
a  solution  of  these  fundamental  dilTiculties.  Further  studies 
along  this  line  are  also  being  made. 

VII.    Summary  and  Conclusions 

1.  Goals  of  the  Illinois  type  can  be  coked  at  a  temperature 
approximately  400°  or  450°  G. 

2.  The  gaseous  products  consist  chiefly  of  illuminants  of 
high  candle-power,  and  represent,  together  with  the  condensible 
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material  under  3)  following,  the  chief  elements  involved  in  for- 
mation of  smoke  in  the  ordinary  combustion  of  raw  coal.  The 
nitrogen  of  the  coal  is  liberated  as  NH^.  at  these  temperatures, 
in  amounts  representing  approximately  20%  of  the  total  nitrogen 

present. 

3.  The  copdensible  distillate  consists  largely  of  oils  with 
the  minimum  amount  of  tar  and  free  carbon.  The  oils  repre- 
sent positive  values  for  fuel,  for  carburetting  water  gas.  or  for 
other  specific  uses  on  account  of  their  chemical  characteristics 
as  unsaturated  compounds. 

4.  The  coke  residue  has  special  characteristics  which  seem 
to  make  it  of  value  as  a  concentrated  fuel,  capable  of  combus- 
tion without  the  formation  of  smoke,  suitable  for  storing  with- 
out the  possibility  of  spontaneous  combustion,  and  presumably 
adapted  to  the  manufacture  of  gas  for  use  in  the  suction  gas 
producer. 

5.  Certain  facts  seem  to  have  been  developed  concerning 
the  principles  involved  in  the  formation  of  coke  which  may 
open  the  way  to  the  production  of  a  kind  of  coke  of  such  texture 
and  strength  as  to  make  it  acceptable  for  uses  that  are  not  now 
possible  with  coke  made  from  similar  coal,  but  formed  under 
ordinary  conditions,  such  as  are  found  in  the  ordinary  gas- 
house  retort  practice,  or  that  of  the  by-product  coke-oven. 

Other  considerations^  are  pertinent  in  this  connection,  such 
as  losses  and  pollution  of  the  atmosphere  which  accompany  the 
production  of  smoke^. 

lAs  illustrating  the  present-day  appreciation  of  matters  connected  with  fuel  economy  and 
activitv  of  thought  concerning  remedial  measures,  a  quotation  is  here  made  from  the  presi- 
dential address  of  Sir  William  Ramsey  before  the  British  Association  for  the  Advancement  of 
Science  at  York,  Eng..  July,  1911.    (Science.  Vol.  34.  p.  302.  Sept.,  1911.) 

"The  domestic  fire  problem  is  also  one  which  claims  our  instant  attention.  It  is  best  grap- 
pled with  from  the  point  of  view  of  smoke.  Although  the  actual  thermal  loss  of  energy  in  the 
form  of  smoke  is  small,  still  the  presence  of  smoke  is  a  sign  of  waste  of  fuel  and  careless  stoking. 
In  works,  mechanical  stokers,  which  insure  regularity  in  firing  and  complete  combustion  of 
fuel  are  more  and  more  widely  replacing  hand-firing.  But  we  are  still  utterly  wasteful  in  our 
consumptionof  fuel  in  domestic  fires.  These  considerations  would  point  to  the  conversion  at 
the  pit-mouth  of  the  energy,  using  as  intermediary,  turbines  or  preferably,  gas-engines;  and 
distributing  the  electrical  energy  to  where  it  is  wanted.  The  use  of  gas  engines  may,  if  desired. 
be  accompanied  by  the  production  of  half-distilled  coal,  a  fuel  which  burns  nearly  without 
smoke,  and  one  which  is  suitable  for  domestic  fires. 

2lt  is  not  necessary  to  multiply  arguments  for  the  prevention  of  smoke-  However,  a  recent 
article  in  the  Journal  of  the  Society  of  Chemical  Industry.  December  15.  1911.  by  Prof.  J.  B. 
Cohen  and  A.  G.  Ruston,  contains  some  very  striking  facts  developed  in  their  study  of  the 
smoke  problem-    A  few  extracts  may  be  given  as  follows: 

"The  average  per  cent  of  soot  passing  up  the  chimney,  in  12  analyses  including  eight  of 
Yorkshire  coals,  two  of  Durham  coals,  and  two  of  Wigan  coals,  amounted  to  6.5  per  cent  on  the 
carbon  burnt.  This  quantity  6.5  per  cent  seems  a  very  high  figure,  representing  an  annual  loss 
of  nearly  two  million  tons  on  the  estimated  domestic  consumption  of  32  million  tons.  The 
average  deposit  of  soot  over  the  whole  of  Leeds  will  therefore  correspond  to  at  least  220  tons 
per  square  mile  per  aimum.  The  tar  contained  in  the  soot  adheres  so  tenaciously  to  everything 
that  it  is  not  easilv  removed  by  the  rain.  The  leaves  of  trees  and  evergreens  in  particular  get 
coated  with  this  black  deposit.  Unfortunately,  it  does  more  than  blacken  the  vegetation:  it 
covers  the  whole  leaf  over  with  a  kind  of  varnish,  and  fills  up  the  pores  or  stomata.  thus  check- 
ing the  natural  process  of  transpiration  and  assimilation.  It  is  in  fact  no  uncommon  thing  to 
find  in  the  case  of  leaves  of  conifers  grown  in  Leeds  that  80  per  cent  of  the  stomata  are  choked 
up  with  tar." 
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Farther  studies  have  in  mind  the  carrying  out  of  the  pro- 
cesses as  indicated  with  apparatus 'involving  the  continuous 
feature,  subjecting  the  mass  at  the  point  of  greatest  fusibility  to 
the  pressure  of  the  oncoming  material  and  producing  the  coke 
in  amount  sufTicient  for  testing  its  properties  in  the  gas  pro- 
ducer and  for  combustion  in  o.ther  v^^ays  w^hich  w^ould  test  its 
properties  as  a  smokeless  fuel. 


^ 


APPENDIX 


PARK-OLIN^COKING  OF  COAL  AT  LOW  TEMPERATURES  31 

APPENDIX 

I.    Introduction. 

Historical^ 

Studies  in  the  Low  Temperature  Distillation  of  Coal. 

Researches  in  the  low  temperature  distillation  of  bituminous 
coals  have  been  carried  on  at  the  University  of  Illinois  since 
1902^.  In  a  series  of  preliminary  experiments,  on  heating  coal 
to  temperatures  ranging  from  250"  to  500°  for  periods  of  less 
than  an  hour,  it  was  found  that  the  percentage  of  fixed  carbon 
was  increased  by  more  than  25%  and  that  there  was  a  corre- 
sponding decrease  in  volatile  matter  to  a  point  where  the  forma- 
tion of  smoke  was  prevented  altogether. 

In  order  to  eliminate  as  far  as  possible  those  variables  which 
would  result  from  oxidation,  Parr  and  Francis  in  continuing 
this  work  heated  Illinois  coals  in  non-oxidizing  atmospheres. 
Choosing  nitrogen  first  as  the  most  suitable  medium  for  this  pur- 
pose, a  careful  study  was  made  of  the  quantity  and  composition 
of  the  gases  and  heavy  residues  produced  at  dilTerent  tempera- 
tures below  400°  G.  With  a  view  to  securing  an  absolutely  inert 
atmosphere,  after  finding  that  the  ordinary  commercial  nitrogen 
was  contaminated  with  oxygen,  the  air  in  the  retorti  was  dis- 
placed by  steam. 

The  coals  heated  in  these  media  underwent  changes  which 
rendered  them  smokeless  in  ordinary  combustion.  However,  on 
account  of  the  rotary  motion  given  the  retort  in  order  to  equalize 
the  temperatures,  the  coke  product  came  out  in  a  loose  granular 
state  much  like  that  of  the  original  coal. 

In  the  course  of  some  of  the  experiments,  while  using  oxygen 
as  the  atmospheric  medium,  rises  in  the  thermometer  readings 
were  observed  at  unexpectedly  low  temperatures,  seemingly  inde- 
pendent of  the  amount  of  external  heat  supplied.  This  suggest- 
ed the  idea  of  a  second  series  of  tests  entirely  separate  from  the 
first,  to  determine  the  temperatures  at  which  oxidation  begins. 
The  method  of  procedure  was  to  allow  the  retort  to  cool  slowiy 


iln  assembling  the  literature  relating  to  the  carbonization  of  coal,  it  has  been  planned  to 
bring  together  first,  all  of  the  references  to  low  temperature  distillation  including  the  studies 
of  the  by-products,  followed  by  references  to  the  theories  concerning  coke  formation  and  the 
carbonization  of  coal  in  general. 

2111.  Geol,  Surv,,  Bull.  No.  4,  by  S.  W-  Parr,  p,    97,   1906. 
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until  a  drop  of  say  50°  had  been  recorded.  Oxygen  was  then  ad- 
mitted and  the  resulting  temperature  was  noted.  A  rise  was 
considered  proof  of  oxidation.  This  was  repeated  until  a  point 
was  reached  where  no  rise  in  temperature  occurred  on  the  read- 
mission  of  oxygen.  In  this  way  it  was  found  that  pulverized  bitu- 
minous coals  in  pure  oxygen  began  to  oxidize  at  about  125°  and 
that  they  ignited  at  about  160°.  With  diluted  oxygen  the  tem- 
peratures were  somewhat  higher. 

While  making  some  of  their  tests  with  atmospheres  of  steam 
it  was  observed  that  near  the  temperature  of  315°  the  mercury 
made  an  abrupt  rise  incommensurate  with  the  amount  of  exter- 
nal heat  added.  After  allowing  the  coal  to  cool  to  300°  and  then 
again  heating  up  to  315°  the  same  phenomenon  was  observed. 
No  appearance  of  carbon  dioxide  accompanied  this  sudden  rise. 
A  tentative  explanation  is  that  it  was  due  to  the  exothermic 
character  of  decompositions  occurring  at  that  stage. 

In  considering  the  subject  of  oxidation  temperatures.^  it  was 
found  that  freshly-mined  coal  immediately  begins  to  exude  hy- 
drocarbons and  to  absorb  oxygen  and  that  it  retains  its  avidity 
for  oxygen  for  an  indefinite  length  of  time.  The  exact  result  of 
this  absorption  was  not  fully  determined,  but  it  seems  probable 
that  under  favorable  temperature  conditions  it  would  tend  to 
hasten  combustion. 

Gonstam  and  Schlapfer'^  publishing  "Studies  in  the  Gasify- 
ing of  the  Principal  Types  of  Goal"  report  that  the  percentage 
of  oxides  of  carbon  included  in  the  gases  given  ofT  in  distilling 
coal  varies  with  the  oxygen  content  of  the  coal  itself. 

R.  T.  Ghamberlain""*,  studying  the  causes  of  mine  dust  explo- 
sions, found  that  fresh  coal  absorbs  a  large  quantity  of  oxygen 
but  that  even  under  a  vacuum  it  gives  off  very  little.  He  deter- 
mined further  that  coal  bottled  in  air  for  several  weeks  yields 
some  carbon  dioxide  but  an  amount  equivalent  to  only  a  small 
part  of  the  oxygen  absorbed.  This  he  thought,  might  be  due  to 
the  presence  of  unsaturated  compounds  in  the  coal,  which  form 
addition  products  with  oxygen. 

Mahler  and  Gharion*  found  that  when  dry  air  was  passed 
over  pulverized  coal  at  temperatures  below  100°,  measurable 
quantities  of  water,  carbon  dioxide  and  carbon  monoxide  were 

iBulletin  No.   32.   By  Parr  and  Barker,  Engineering  Experiment  Station,  University  of 
Illinois.  (1910). 

2jour.  Gasbel.  49,  741.  774.     (1906). 
SBuUetin  No.  383.  U.  S.  Geol.  Sur.    (1909). 
4Compt,  rend.  150.  1521,  1604.     (1910). 
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given  olT.  Between  125°  and  200°  the  liberation  of  water  was 
so  greatly  accelerated  as  to  indicate  the' split  ting  off  of  water  of 
conslilution.  Above  150°  the  water  contained  considerable 
quantities  of  acetic  acid,  from  20%  to  40%  of  the  total  conden- 
sate, and  showed,  in  addition,  traces  of  acetones,  aldehydes,  and 
methyl  alcohol.  The  upper  limit  of  temperature  in  their  studies 
was  200°. 

Porter  and  Ovitz^  made  an  extended  study  of  the  volatile 
matter  of  coal  with  a  view  to  determining  the  influence  of  the 
gas  composition  factor  on  the  etficiency  in  the  use  of  coal  in 
various  industrial  processes  with  special  reference  to  gas  pro- 
ducer, coke  oven  and  gas  retort  operation. 

Their  investigations  show  that  the  composition  of  the  vola- 
tile matter  of  a  coal  depends  largely  upon  th-^  character  of  the 
coal  itself.  The  gases  from  the  younger  coals  of  the  West  com- 
pared with  those  from  the  coals  of  the  Appalachian  region  have 
high  percentages  of  carbon  dioxide  and  carbon  monoxide.  Be- 
cause of  the  readiness  with  which  these  gases  are  given  off  even 
at  comparatively  low  temperatures  (300°-500°) .  the  writers  con- 
clude that  these  western  coals  contain  compounds  having  a  di- 
rect carbon  linkage  such  as  the  complex  alcohols,  aldehydes 
and  acids.  They  show,  further,  that  contrary  to  the  theory  of 
Dulong.  who  assumed  that  in  combustion  all  the  oxygen  of  a 
coal  combined  with  hydrogen,  in  the  case  of  certain  low  grade 
highly  oxygenated  coals  nearly  two-thirds  of  the  oxygen  ap- 
pears in  the  volatile  products  in  union  with  carbon,  and  that 
this  fact  accounts  for  the  discrepancy  between  the  determined 
heat  value  and  that  calculated  by  Dulong's  method. 

Higher  hydrocarbons  such  as  ethane  are  produced  in  great- 
est abundance  from  the  eastern  coals  and  they,  consequently, 
yield  more  smoke  in  combustion.  In  general,  however,  the  gas- 
evolved  from  any  coal  subjected  to  moderate  heat  only,  is  rich 
in  the  higher  paraffins  such  as  ethane  and  propane.  In  the  case 
of  Gonnellsville  coal,  at  furnace  temperatures  of  500°  and  600° 
these  higher  hydrocarbons  constitute  about  50%  of  the  total 
paraffin  content.  At  about  800°  the  percentage  reaches  a  maxi- 
mum, when  it  rapidly  falls  on  account  of  decomposition  by  heat. 

They  conclude  that  the  nature  of  the  volatile  products  dis- 
tilled from  coal  in  the  early  stages  of  heating  varies  in  accord- 
ance with  the  smoke  producing  tendencies   of  that  coal.     They 


iThe  Volatile  Matter  of  Coal.    Bull.  1.  Bureau  of  Mines.    1910. 
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include  among  the   smoke-producing  coiistiiuenls.  tar,  benzene, 
ethylene,  and  the  higher  hoinologues  of  methane. 

E.  Boernstein^  subjecting  eight  Westphalian  coals  to  a  max- 
imum temperature  of  450°,  reports  that  the  gaseous  products  of 
distillation  did  not  exhibit  differences  corresponding  with  those 
shown  by  the  coals  themselves.  Compared  with  ordinary  coal 
gas,  they  were  characterized  by  a  higher  content  of  heavy  hydro- 
carbons (5%  to  14%)  and  of  methane  and  its  homologues  (55% 
to  76%),  and  a  lower  content  of  hydrogen  ^5%  to  16%).  The 
tars  had  a  specific  gravity  between  .95  and  .98.  began  to  distill  at 
about  70°  to  80°.  and  were  found  to  contain  no  aniline,  thio- 
phene,  naphthalene,  or  anthracene.  He  states  that  the  solid 
paraffin  content  ranged  from  .3%  to  2%  (m.  pt.  55°  to  60°). 

Inasmuch  as  in  modern  gas  retort  operation  portions  of  the 
coal  do  not  reach  their  maximum  temperature  for  one  or  two 
hours,  the  subject  of  low  temperature  distillation  is  of  real 
importance  to  the  gas  industry.  In  a  paper  read  before  the 
Michigan  Gas  Association,  White,  Park  and  Dunkley^,  report  the 
results  of  their  studies  of  the  primary  reactions  involved  in  heat- 
ing American  coals  to  500°. 

Gas  evolution  commences  only  above  300°  and  that  given  off 
in  the  300°  to  350°  interval  contains  from  25%  to  40%  of  ethane. 
Above  the  latter  point  the  yield  of  ethane  diminishes  and  very 
little  is  produced  between  450°  to  500°.  The  illuminants  de- 
crease with  increasing  temperature  starting  with  8%  at  300°  and 
going  down  to  zero  at  500°.  Methane  starting  with  small 
amounts  reaches  its  maximum  m  the  400°  to  450°  interval. 
They  call  attention  to  the  similarity  of  the  gases  produced  at  low 
temperature  to  natural  gas  and  suggest  that  the  latter  w^as  also 
produced  at  low  temperature.  They  give  the  following  results 
of  analyses : 

TABLE  13 

Average  Yield  and  Composition  of  Gas  from  Coal  He.ated  for  Six  to 

Eight  Hours  .vt  Temperatures  of  300^^-500° 


Coal 
Volume  in  cu.  ft.  per  lb.  of 

Pittsburgh, 
Penna. 

Bay  City, 
Mich. 

Zeigler 
111. 

Coal 

1.42 

2.9 

2.2 

6.2 

26.3 

47.0 

13  2 

2.7 

902 

1.15 
16.2 

4.1 

5.0 
16.4 
37.8 
11.8 

9.1 
778 

0.63 

C02 

13.1 

Ilium 

1.6 

CO- 

5.8 

H2 

CH4 

13.9 
38.0 

C2H 

19.5 

N2 

7.8 

Calculat 

ed  B.  t.  u 

871 

1  Jour.  Soc.  Chem.  Ind.  25-213.     ( 1906). 

2  Am.  Gas  Light  Jour.  89-681.     (1906). 
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The  apparent  similarily  between  the  gases  evolved  from 
€oal  at  low  temppralures  and  natural  gas.  gives  interest  lo  the 
work  of  Gady  and  Mcd-'^arland^  on  the  composition  of  the  natural 
gases  of  Kansas.  They  proved  the  presence  of  parallins  heavier 
than  methane  and  ethane,  by  condensing  higher  boiling  hydro- 
carbons along  with  the  methane  in  a  bulb  surrounded  with  liquid 
air.  Some  of  these  remained  liquid  up  to  ordinary  temperatures 
and  had  an  odor  similar  lo  that  of  light  boiling  petroleum  distil- 
lates.   The  quantity  of  this  residue  varied  in  the  different  gases. 

Professor  V.  B.  Lewes^  in  discussing  the  relative  merits  of 
high  and  low  temperatures  for  gas  distillation,  gives  parallel 
tables  showing  the  net  cost  of  1000  cu.  ft.  of  gas  produced  by 
each  of  the  two  processes. 

TABLE  14 
Cost  of  1000  cu.  ft.  of  Gas 


(1)  High  (900°) 

(2)  Low   (400°) 

Coal 

pence 
13.30 
6.74 

pence 
26.50 

Operating  expenses 

5.50 

20.04 

32.00 

Less  Value  of  Residuals  Produced 


■Coke 

Tar 

NH4  products. 


.82  cwt. 
.9    gal. 


6.11 
1.30 
2.11 


2.4  cwt. 
4.6  gal. 


17.64 
6.90 

2.80 

27.34 


B.  t.  u.  of  ga> 


Net  Cost  of  Gas 

10.52 4.66 

592 :..750. 


He  points  out  that  although  the  coke  residues  are  figured  at 
the  same  price,  coke  (2)  is  really  more  valuable  since  it  contains 
15%  of  volatile  matter  which  increases  its  calorific  value.  He 
states  also  that  the  low  temperature  tar  distillates  contain  valu- 
able fractions  of  a  character  different  from  those  obtained  from 
ordinary  gas  tar.  one  of  which  is  especially  suitable  for  use  in 
motors  as  a  fuel. 

Burgess  and  Wheeler^  working  on  the  problem  of  the  pre- 
vention of  mine  dust  explosions,  and  recognizing  the  relationship 


iJour.  of  Am.  Chem-  Soc.  29,  1523.     (1907). 
^Engineering.    85-410.     (1908). 
3jour.  Chem.  Soc.  97-1917.    (1910). 
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that  exists  between  the  character  of  the  volatile  matter  escaping- 
from  a  heated  coal,  and  its  degree  of  inflammability,  studied  the 
composition  of  the  gases  evolved  at  different  temperatures. 

They  found  that  with  all  coals  whether  bituminous,  semi- 
bituminous,  or  anthracite,  there  was  a  well-defined  decomposi- 
tion point  at  a  temperature  between  700°  and  8U0°  which  corre- 
sponds to  a  marked  increase  in  the  quantity  of  hydrogen  evolved. 
This  increase  they  attribute  to  the  thermal  decomposition  of  one 
or  more  of  the  higher  homologues  of  methane  yielding  hydrogen 
and  carbon.  Ethane,  propane,  butane,  and.  probably,  higher 
members  of  the  parallin  series,  form  a  large  percentage  of  the 
gases  given  ofT  at  temperatures  below  450° ;  above  700°  they  no 
longer  appear. 

They  believe  that  the  smoke  producing  elements  consist  al- 
most entirely  of  the  higher  parafTins  and  differ  from  Porter  and 
Ovitz  in  excluding  ethylene  and  the  related  unsaturated  gases 
from  this  class.  This  view  is  based  upon  experiments  made 
showing  that  ethylene  decomposing  at  G00°.  deposited  very  little 
carbon. 

A  typical  analysis  of  the  gases  obtained  is  given  below. 


TABLE  15 
Gas  from  Coal  from  Abertillery,  South  Wales  (Bituminous) 


Coal  (C) 

Temp. 

Ilium. 

C02 

CO 

H2 

CH4 

C2H6 

500° 

5.8 

3.9 

4.7 

8.0 

64.5 

11.0 

600° 

4.9 

3.2 

6.4 

25.0 

47.8 

18.4 

700° 

2.8 

3.4 

7.4 

34.7 

46.2 

4.8 

800° 

2.8 

2.5 

9.8 

50.8 

28.6 

4.7 

1100° 

4.2 

1.4 

13.0 

60.7 

18.8 

1.8 

In  a  second  paper^  they  discuss  the  results  obtained  by  sub- 
jecting coals  to  a  series  of  fractional  distillations  in  a  vacuum 
and  determining  the  compositions  of  the  gases  evolved  within 
well  defined  limits  of  temperature.  They  succeeded  by  pro- 
longed exhaustion  at  a  low  temperature,  in  removing  entirely 
the  parafTin-yielding  constituents  and  leaving  behind  a  compound 
which  decomposed  at  a  comparatively  high  temperature,  yield- 
ing only  hydrogen.  They  conclude,  therefore,  that  coal  is  com- 
posed largely  of  two  types  of  compounds,  the  one  unstable,  giv- 
ing no  hydrogen,  the  other  more  stable  yielding  hydrogen  only. 


iJour.  Soc.  Chem.  Ind.  5.  2.     (1886). 
2Jour.  Chem.  Soc.  .\pril,  1911,  p.  649. 
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G.  E.  Davis\  discussing  the  lars  formed  under  dilTerenl  con- 
ditions, says  that  at  low  temperatures  are  produced  mainly  such 
hydrocarbons  as  belong  to  the  parafTin  series  having  the  general 
formula  Cn  H^n  +  o-  along  with  the  olefines  Cn  Han.  The  lower 
members  of  these  series  are  liquid,  and.  furnished  in  the  pure 
state,  are  illuminating  and  lubricating  oils;  the  higher  ones  are 
solid  and  form  commercial  paraffin.  They  are  always  accom- 
panied by  phenols.  Liquid  products  prevail  and  among  the 
watery  substances  acetic  acid  predominates. 

If.  on  the  other  hand,  the  coal  has  been  decomposed  at  a  very 
high  temperature,  the  molecules  are  grouped  quite  differently. 
While  olefines  and  acetylenes  occur  more  or  less  the  paraffins 
•disappear  almost  entirely  wilh  the  resultant  deposition  of  carbon. 

Some  of  this  carbon  set  free  is  deposited  in  the  retort  in  a 
compact  graphitoidal  form:  some  occurs  in  a  state  of  extremely 
fine  division  in  the  tar  and  forms  a  constituent  of  the  pitch  or 
€oke  remaining  behind.  At  the  same  time  the  action  of  heat 
effects  molecular  condensations  by  which  process  compounds  of 
a  higher  molecular  weight  are  formed,  such  as  naphthalene, 
anthracene  and  phenanthrene. 

Behrens'^  found  that  the  tar  obtained  in  the  distillation  of 
coal  in  the  ordinary  fire-clay  gas-retorts  (operated  at  high  tem- 
peratures) was  much  richer  in  benzene,  toluene,  naphthalene,  etc., 
than  the  tar  made  in  PauweTs  coke  ovens  ( operated  at  low  tem- 
peratures   from  the  same  kind  of  coal. 

Lunge^  thinks  that  at  low  temperatures  most  of  the  nitrogen 
of  the  tar  is  in  the  form  of  aniline  and  fatty  amines  (ethylamine, 
propylamine,  amylamine  :  at  high  temperatures  in  the  form  of 
pyridine  bases,  picoline,  lutidine.  viridine,  etc.  He  admits  that 
the  statement  needs  verification  by  more  detailed  investigations. 
In  general,  at  high  temperatures  the  tendency  to  complete  disso- 
ciation becomes  far  more  pronounced:  the  products  approach 
more  and  more  to  free  carbon  on  the  one  hand  and  free  hydrogen 
on  the  other. 

Watson  Smith^  states  that  naphthalene  increases  with  rise 
of  temperature.  This  is  true  also  of  anthracene,  which  is  then 
found  in  the  creosote  oil  coming  over  before  the  anthracene  oil 
proper.    Carbolic  acid  is  also  an  important  constituent. 


ijour.  Soc.  Chem.  Ind.  5.  2.  (1836>. 
2DiDgler's  Polyt.  Journal  208.  362, 
3Coal  Tar  and  Ammonia,  p.  26.  (1900). 
■•Jour.  Soc.  Chem.  Ind.  8.  950,  (1890). 
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II.    Studies  in  General  on  the  Carbonization  of  Coal 

F.  G.  Keighley^  argues  that  since  the  chemical  constituenls 
of  coals  from  any  horizon  are  not  necessarily  indicative  of  their 
coking  properties,  it  is  reasonable  to  assume  that  an  important 
factor  determining  the  coking  quality  must  be  one  of  a  physical 
character  and  not  altogether  chemical. 

It  is  known,  he  says,  that  the  finest  coking  coals  not  only  are 
of  the  bituminous  class,  but  their  structure  is  such  that  upon 
fracture  they  exhibit  a  flngery  or  prismatic  form  and  separate 
vertically,  while  the  more  difficult  coking  coals  and  (he  ones  of 
a  bituminous  character  that  cannot  be  coked  at  all,  are  of  a  lam- 
inated structure  and  upon  fracture  break  into  cubical  form  and 
have  a  tendency  to  separate  horizontally  instead  of  vertically. 
This  he  thinks  would  indicate  that  the  coking  property  depends 
very  largely  upon  the  arrangement  of  the  small  particles  of  coal 
composing  the  seam.  If  these  lie  in  the  seam  with  their  longer 
axes  horizontal  to  the  bedding  of  the  seam  they  are  unfavorable 
to  the  coking  process.  On  the  other  hand,  if  they  are  perpendic- 
ular to  the  strike  of  the  seam,  i.e.,  at  right  angles  with  its  bed- 
ding, the  coking  tendency  is  much  more  pronounced.  He  sug- 
gests that  the  superiority  of  Gonnellsville  coke  may  be  due  to  the 
structure  given  it  in  the  process  of  formation  by  the  peculiar 
geological  movements  of  the  region  in  which  it  is  found. 

M.  A.  PisheP  suggests  a  simple  practical  test  for  coking  coal. 
Pulverize  the  coal  to  100  mesh  in  an  agate  mortar.  Pour  out  the 
dust  and  observe  its  condition.  If  it  adheres  strongly  to  the 
mortar,  it  will  probably  make  a^ood  coke,  he  says.  If  there  is 
little  adhesion,  coking  properties  are  absent.  In  his  experimen- 
tal work  he  tested  more  than  150  different  specimens.  Of  the 
four  Illinois  coals  tried,  none  stuck  to  the  mortar  while  most  of 
the  Eastern  coals  adhered.  He  offers  no  theory  to  account  for 
this  phenomenon. 

Groves  and  Thorp^  classify  coals  with  respect  to  their  coking 
properties  as  sand  coals,  those  devoid  of  coking  powers;  sinter 
coals,  those  possessing  it  lo  a  relatively  slight  degree;  coking 
coals,  those  which  produce  a  good  quality  of  coke,  and  anthra- 
cite. 


ilron  Age.  80-364.  Aug.  1907.    Mines  and  Minerals  Oct. 
'-Econ.  Geol.  June-July  1908.  p.  265-270. 
:^Chem.  Tech.  Vol.  1,  p.  122  (ed.  1889) 
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They  give  the  following  analytical  table  made  up  from  the 
work  of  Richardson.  Regnaull  and  olhors: 


TABLE  10 


( Percentage) 

C 

« 

O 

Sand  coal 

77 
83 
87 
95 

5 

5 
5 
3 

18 
12 

Sinter  coal 

Cokintf  coal 

Anthracite 



8 

TABLE  17 

Anthracite 

Blanzy  sinter 

Lancashire  cannel  sinter  .. 

Mens  coking- 

Grand  Croix-highly  coking 


80C  +  88H    +0 
80C  +  128H  +60 
80C  +  128H  +30 
80C  +  24CH  +  50 
80C  +  112H  +30 


It  will  be  observed  from  Table  16  that  the  amount  of  hydro- 
gen in  the  first  fhree  varieties  is  identical,  while  the  oxygen  di- 
minishes as  the  coking  property  is  developed.  The  Grand  Croix 
coal  (Table  17)  has  only  half  the  amount  of  hydrogen  contained 
in  the  coking  coal  from  Mons.  Anthracite,  consisting  almost 
entirely  of  carbon,  may  be  considered  a  kind  of  natural  coke. 

They  state  in  conclusion,  however,  thai  Stein  of  Dresden  has 
shown  that  coking  and  non-coking  coals  may  have  the  same  ul- 
timate composition  and  Ihat  simple  analyses,  therefore,  cannot 
determine  absolutely  the  coking  property  of  the  coal.  They  sug- 
gest that  the  real  source  of  coking  lies  in  a  resinoid  body  or 
bodies  identical  in  composition  with  the  coke  itself. 

White  and  others^  mention  the  work  of  Ste.  Clare  Deville, 
consulting  chemist  of  the  Paris  Gas  Company,  who.  on  the  basis 
of  results  of  nearly  2000  tests,  divided  coals  into  groups  according 
to  the  relations  of  their  percentages  of  oxygen  to  hydrogen.  He 
found  thati  all  coking  coals  contain  a  percentage  of  oxygen  ap- 
proximately twice  that  of  hydrogen. 

They  reasoned  that  possibly  the  artificial  application  of  heat 
which  gives  as  its  first  products  water  and  othpr  compounds 
rich  in  oxygen,  would  lower  the  relatively  high  oxygen  of  the 
non-coking  coals  and  possibly  bring  them  into  the  coking  class. 
They  found,  however,  that  coals  which  were  originally  non-cok- 
ing were  not  improved  in  this  respect  even  though  the  oxygen- 
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hydrogen  ratio  was  brought  down  to  2  to  1.  The  colling  coals 
tested  sintered  together  during  the  heating  and  if  the  resultant 
mass  was  heated  to  redness  it  retained  its  shape  and  gave  a  good 
coke.  If,  however,  it  was  powdered  before  being  heated,  it  re- 
mained a  powder. 

Dr.  Haberman\  in  studying  the  spontaneous  heating  of  coals, 
noted  the  fact  that  long  storage  tends  to  destroy  both  gasifying 
■and  coking  properties.  He  found  that  those  coals  that  oxidized 
the  most  and  gave  the  greatest  rise  in  temperature  absorbed  the 
largest  quantities  of  bromine. 

Professor  Fischer^  of  Gottingen,  working  on  the  same  prob- 
lem, mentions  the  loss  of  coking  suffered  by  oxidized  coals.  He 
too  suggests  the  bromine  absorptioii  test  for  determining  the 
chemical  activity  of  the  fuel. 

Parr  and  Lindgren^  doing  work  on  the  weathering  of  coal  at 
the  University  of  Illinois  observed  that  in  volatile  matter  deter- 
minations, samples  exposed  for  several  months  gave  powdery 
residues  instead  of  coke  as  in  the  case  when  fresh  coals  were 
used. 

David  White*,  in  his  bulletin  "The  Effect  of  Oxygen  in  Goal," 
after  discussing  the  negative  calorific  value  of  the  oxygen  and 
the  transition  between  various  grades  of  coal  due  to  progressive 
devolatilizalion  brought  about  more  or  less  directly  by  dynamic 
forces,  takes  up  a  study  of  the  relative  proportion  of  oxygen, 
hydrogen,  and  carbon,  in  coking  coals  with  special  reference  to 
a  theory  framed  to  explain  the  coking  quality. 

He  mentions  the  work  of  Regnault^  and  Bertrand,^  who 
found  that  the  high  percentage  of  volatile  matter  and  the  high 
illuminating  value  of  certain  bogheads  and  oil  shales  are  due  to  the 
presence  of  immense  numbers  of  supposed  gelatinous  algae 
which,  in  these  coals,  seem  to  have  exercised  a  selective  attrac- 
tion for  certain  bituminous  compounds.  Likewise,  the  condi- 
tions of  accumulation  and  deposition  attending  the  origin  of 
many  coals  were  doubtless  favorable  for  the  mingling  of  algae 
and  different  animal  remains  with  the  debris  of  higher  plant 
types. 

Mr.  White  thinks  it  is  more  than  probable  that  the  sub- 
stances of  these  lower  organisms  contributed  as  ingredients  to 

iSchillings  Jour,  fur  Gasbel.    49-419.  (1906) 

2The  Gas  World.    April  13. 1901 . 

sunpublished  reports  of  supplementary  studies  to  Bulletin  No.  17,  University  of  Illinois, 

Ensineering- Experiment  Station.  (1911) 
•iBull.  U.  S.  G.  S.  382  (1909) 

SRegnault,  B.  Les  micro  organismes  des  combustibles  fossiles,  St.  Etienne,  1903. 
«Bull.  Soc.d'hist.  Nat.  Antun.  Vol.  9,  1897,  p.  193. 
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the  mass  of  coal-t'oriiiing  material,  and  thni  they,  therefore,  ex- 
erted some  influence  on  the  character  and  quality  of  thf  final  res- 
idues. He  considers  the  higher  percentage  of  bituminous  mailer 
in  the  older  and  more  altered  condition  of  the  fuel,  due  to  con- 
central  ion  as  thp  result  of  devolatili/ation  of  tho  coal  by  dyn- 
amochemical  processes,  the  larger  part  of  the  concentration  be- 
ing the  result  of  loss  of  oxygen,  this  loss  being  disproportionately 
great  as  comparted  with  that  of  hydrogen.  Thus,  the  progressive 
■deoxygenalion  of  the  organic  matter  accomplishes  bituminiza- 
tion. 

Now,  he  continues,  the  qualities  of  fusibility  and  swelling 
concurrent  with  bituminization  which  appear  to  characterize 
fuels  known  to  contain  quantities  of  gelatinous  micro-algse.  are 
also  necessary  to  the  coking  quality  in  coals,  and  he  thinks  it 
permissible,,  therefore,  to  inquire  whether  the  coking  property 
may  not  be  due  to  some  unascertained  proportion  of  gelatinous 
algal  matter  entpring  into  the  original  mass  from  which  the  coal 
was  formed  and  imparling  to  it  this  fusibility  and  tendency  to 
swell. 

^^'hile  the  presence  of  micro-algal  ingredients  has  been 
noted  in  peats  and  even  in  some  brown  coals,  yet  it  is  very  evi- 
dent that  their  detection  by  microscopical  means  in  the  highly 
metamorphosed  coking  coals,  is  so  difficult  as  to  be  practically 
impossible.  The  evidence  of  chemical  analysis  must  therefore, 
be  called  into  service.  The  coals,  he  says,  whose  large  volatile 
combustible  matter  contains  relatively  the  highest  hydrogen  and 
the  lowest  oxygen,  thus  approaching  nearest  the  bitumen  analy- 
ses, are  those  in  which  the  organic  remains  described  as  micro- 
algae  are  most  predominant  and  best  preserved.  If  then,  in  the 
high  volatile  coals  high  bituminization  and  gelatinous  algal  in- 
gredients go  together  and  the  presence  of  the  latter  causes  the  coal 
to  fuse  and  swell,  we  may  conclude  that  high  volatile  coals  that 
show  sulTiciently  high  bituminization  will  coke  by  the  ordinary 
process.  The  degree  of  bituminization  is  indicated  by  the  rela- 
tive excess  of  hydrogen  as  compared  with  the  diminished  oxy- 
gen in  dry  coal  and  is  expressed  by  the  ratio  H  :0. 

Data  covering  the  tests  of  over  300  coals  from  different  lo- 
calities furnished  by  the  U.  S.  Geological  Survey  are  given.  It 
was  found  that  those  coals  having  a  H:0  ratio  of  59  or  more, 
coke  by  the  ordinary  commercial  process.  Nearly  all  below  59 
and  above  55  so  far  as  tested,  make  a  coke.    Those  below  55  us- 
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ually  give  a  poor  and  dark  product.  The  best  cokes  obtained  by 
the  ordinary  process  were  made  from  coals  having  a  ratio  of 
60  or  over.  It  was  noted  however  that  with  coals  with  a  fixed 
carbon  value  of  over  79  per  cent  tlie  rule  breaks  down. 

He  remarks  that  liis  hypothesis  appears  to  harmonize  with 
the  tendency  of  coking  coals  to  cohere  when  reduced  to  fine 
powder,  discussed  by  M.  A.  Pishel. 

0.  Boudouard^  took  up  the  study  of  coals  with  the  specific 
purpose  of  determining  the  causes  of  coking  and  selected  for 
experiments  samples  of  (1)  English  anthracite.  (2)  Gourrieres 
(1/4  bituminous).  i3i  Belgian  forge  coal,  (4)  Forge  coal  of  un- 
known origin  which  has  lain  in  the  laboratory  several  years, 
(5)  Bruay  (%  bituminous).  (6)  Goal  of  unknown  origin,  (7) 
Lignite. 

The  following  table  gives  the  results  of  tlie  approximate- 
analyses  : 

TABLE  18 

Composition  of  Coals  before  Treatment 


1 

2 

3 

4 

5 

6 

7 

Fixed  carbon 

Ash 

88.6 
2.5 

8.8 

powdery 
0 

89.5 
1.6 
8.8 

powdery 

0 

70.5 

4.6 

24.8 

hard 

3 

79.1 
2,6 
18.1 

hard 

3 

39.3 

3.1 

37.6 

hard 

3 

51.4 
2.3 
46.2 

slitrhtlv 

caked 

0 

37.3 
4.2 

Volatile  matter 

Character  of  coke 

Hardness2 

58.4 

powdery 

0 

These  coals  were  successively  subjected  for  periods  of  105  hr.. 
each  to  the  action  of  air  at  15°  and  100°.  After  the  first  treat- 
ment little  change  in  tlie  coal  and  in  the  appearance  and  char- 
acter of  the  coke  was  noted  except  that  No.  G  and  7  showed 
traces  of  humic  acid.  In  contrast  with  this,  after  being  heated 
at  100°,  none  had  retained  their  coking  powers  and  all  but  (1) 
and  (2)  contained  humic  acid.  A  marked  increase  in  weight  due 
to  oxygen  absorption  was  observed,  amounting  in  some  cases  to 
nearly  5  per  cent. 

He  further  treated  25  grams  of  each  of  the  coals  studied  with 
150  grams  of  concentrated  nitric  acid  for  a  period  of  2^/^  months.. 
Analyses  of  the  residues  gave  the  following  results: 


iBulldeCa.  Sec.  Chim.  5  (series  4)  365-390  (1909). 
2The  relative  hardness  of  the  coke   is  indicated  by   the  figures  3.  2.  1 ,  0,-3  denoting  a  hard- 
compact  coke.  0.  a  powdery  residue. 
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TABLE  19 
Composition  of  Coals  after  Treatment  with  Nitric  Acid 


1 

2 

3 

4 

5 

6 

7 

Per    cent 

change   in 
weii^ht  .  .. 

Fixed  carbon. 

Ash 

Vol.  matter  .. 

+  15.6 
68.1 
1.8 
30.1 

+  26  0 

54.7 

.41 

44.8 

+  6.4 

56.5 

1.5 

41.9 

+  20.4 

51.5 

6.1 

42.2 

+  17.2 

49.6 

1.6 

48.7 

traces  of 

-  14.0 

43.8 

.72 

56.0 
traces  of 

-  36.8 

39.4 

.61 

59  9 

Appearance  of 

coke 

Humic  Acid  .. 

powdered 
0 

powdered 
0 

powdered 
15  per  cent 

powdered 
8  per  cent 

agiflome-     agglome- 
rate             rate 
50  per  cent  40  per  cent 

powdered 
27  per  cent 

Organic  solvents  such  as  ligroin.  pyridine,  benzene,  carbon 
disulphide.  carbon  tetrachloride  and  the  like,  modified  in  no 
appreciable  way  the  quality  of  the  coke  produced.  Concentrated 
sulphuric  acid  destroyed  Ihe  coking  power;  concentrated  hydro- 
chloric acid  had  no  effect. 

In  none  of  these  coals  did  humic  acid  exist  before  treatment 
and  since  ils  presence  was  always  constant  in  the  same  oxidized 
coals  which  had  in  the  process  lost  their  coking  powers,  work- 
ing on  the  theory  that  the  carbohydrates  were  responsible  for 
the  origin  of  the  acid,  he  found  that  starch  or  sugar  treated  with 
bromine  water,  for  instance,  yielded  humic  acid  much  like  that 
obtained  from  coal. 

It  is  probable,  he  thinks,  that  the  hydrocarbonaceous  sub- 
stances giving  rise  to  this  acid  do  not  exist  in  a  single  form  but  in 
a  state  of  great  condensation,  and  polymerization  is  a  result  of  the 
decomposition  of  the  living  matter,  the  principal  characteristics 
of  this  series  of  processes  being  the  disintegration  of  the  plant 
tissues  and  the  accumulation  of  carbon  at  the  expense  of  hydro- 
gen and  oxygen. 

In  his  comparative  studies  of  natural  and  oxidized  coals,  he 
noted  that  the  production  of  a  very  small  quantity  of  humic 
acid  (less  than  1  per  cent)  marked  the  disappearance  of  the 
coking  qualities  of  the  original  sample. 

In  this  connection  the  theories  advanced  by  Professor 
Lewes,  already  referred  to.  on  page  25,  are  of  interest,  harmon- 
izing as  they  do  with  Boudouard's  work  and  presenting  some  of 
the  most  modern  lines  of  thought  on  this  subject. 

Dennstedt  and  Bunz^  hold  with  Boudouard  that  humic  acids 


iZeitsch.  t.  ang.  Chem.  21.  1825.     (1908 ». 
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are  the  ultimate  oxidalion  products  of  coals  and  the  most  in- 
flammable coals  are  those  that  produce  the  largest  quantities  of 
the  acid. 

The  exact  nature  and  composition  of  the  so-called  humic 
acids,  however,  seem  to  be  unknown.  Boudouard^  quotes  the  re- 
sults of  several  experimenters  who  produced  the  substance  by 
treating  sugar  with  acids.  The  empirical  formulas  (no  struc- 
tural formulas  are  attempted.)  range  from  G.24H18O9  (Stein)  to 
G40H.J4OJ2  (Mulder).  He  himself  proposes  G,8Hi409  as  the  compo- 
sition of  humic  products  he  obtained  by  extracting  oxidized 
coal  with  potassium  hydroxide. 

W.  G.  Anderson  in  studying  the  varying  coking  tendencies 
of  a  number  of  Scotch  coals,  concluded  that  cementation  is 
caused  by  the  decomposition  of  two  classes  of  substances;.  (1) 
resinous  materials  soluble  in  caustic  potash,  which  break  down 
on  rapid  ignition:  and  (2)  non-saponifiable  substances,  some  of 
which  were  volatile  at  300°,  others  being  stable  at  this  tempera- 
ture. 

III.    Su^iMARY  OF  Opinions 

A  very  brief  review  of  the  literature  covering  the  decompo- 
sition that  takes  place  at  low  temperatures  in  the  distillation  of 
coal,  is  sulFicient  to  prove  to  the  student  that  the  problem  in  all 
its  phases  is  distinctly  modern.  A  glance  at  the  bibliography 
will  show  that  few,  if  any,  references  date  back  more  than  ten 
years  and  that  most  of  the  publications  on  the  subject  have  ap- 
peared within  the  last  two  or  three.  Indeed.  Burgess  and  Wheel- 
er^ writing  in  1910,  remark  that  "'previous  work  has  been  ver}- 
scanty"'.  Furthermore,  almost  without  exception,  those  inves- 
tigators who  have  already  made  reports  announce  that  their 
first  articles  are  more  or  less  incomplete  and  that  they  expect  to 
continue  along  the  same  lines  of  study. 

While  the  development  of  the  subject  is  evidently  still  in  its 
infancy,  yet  results  from  different  sources  are  in  many  cases  en- 
tirely consistent.  Of  particular  interest  in  that  it  bears  a  close 
relationship  to  the  problem  of  smoke  prevention,  is  the  fact,  men- 
tioned by  nearly  all  authorities,  that  the  heavy  smoke-producing 
bonzines  and  paraffins  of  high  carbon  content  are  given  off  at 


iBuU.  de  la  Soc.  Chim.  5  (series  4)  378.     (1909i. 
Jour.  Soc.  Chem.  Ind. .  17-1013.     Nov..  1898. 
2Jour.  Chem.  Soc.  97—1917  ( 1910i 
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low  lempcralures  and  arc  praelieally  I'liiiiinatcd  at  500°.  At- 
lempls  lo  separate  and  estiiiiale  (he  higher  honiologues  of  me- 
thane contained  in  early  distillates,  however,  have  not  been  en- 
tirely successful  on  account  of  a  lack  of  adequate  methods  of  gas 
analysis,  Cady  and  McFarland^,  using  liquid  air,  got  perhaps 
the  best  results  but  even  their  scheme  leaves  much  to  be  desired. 
Writers  reporting  the  para tTin  content  of  the  gases  studied  there- 
fore have  been  obliged  to  estimate  the  heavier  members  as 
■'ethane",  or,  using  the  formula  Gn  H2n-f  2-  lo  give  average  val- 
ues of  n. 

It  is  generally  agreed  further,  that  as  temperatures  rise  above 
500°.  methane  and  hydrogen  are  the  principal  gas  constituents, 
being  decomposition  products  of  not  only  the  coal  itself  but  of 
some  of  the  gases  given  off  at  the  lower  temperatures.  Below 
400°,  hydrogen  is  present  in  very  small  amounts.  It  seems  fair- 
ly well  established,  therefore,  that  the  density  and.  consequenlly, 
the  calorific  value  of  a  gas  varies  inversely  with  the  temperature 
at  which  it  is  evolved  and  that  a  very  moderate  heating  of  the 
coal  is  sufTicient  to  remove  enough  of  the  smoke  producing  ele- 
ments to  make  the  combustion  of  the  residue  clean  and  econom- 
ical. 

With  a  very  small  amount  of  work  done  in  determining  the 
character  of  the  low  temperature  tar  distillates,  a  fruitful  field  is 
left  for  future  investigation.  Paraffin  oils,  valuable  for  lubri- 
cating and  power  generating,  seem  to  predominate,  while  the 
equally  important  aromatic  derivatives,  as  anthracene,  are  pre- 
sent to  a  less  extent  than  in  the  high  temperature  runs. 

The  investigations  of  Parr  and  Francis  prove  that  coal,  mod- 
ified by  the  application  of  moderate  heat  gains  valuable  prop- 
erties and  that  it  retains  a  high  calorific  value.  In  the  use  of  cer- 
tain types  of  coal,  however,  such  as  those  of  the  central  west,  the 
problem  of  putting  the  residues  into  marketable  condition  de- 
mands a  solution  before  the  process  can  be  made  an  economic 
success. 

Much  has  been  written  in  attempts  to  explain  the  causes  of 
coking,  or  at  least  to  define  the  conditions  that  govern  it.  From 
the  work  of  Parr.  Chamberlain.  Boudouard.  and  others,  who 
have  studied  the  reactions  taking  place  at  low  temperatures, 
it  has  been  proved  that  oxygen  absorption  goes  on  rapidly  when 
fresh  coal  is  exposed    to  the   atmosphere.     It    has   been  shown 


iJour.  Am.  Chem.  Soc.  29—1523  (1907) 
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further  thai  this  absorption  wealiens  or  destroys  altogether  any 
coking  properties  that  the  original  coal  may  have.  In  other 
words  a  high  oxygen-hydrogen  ratiio  marks  the  absence  of  fusi- 
bility and  cementation. 

The  structures  of  the  organic  compounds  of  the  coal  which 
furnish  the  cementing  material  for  coke  and  which  are  appar- 
ently attacked  by  oxygen,  have  not  been  determined  and  seem  to 
vary  somewhat  in  different  types  of  coals.  However  they  yield, 
on  oxidation,  humic  acids  of  varying  composition  which  decom- 
pose into  powdery  residues.  Because  of  the  complex  nature  of 
these  substances  and  the  difTiculty  experienced  in  isolating  and 
identifying  them,  the  matter  of  coking  is  still  an  open  problem 
and  the  explanations  advanced  are  largely  hypothetical. 
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a  discussion  of  conclusions  that  may  be  derived  therefrom  will  follow. 
The  derivation  of  current  relations  by  the  use  of  instantaneous  current 
values  will  then  be  given.  In  this  last  named  part  particular  stress  will 
be  laid  upon  the  application  of  the  current  transformer  for  the  purpose 
of  recording  transient  phenomena.  A  comparison  of  the  results  obtained 
for  stable  condition  by  the  two  methods  and  a  general  summary  will  be 
given  in  conclusion. 

E>  — 
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Fig.  1.     Symbols  Used  for  Constants  ok  Circuit 
II.     Characteristics  of  the  Series  Transformer 

3.  General  Features  of  the  Series  Transformer. — In  construction 
the  series  transformer  does  not  greatly  differ  from  the  ordinary  power 
potential  transformer,  inasmuch  as  both  consist  essentially  of  two  elec- 
trical circuits  interlinked  by  a  magnetic  circuit.  In  the  potential  trans- 
former for  furnishing  power  there  is,  of  course,  a  variation  of  primary 
current  with  secondary  current;  in  fact,  the. primary  current  is  a 
function  of  the  secondary  current.  In  the  current  transformer,  how- 
ever, the  effect  of  the  secondary  current  upon  the  primary  current  is 
so  very  small  as  to  be  negligible.  The  primary  current  is  determined 
by  the  constants  of  the  main  circuit,  and  is  taken  to  be  independent  of 
variations  in  secondary  load  and  current.  Herein  then,  lies  the  basic 
element  of  distinction  between  the  power  potential  transformer  and  the 
current  transformer.  This  dependence  of  the  primary  current  upon  the 
constants  of  the  main  circuit  only,  and  its  independence  of  variations 
in  secondary  current,  is  the  starting  point  for  the  theory  of  the  current 
transformer  which  follows.  Naturally,  this  difference  in  operation  be- 
tween the  two  types  of  transformers  makes  a  difference  in  their  design, 
and  just  how  and  why  some  of  the  design  constants  differ  will  be  pointed 
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out  later  after  a  development  of  the  theory  has  made  their  bearing  on 
the  operation  of  the  transformer  clearer. 

There  are  certain  facts  about  the  series  transformer  which  are  gerr- 
erally  known  among  men  who  have  anything  at  all  to  do  with  it.  It  is 
known  that  the  series  transformer  consists  of  two  coils  metallically  sep- 
arate, wound  on  a  laminated  iron  core;  that  the  coil  connected  in  the 
line  generally  has  fewer  turns  than  the  secondary  coil  across  which  the 
instruments  are  connected,  and  that  the  ratio  of  the  turns  is  about  in 
inverse  proportion  to  the  ratio  of  the  currents.  It  is  known  that  it  is 
dangerous  to  leave  the  secondary  open-circuited  because  if  a  current 
flows  in  the  primary,  high  voltages  will  be  induced  in  the  open-circuited 
secondary  and  there  will  be  high  heating  of  the  iron  core  which  may 
cause  disaster.  It  is  also  known  that  slight  variations  in  secondary  load 
(or  resistance  and  reactance)  do  not  change  the  transformation  ratio 
to  a  very  great  extent,  and  that  the  ratio  is  nearly  constant  for  all  values 
of  primary  current  within  a  given  range.  It  is  also  known  that  when 
used  in  connection  with  wattmeters  annoyance  is  often  caused  by  a  cer- 
tain angle  of  phase  displacement  from  the  ideal  position.  These  very 
nearly  constant  factors,  however,  such  as  current  ratio  and  phase  angle, 
are  very  often  subject  to  great  variations,  and  in  the  following  discussion 
it  is  proposed  to  investigate  the  relations  between  these  factors  and  the 
constants  of  the  transformer  and  load;  to  determine  how  and  to  what 
extent  they  are  influenced  by  these  constants. 

4.  Vector  Diagrams  for  the  Series  Transformer. — At  the  outset  it 
is  thought  advantageous  to  study  the  vector  diagram  representation  of 
the  current  transformer  in  order  to  gain  familiarity  with  its  operation. 
Fig.  1  is  given  to  indicate  the  constants  represented  by  the  different 
symbols.  Fig.  2  is  a  simple  vector  diagram  of  a  series  transformer  hav- 
ing no  core  loss.  This  would  be  the  case  with  a  transformer  having 
an  air  core.  The  voltage  e  across  the  load  is  taken  as  the  reference  vec- 
tor, and  the  primary  current  7'  lags  behind  it  an  angle  6  dependent  upon 

Y  ,  . 

the  power-factor  of  the  load.      (  tan  (9  =— -)         ^^  phase  with  I   is 

cf)'  the  total  primary  flux,  or  the  flux  which  could  be  set  up  in  the  exist- 
ing magnetic  circuit  by  the  primary  ampere-turns  if  no  counteracting 
force  were  present.  A  part  of  this  flux,  c/)l',  however,  is  set  up  in  a 
path  not  interlinked  by  the  secondary  coil,  that  is,  it  does  not  thread 
the  secondary  coil,  and  hence  has  no  effect  on  the  secondary  circuit.* 

*The  leakag'e  flux  of  the  primary,  it  is  readily  seen,  acts  only  as  a  react- 
ance in  the  primary  circuit  and  does  not  affect  the  ratio  of  the  currents  in 
the  transformer.  Since,  however,  the  primary  leakagre  reactance  is  an  in- 
herent constant  of  the  transformer,  it  is  thought  ■well  to  introduce  it  here 
for  the  completeness  of  the  discussion. 
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to  leakage  flux,  it  must  follow  that  in  a  commercial  transformer  core  loss 
has  both  of  the  above  effects.  If  these  were  its  only  effects  it  might  be 
thought,  ignoring  efficiency,  that  core  loss  is  desirable.  But  it  will  be 
seen  later  that  hysteresis  loss  is  accompanied  by  a  variation  in  core 
reluctance  that  is  extremely  undesirable  so  far  as  regulation  is  concerned. 
5.  Formulas  for  Current  Ratio  and  Phase  Angle — Use  of  Complex 
Quantities. — With  these  vector  diagrams  in  mind  we  may  proceed  with 
a  mathematical  discussion  of  the  current  transformer  by  the  use  of 
complex  quantities.  In  the  following  derivation  it  will  be  considered 
for  simplicity,  that  permeability  of  the  iron  is  constant.  The  error  thus 
introduced  is  not  so  great  as  might  at  first  be  expected,  due  to  the  fact 
that  the  iron  in  a  current  transformer  is  generally  worked  at  a  very 
low  density  on  the  straighter  portion  of  the  saturation  curve.  However, 
the  assumption  of  constant  permeability  still  makes  it  possible  to  dis- 
cuss from  the  resulting  equations  the  effects  of  variation  in  permeability. 
If  the  permeability  is  taken  constant  the  hysteresis  loop  vanishes,  and 
the  only  remaining  core  loss  is  the  eddy  current  loss.  With  sufiBciently 
careful  lamination  and  at  the  low  value  of  flux  density  used,  this  loss 
may  be  very  small.  Indeed  in  a  commercial  current  transformer  the 
core  losses  are  very  smaU.  Neglecting  then  for  the  present  all  core 
losses,  the  following  derivation  will  correspond  to  the  vector  diagram 
of  Fig.  2  and  will  be  rigid  for  a  transformer  with  an  air  core.  Let  a 
sine  wave  of  e.m.f .  e  instantaneous  value  =  e'\/2~sm  wt,  be  impressed 
upon  the  circuit  as  indicated  in  Fig.  1.  Then  since  the  effect  of  the 
secondary  current  upon  the  primary  current  is  neglected 

^'=:^^= '•+•''■'* "> 

where  Rj JTis  the  load  impedance. 

,                      .             eR  ,      .  eX 

where  i  = and     n 


i?2  +  X2  R^  +  X2 

The  flux  set  up  by  the  primary  current  or  the  total  primary  flux  is 
proportional  to  the  primary  current  and  in  phase  with  it  or 

^'  =  Ki  Ni  r  X  10^    (2) 

where  Ki^=  l_^    y  iq-s.^  (/'i  =  combined  reluctance  of  iron  circuit 

*In  all  these  following  equations  involving  complex  quantity,  time  is  con- 
sidered the  independent  variable  and  is  represented  by  counter  clock-wise 
rotation.  The  inductive  impedance  is  i?  —  jX  and  thus  there  is  a  lagging 
current    I—i-\-ji^. 
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and  leakage  path  )  ,  and  .Vi  is  the  number  of  primary  turns.  Of  $'  a 
certain  part  known  as  leakage  flux  does  not  thread  the  secondary,  but 
produces  a  reactive  e.  m.  f.  in  the  primary,  which  is  given  by  the  fol- 
lowing expression : 

.  277-  fXi  *'  L  ,^. 

e;  =  J  : : (o) 

10« 

It  should  perhaps  be  pointed  out  that  the  value  given  above  for  electro- 
motive force,  current,  and  flux,  as  well  as  those  to  follow,  are  all  ef- 
fective values. 

Equation  (3)  gives  an  expression  for  reactive  primary  e.m.f.  in 
terms  of  leakage  fltix.  But  the  primarj-  leakage  reactance  x^  also  gives 
the  value  of  this  e.m.f.,  as  follows: 

e;  =  j  r  xi (4) 

Combining  (3)  and  (4)    -we  obtain 

2  77/31  $l' 

: ■__  ==  1   xi 

/'  xi  r  XI 

or  $l'  =  — = 108  ^  . 108 (5) 

2  7rfXi  o.iVl 

An  expression  for  the  magnetizing  flux  *„  may  be  obtained  by 
starting  with  the  induced  secondary  e.m.f.  This  e.m.f.  must  be  suf- 
ficient to  overcome  all  of  the  impedance  of  the  secondan'  circuit  in- 
cluding the  leakage  x.^.    Hence,  we  may  write 

E"  =  I"  Z" (6) 

But  the  induced  secondary  e.m.f.  is  dependent  upon  the  magnetizing 
flux  in  the  following  relation : 

^„_     2.fX,^^ 

10« 
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Combining  (6)  and  (7)  an  expression  for  magnetizing  flux  in  terms 
of  secondary  current  and  impedance  is  obtained  as  follows : 

2  7./^^  ^  ^„  ^„ 

108 

Whence, 

T"    7" 

*M  =  -y  -^--lo^ --(s) 

The  total  secondary  flux  is  proportional  to  the  secondary  current 
and  in  phase  with  it,  or 

$"  =  Ki  Ni  I"  X  108 (9) 

where     K-2  =  _   X  10'^;   ((^i  =  combined  reluctance  of  iron  circuit 

and  leakage  path). 

In  a  manner  similar  to  that  for  obtaining  equation  (5)  for  the  pri- 
mary leakage  flux,  the  following  expression  for  the  secondary  leakage 
flux  is  obtained, 

<I>l"  =  :^^^10« (10) 

If  we  subtract  from  the  total  primary  flux  the  primary  leakage  flux 
we  obtain  what  may  be  called  the  useful  primary  flux.  Similarly  the 
difference  between  the  total  secondary  flux  and  the  secondary  leakage 
flux  gives  the  useful  secondary  flux.  The  sum  of  these  two  useful 
fluxes  then  gives  the  magnetizing  flux,  or  expressed  in  the  form  of  an 
equation, 

^'  —  ^l'  +  «>"—  <^l"=  ^M (11) 

which  may  be  written 

$'  —  <E)l'  +  $"=  $l"  —  $„  =  0 (12) 

Substituting  in  (12)  the  expressions  for  the  various  fluxes  given  by 
equations  (2),  (5),  (9),  (10),  and  (8),  and  dividing  through  by  10 ^,  we 
obtain 

^1  ^Vi  /'   ^   {IZL  +  K,  X.  I"  -  ^    +  j  ^  =  0  .  .(13) 
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or        {K\X,-~)r  +  {K,N-2--^+  j  '^)  /"  -0...(13') 

Whence,         /"  = {K.M.-x.).N.  ^, 

oj.Vi  (  X.  X-i^  0.  —  rr2  +  ./  Z"  )    ■ 

But     Z"  =  (  7--2  +  r  )  —  y  (  X2  +  a;  ) 

And     j  Z"  =  {x.2  +  x)  ^j  {r-2  +  r) (15) 

Substituting  (15)  in  (14), 

J"  =  -   . (K,Kr'<o~x,)X2 J, ^^^ 

Ni  [  Xo  3^2-  o>  -\-  X  -i-j  {r-2-\-  r)  }   ■ 

which  might  better  be  Avritten 

r=-^. ^  ^'  '"'^'"  "  -  ^^  > [K-2N2\.+x-j{n^r)^l'a7) 

Ni{K2mi^+xf  +  {n  +  rf 

The  ratio  of  secondary  current  to  primary  current  then  becomes 

I^  __^  (  Ki  jVr"  0.  —  a:i  ) • 

r  Ni   V  {Ki  M  0,  +  X  )-  -  (  1-2  +  r  f 

Equation   (18)   may  be  reduced  as  follows:     K^  and  K^  represent 
the   primary    and    secondary   magnetic   conductances   respectively.      If 

F  =  X  10"^  represents  the  conductance  of  the  iron  path,  and 

P 
Jc^  and  ^2  represent  the  magnetic  conductances  of  primary  and  secondary 

leakage  paths  respectively,  then  for  K^  and  K^  in  equation  (18)  may 

be  substituted : 

I"  No  (  FXi^  (o  -  I'l  3V  ^  _  ^^ ) 


r  Ki  V  {F  37  0,  +  h2  Xr  ^o  ^  x  f  +  (  r.  +  r  f 
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h^  N^^o)  =  x^ 

I"  _         N2 FM  i. 

Ir  ^  ~~  ^   V\  F  iVV  (0  -h  a;2  +  a;  )2  +  ( n  -^  r  f  "  " 

which  shows  the  dependence  of  current  ratio  upon  the  primary  leakage 
reactance.  To  show  more  clearly  the  relation  between  the  currents  and 
the  number  of  turns  equation  (19)  may  be  reduced  to  the  form: 


from  which  it  is  seen  that  with  no  secondary  resistance  or  reactance  the 
ratio  of  currents  is  inversely  as  the  ratio  of  the  number  of  turns.  Fur- 
thermore, the  lower  the  reluctance  of  the  iron  circuit,  and  consequently 
the  greater  the  value  of  F,  the  higher  the  frequency,  and  the  greater  the 
number  of  secondary  turns,  the  more  nearly  does  the  transformation 
ratio  equal  the  ratio  of  the  number  of  turns. 

Equation  (20)  is  useful  in  showing  certain  relations,  but  equation 
(18)  may  be  reduced  in  another  way  which  yields  results  of  interest. 
From  equation  (2) 

$'  =  K^  N^  r  X  108 

and  N^^'=K^N^^I'X  10« 

But  N^  $'  =  L,  r  X  108 

Whence  K^N^^=^L^ 

and  K,  N,^w  =L^^  =  X^ (21) 

Where  X^  is  the  total  inductive  reactance  of  the  primary  coil. 

Similarly,         K,N^^,,  =  X,_ (22) 

If  the  primary  leakage  reactance  x^  be  subtracted  from  the  total 
primary  reactance  X^,  and  the  difference  multiplied  by  the  ratio  of  the 
secondary  turns  to  the  primary  turns  the  result  will  be  the  mutual  in- 
ductive reactance  X^  or 
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—  iXi  —  xi)  ^A\ m) 

iVi 

Now  substituting  (21),  (22)  and  (23),  in  (18),  the  following  expres- 
sion is  obtained, 


/"  x„ 


r  V{  X2^  xY  ^   (  r-2  +  r  )i 


(24) 


From  (24)  it  is  seen  that  with  zero  resistance  of  the  secondary  coil  and 
load,  the  ratio  of  transformation  is  as  the  ratio  of  the  mutual  inductive 
reactance  to  the  total  reactance  of  the  secondary  circuit. 

From  equation  (20)  it  is  seen  that  the  effect  of  increasing  the  sec- 
ondary resistance  or  reactance  is  to  decrease  the  secondary  current;  that 
the  effect  of  increasing  the  frequency  or  increasing  F,  which  means 
decreasing  the  magnetic  reluctance,  is  to  increase  the  secondary  current. 
Equation  (20)  further  shows  that  a  large  number  of  secondary  turns 
makes  variations  in  frequency,  permeability,  and  secondary  resistance 
and  reactance  less  effective  in  influencing  the  transformation  ratio,  and 
hence  points  to  the  desirability  of  a  large  number  of  secondary  turns. 

Eef erring  again  to  equation  (17)  it  is  seen  that  the  phase  angle 
between  the  secondary  current  and  the  projected  primary  current  is 

,              r-2  +  r                       ,                 r-i  +  r 
arc  tan  —^ — ^ =  arc   tan  . .  .  (,2o) 

F^^'^    w    +  X2   +  X 

or       5  =  arc  tan  ^^^— ' — '- (25') 


Stating  equation  (25')  in  words  the  tangent  of  the  phase  angles  is 
directly  proportional  to  the  total  secondary  resistance,  and  inversely 
proportional  to  the  total  secondary  reactance. 

If  it  is  desired  to  study  the  current  ratio  from  the  design  constants 
of  a  transformer,  equation  (18)  will  be  found  the  more  convenient;  if 
it  is  desired  to  study  this  ratio  from  data  taken  experimentally,  equation 
(24)  may  perhaps  be  used  more  conveniently.  The  equations  for  phase 
angles  are  so  simple  that  there  would  be  no  trouble  in  using  either  one 
or  the  other. 


r-2  - 

r 

KoNi^ 

(t) 

-f 

X 

n  +  r 
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As  an  example  a  transformer  having  the  following  constants  may 
be  considered : 

r,  =  .0058  ohms. 

cr^  =  .058  ohms  at  60- 

K  =  .000015 

F  =  .00001425 

N,  =  14 

N^  =  133 

r2  =  1  ohm 

x^  =  K  N^^  cu  =  1.11  ohms  at  60~ 

rro  =  KN^^oj  =  100  ohms  at  60- 


9.5 


Xi 


10  ohms  at  60- 


1.  0.09 

5^  0.08 

g0.07 
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I.    VARIATION  OF  TRANSFORMATION 
—      RATIO  WITH  RESISTANCE  r   (x=l  OHM) 
_II.  VARIATION  OF  TRANSFORMATION 

RATIO  WITH  REACTANCE  x     (r=l   OHM) 
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SECONDARY  LOAD  RESISTANCE 
AND  REACTANCE 
OHMS  AT  60  CYCLES 

Fig.  4.    Effect  of  Secondary  Load  Resistance 
AND  Reactance  on  Transformation  Ratio 
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Taking  the  secondary  load  reactance  equal  to  1  ohm,  we  may  study 
the  effect  of  secondary  load  resistance  upon  the  transformation  ratio. 
Fig.  4  Curve  I.  shows  the  relation  between  the  transformation  ratio  and 
secondary  load  resistance.  It  is  seen  that  for  reasonable  values  of  re- 
sistance (say  up  to  5  ohms)  the  ratio  is  but  little  affected.  Beyond  10 
ohms,  however,  an  increase  in  the  resistance  results  in  quite  an  appre- 
ciable decrease  in  the  value  of  secondary  current,  and  the  rate  of  de- 
crease becomes  greater  with  increased  resistance.  If  the  secondary  load 
resistance  be  taken  as  1  ohm,  the  effect  of  secondary  load  reactance  upon 
the  transformation  ratio  may  be  studied.  Fig.  4  Curve  II.  shows  the 
variation  of  the  transformation  ratio  with  secondary  load  reactance.  It 
is  seen  that  the  ratio  is  very  appreciably  decreased  by  increasing  the  re- 
actance and  that  the  ratio  of  decrease  is  greatest  for  low  values  of 
reactance.  Comparing  then  secondary  resistance  and  reactance  as  re- 
gards their  effect  upon  the  transformation  ratio,  it  may  be  said  that  for 
reasonable  values  the  effect  of  increasing  the  former  is  to  decrease  but 
negligibly  the  ratio,  whereas  an  increase  in  the  latter  results  in  a  very 
considerable  decrease  of  the  ratio. 

Taking  the  secondary  load  reactance  equal  to  1  ohm  at  60  cycles,  and 
choosing  three  values  of  secondary  load  resistance,  viz.,  1  ohm,  10  ohms, 
and  50  ohms,  three  curves  were  plotted,  one  for  each  value  of  resistance, 
showing  the  effect  of  varying  the  frequency  upon  the  transformation 
ratio.  These  curves  are  given  in  Fig.  5.  An  inspection  of  these  curves 
shows  that  for  high  values  of  frequency  the  effect  of  variation  in  frequency 
upon  the  transformation  ratio  becomes  negligible,  and  also  that  the 
lower  the  secondary  resistance,  the  lower  the  frequency  at  which  the 
ratio  becomes  practically  constant.  With  1  ohm  secondary  load  resist- 
ance it  is  seen  that  the  ratio  is  practically  constant  above  25  C3Tles. 
With  reasonably  low  secondary  resistance  then  it  may  be  concluded  that 
the  effect  of  frequency  variation,  within  commercial  limits,  upon  the 
transformation  ratio  is  quite  small.  It  should  not  be  forgotten,  however, 
that  below  a  certain  critical  frequency  for  a  given  value  of  secondary 
resistance  decreasing  the  frequency  will  result  in  a  very  rapid  decrease 
of  the  transformation  ratio. 

The  effect  of  secondary  load  resistance  on  the  phase  angle  /?  will  be 
considered  next.  Taking  the  secondary  load  reactance  x  equal  to  1, 
the  curve  shown  in  Fig.  6,  was  plotted  showing  the  variation  of  phase 
angle  with  the  secondary  load  resistance.  It  is  seen  that  the  increase  in 
phase  angle  is  practically  proportional  to  the  increase  in  resistance  for 
reasonable  values  of  r.  By  taking  the  secondary  load  resistance  equal 
to  unity,  the  variation  of  phase  angle  with  secondary  load  reactance  may 
be  studied.    Fig.  7  shows  the  relation  between  these  two  quantities.    It  is 
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noted  that  increasing  the  secondary  reactance  decreases  the  phase  angle, 
the  ratio  of  decrease  being  almost  constant  for  reasonable  values  of  x. 
The  effect  of  x  in  decreasing  the  phase  angle,  however,  is  not  nearly  as 
great  as  the  effect  of  r  in  increasing  it.  As  shown  by  the  curves,  a  given 
change  in  x  changes  the  phase  angle  by  less  than  2%  of  that  caused  by 
an  equivalent  change  in  r. 

By  taking  secondary  load  resistance  equal  to  1  ohm,  and  secondary 
load  reactance  equal  to  1  ohm  at  60  cycles.  Fig.  8  was  drawn  showing 
the  effect  of  frequency  on  the  magnitude  of  the  phase  angle.  This  curve 
shows  that  the  phase  angle  is  very  sensitive  to  changes  in  frequency 
within  the  range  of  commercial  frequencies,  the  phase  angle  at  25  cycles 
being  more  than  twice  as  great  as  at  60  cycles  and  over  five  times  as 
great  as  at  133  cycles. 

6.  Formulas  for  Current  Ratio  and  Phase  Angle  of  Series  Trans- 
formers with  Iron  Cores. — 'Throughout  the  above  discussion  zero  core 
loss  and  constant  magnetic  reluctance  have  been  assumed.  In  other 
words  the  above  discussion  applies  rigidly  to  a  transformer  with  an  air 
core.  The  commercial  series  transformer,  however,  has  an  iron  core. 
As  was  pointed  out  previously,  due  to  the  low  flux  density  in  the  core 
and  careful  lamination,  the  core  loss  in  such  a  transformer  Is  very  small ; 
so  small  in  fact,  as  to  be  of  no  consequence  in  affecting  the  validity  of 
the  foregoing  discussion.  In  using  an  iron  core,  however,  there  is  an 
•effect  more  objectionable  than  the  hysteretic  core  loss,  viz.,  the  accom- 
panying variation  in  core  reluctance. 

An  examination  of  equation  (19)  shows  that  with  given  constants 
and  frequency,  the  ratio  of  secondary  current  to  primary  current  is  con- 
stant, independent  of  the  value  of  primary  current.  This  is  true  of  an 
air  core  transformer  where  the  permeability  of  the  core,  and  consequently 
the  factor  F,  are  constant.  But  in  a  transformer  with  an  iron  core  the 
permeability  and  consequently  the  factor  F  varies  with  the  flux  density. 
Since  the  flux  density  varies  with  the  primary  current,  it  must  follow 
that  the  factor  F  is  a  function  of  the  primary  current,  and  consequently 
it  is  not  to  be  expected  that  the  ratio  of  secondary  current  to  primary 
-current  will  be  constant  for  all  values  of  primary  current  in  a  trans- 
former with  an  iron  core.  In  order  to  determine  the  nature  of  the 
variation  in  F  and  the  consequent  variation  in  the  current  ratio,  it  will 
be  necessary  to  consider  that  portion  of  the  saturation  curve  around 
which  the  transformer  operates.  In  Fig.  9  Curve  I.  is  given  an  assumed 
saturation  curve.  The  scales  of  the  co-ordinates  are  not  given  because 
they  are  not  important  for  our  purpose.  The  essential  thing  that  con- 
cerns us  is  the  shape  of  the  saturation  curve. 
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It  will  be  remembered  that  the  factor  F  is  given  by  the  expression: 

where  p  is  the  reluctance  of  the  iron  circuit.    Then  we  may  write 

F  =  •^'^^  ^     X  10-« (26) 

where  a  is  the  average  cross  section  and  I  the  length  of  the  iron  circuit. 
Again  for  a  given  transformer,  this  may  be  written 

F  =  Constant  X  i^ (27) 

From  the  saturation  curve  a  curve  may  be  derived  whose  ordinates  are 
proportional  to  the  permeability  fx  by  dividing  the  ordinates  of  the  sat- 
uration curve  by  corresponding  abscissas,  and  plotting  the  quotients  as 
ordinates  of  the  new  curve.  From  (27)  the  ordinates  of  this  new  curve 
will  also  be  proportional  to  F,  and  by  properly  choosing  the  scale  it  will 
be  possible  to  so  plot  it  that  the  value  of  F  corresponding  to  any  point 
on  the  saturation  curve  may  be  directly  read  from  it.  It  will  be  seen 
how  this  may  be  done. 

The  point  of  operation  on  the  saturation  curve  depends  upon  the 
voltage  that  must  be  induced  in  the  secondary  to  send  the  secondary 
current  through  the  secondary  impedance.  This  voltage  is  of  course  di- 
rectly proportional  to  the  secondary  current,  and  to  the  impedance  of 
the  secondary  circuit.  For  a  given  frequency  the  flux  is  proportional  to 
the  voltage.  If  the  normal  secondar}'  load  then  is  known  and  the  full 
load  secondary  current,  the  flux  for  this  condition  may  be  computed 
from  the  relation. 

T"  7" 
*„  =    —^   W (28) 

a'  A -2 

which  is  obtained  from  equation  (8)  by  dropping  the  complex  quantitv 
symbols.  This  establishes  a  point  on  the  saturation  curve,  as  denoted 
by  A  in  Fig.  4.  From  the  saturation  curve  the  value  of  permeability  /x 
at  this  point  may  be  found,  and  knowing  the  dimension  of  the  iron  cir- 
cuit F  may  be  calculated  from  equation  (26).  This  value  of  F  is  then 
laid  off  to  scale  as  an  ordinate  through  point  A,  and  the  other  ordinates 
are  plotted  proportionally,  as  explained  above  from  equation  (27).  This 
gives  Curve  II  of  Fig.  9.  As  an  example,  let  the  normal  secondary  load 
for  the  transformer  under  consideration  be  r  =  1  ohm  and  a:  =  1  ohm, 
and  let  the  value  given  for  F  apply  to  the  point  of  normal  full  load 
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operation  indicated  by  A  in  Fig.  9.  Curve  II  of  Fig.  9  gives  the  values 
F  at  other  points  on  the  saturation  curve.  Let  the  problem  of  plotting 
a  curve  showing  the  variation  of  current  ratio  with  primary  current  be 
considered. 

It  is  known  that  with  constant  secondary  load  the  variations  in 
secondary  current  and  induced  voltage  are  proportional,  and  that  there- 
fore, the  flux  is  proportional  to  the  secondary  current.  For  any  per- 
centage of  full  load  secondary  current  then  the  corresponding  point 
on  the  saturation  curve  may  be  found  from  A,  Fig.  9  by  direct  propor- 
tion. Going  up  along  the  ordinate  from  the  point  thus  found  to  Curve 
II,  the  corresponding  value  of  F  is  obtained.    This  value  of  F  is  substi- 

tuted  in  equation  (19),  and  the  ratio  — -  calculated.     From   this   ratio 

and  the  value  of  secondary  current  the  corresponding  primary  current 
in  per  cent  of  full  load  primary  current  may  be  determined,  and  thus  a 
point  on  the  required  curve  established.  This  is  done  for  a  sufficient 
number  of  values  of  secondary  current  to  enable  a  smooth  curve  to  be 
drawn  through  the  points  obtained.  Table  1  gives  a  convenient  tabula- 
tion for  these  computations,  and  Fig.  10  gives  the  result.  It  is  seen 
that  above  60%  of  full  load  primary  current  the  ratio  is  very  nearly 
constant,  and  that  below  40%  it  falls  off  very  rapidly.  The  variation 
in  current  ratio  with  primary  current  may  be  more  clearly  shown  by 
plotting  as  ordinates  the  difference  between  the  ratio  for  a  given  value 
of  primary  current  and  the  ratio  for  full  load  primary  current  expressed 
in  percent  of  full  load  primary  current.  In  Fig.  11  such  a  curve,  cor- 
responding to  Fig.  10,  is  shown  by  a  full  line.  For  the  purpose  of  gen- 
eral comparison  with  the  theoretical  curve,  there  is  also  shown  in  Fig. 
11,  by  a  dotted  line,  a  curve  obtained  experimentally.  No  unusual  pre- 
cision was  used  in  obtaining  the  data  for  this  curve,  the  currents  being 
measured  simply  by  two  ammeters.  The  very  close  similarity  of  the  two 
curves  is  apparent.  It  is  to  be  expected  that  the  magnitude  of  the 
ordinates,  and  even  the  shape  of  such  curves  from  different  transform- 
ers will  differ  even  more  than  these  do,  inasmuch  as  they  depend  not 
only  upon  the  point  of  operation  on  the  saturation  curve,  but  also  upon 
the  shape  of  the  saturation  curve,  especially  upon  the  prominence  of  the 
first  bend,  indicated  by  B  in  Fig.  9.  Since  there  is  very  considerable 
variation  in  saturation  curves  for  different  qualities  of  iron,  close  agree- 
ment between  curves  derived  from  them  cannot  be  expected.  The  curves 
in  Fig.  10  and  Fig.  11,  however,  point  very  truly  to  the  general  way  in 
which  transformation  ratio  and  primary  current  vary. 
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With  values  of  F  already  determined  for  various  values  of  primary 
current,  it  is  an  easy  matter  to  substitute  these  in  equation  (25),  and 
find  the  corresponding  phase  angles.  Fig.  12  shows  the  variation  of 
the  phase  angle  /?  with  the  primary  current.  It  is  noted  that  above  60% 
full  load  primary  current  the  variation  in  phase  angle  in  small,  but  be- 
low 40%  it  increases  quite  rapidly. 

Curves  similar  to  those  shown  in  Fig.  10,  Fig.  11,  and  Fig.  12  may 
be  determined  for  any  other  secondary  load  by  making  use  of  the  fact 
that  the  ordinate  of  point  A  Fig.  9  is  directly  proportional  to  the  sec- 
ondary impedance.  Knowing  the  new  values  of  secondary  resistance  and 
reactance,  and  having  established  the  new  point  A,  the  method  of  de- 
termining the  new  curves  is  exactly  the  same  as  that  given  above. 

7.  Discussion  of  Curves  Plotted  from  Formulas. — The  curves  which 
have  been  plotted,  showing  the  variations  of  transformation  ratio  and 
phase  angle  with  various  constants  of  the  transformer  are  largely  self- 
explanatory.  Perhaps  the  most  general  observation  that  can  be  made 
from  them  is  that  the  factor  which  least  affects  the  transformation  ratio 
is  likely  to  greatly  affect  the  phase  angle,  and  vice  versa.  Thus  from 
Curve  I.  Fig.  4  it  is  seen  that  for  reasonable  values  the  effect  of  sec- 
ondary resistance  upon  the  transformation  ratio  is  practically  negligible, 
whereas  Fig.  6  shows  that  its  effect  upon  the  phase  angle  is  very  great. 
Again  the  effect  of  secondary  reactance  upon  the  ratio  is  very  consid- 
erable as  shown  by  Curve  II.  Fig.  4  whereas  its  effect  upon  the  phase 
angle  is  quite  small,  as  shown  by  Fig.  7.  The  curves  in  Fig.  5  show 
that  the  effect  of  changes  in  frequency  becomes  less  as  the  secondary  re- 
sistance is  decreased.  This  then  together  with  the  fact  that  the  phase 
angle  increases  almost  in  direct  proportion  to  the  secondary  resistance 
points  to  the  desirability  of  a  low  value  of  secondary  resistance. 
On  the  other  hand,  the  secondary  reactance,  neglecting  its  effect  upon 
the  point  of  operation  on  the  saturation  curve,  is  not  a  matter  of  such 
great  consequence,  for  increasing  it  decreases  but  little  the  phase  angle, 
and  the  effect  of  changes  in  its  value  upon  the  transformation  ratio  is 
practically  constant  for  all  reasonable  values  of  reactance.  The  effect 
of  changing  either  secondary  resistance  or  reactance  is  to  change  the 
point  of  operation  on  the  saturation  curve  and,  as  a  consequence,  to 
change  the  shapes  of  the  curves  in  Fig.  10,  Fig.  11,  and  Fig.  12.  The 
desirability  of  using  iron  having  as  nearly  constant  permeability  at  low 
densities  as  possible  is  made  evident  by  Fig.  10,  Fig.  11,  and  Fig.  12. 
These  figures  also  indicate  that  the  reliable  working  range  lies  above  50 
or  60  per  cent  full  load  current. 
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III.   Theory  of  the  Series  Transformer  Based  ox  Ixstaxtaneous 

Current  Values 

8.  Symmetrical  Currents  in  Seiies  Transformer  with  Air  Core. — 
The  development  of  the  theory  of  the  current  transformer  based  on  in 
stantaneous  current  values  will  be  next  considered.  This  method  of 
treatment  is  especially  valuable  when  the  application  of  the  series  trans- 
former to  circuits  carrying  transient  currents  is  studied.  The  following 
treatment  is  largely  the  outgrowth  of  a  series  of  tests  and  calculations 
on  the  short-circuit  currents  of  alternators.  A  number  of  oscillograph 
records  of  short-circuit  current  were  taken,  and  the  instantaneous  values 
compared  with  those  calculated  from  the  constants  of  the  alternator. 
The  agreement  was  close  in  tests  made  in  the  laboratory  where  the  os- 
cillograph was  direct  connected  to  the  system;  but  very  considerable  dis- 
crepancies were  found  in  some  tests  made  outside  of  the  laboratory, 
where  the  oscillograph  was  connected  in  the  secondary  circuit  of  a  series 
transformer.  Since  the  theory  of  the  short  circuit  currents  of  alterna- 
tors would  not  explain  the  peculiarites  in  the  latter  curves,  a  study  of 
the  action  of  series  transformers  on  uns}Tiimetrical  or  transient  currents 
was  undertaken  in  an  attempt  to  explain  the  phenomena.  The  results  of 
this  investigation  show  that  the  series  transformer  (especially  with  iron 
core)  is  unreliable  for  recording  transient  or  unsj^mmetrical  currents. 

While  there  is  really  only  one  type  of  current  transformer  in  practical 
use,  which  t}"pe  has  an  iron  magnetic  circuit,  it  is  of  interest  to  consider 
the  action  of  such  a  transformer  without  iron.  The  air  core  type  will 
be  discussed  first,  since  its  operation  can  be  expressed  by  a  mathematical 
equation,  and  thus  clear  insight  into  the  whole  problem  can  readily  be 
given. 

As  has  already  been  explained,  a  series  transformer  is  a  mutual  in- 
ductance where  the  effect  of  the  secondary  circuit  upon  the  primary  cur- 
rent is  so  small  as  to  be  negligible.  Since  the  secondary  circuit  is  closed 
upon  itself,  the  differential  equation  of  the  circuit  becomes, 

Xi—+r.2i"  +  X^-^  =  e"  =  Q (29) 

Where  r^,  X^,  and  i"  are  the  resistance,  reactance,  and  current  in  the 
secondary  circuit;  Xm  is  the  mutual  inductive  reactance  between  the 
primary   and   secondary   circuits ;    and  i'  is  the   primary  current.     As 

stated  above    i'  is  not  affected  by  t"  and  therefore is  not  a  function 

(26 

of  i" ,  and  the  single  differential  equation  is  sufficient  for  the  solution 

of  the  problem. 
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If  the  primary  current  %   contains  a  transient  term,  as  the  starting 
alternating  current  in  an  inductive  circuit, 


J  [  sin  (  6*  —  .y  )  —  sin  (  ^1  —  5  )  z"^  J 


(30) 


Where  A  =  the  maximum  value  of  voltage  across  the  primary  divided 

by  the  primary  impedance  =-  —   ,  a  =  —  ,  s  =  arc  tan  — ,  ^i  is 

Z'  xi  a 

the  angular  displacement  of  the  voltage  from  its  zero  position  when  the 

circuit  is  closed,  and  S'  is  the  time  in  electrical  radians  counted  from 

the  time  of  closing  the  circuit,  or    0'  =  (  6?  —  0\  ).      Differentiating 

equation  (30) 

di' 


dS 


A 


cos  (  ^  —  *'  )  +  «  sin  (  6*  —  s  )  e" 


^B' 


Equation  (31)  substituted  in  equation  (29)  gives 


X2  —  -^  n  i" 
de 


A'm  a 


cos  {S  —  s  )   +  rt  sin  (  ^1  —  s)z 


"^'1  (3i 


(31) 


(32) 


Equation  (32)  is  easily  written  in  the  familiar  form 


di" 

de 


+  hi" 


cos  {8  —  s  )  +  a  sin  {Oi  —  s)  e"'^' 


(33) 


Where  the  factor  —  is  replaced  by  b 
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The  solution  of  equation  (33)  is 


?."  = 


4  ^^^M    . 


..|J, 


hH 


COS  (  ^  —  *^ )  +  «  sin  ( ^1  —  s  )  z 


"^^'Uiy  +  C'l 


Xm   Isin  (6>  —  s  +  /?) 


Xi  i  VV  +  1 


{l-a) 


un(0i-s)  £-''^'+  <^"£-''^ 


=  _^  ^.  |sm^^-^  +  ^        _^sin(.i-.)s-^>'+6's-^>'[  (3^ 
^2  (  17/^  4-  1  (*  — «)  ' 

Where  ^  =  arc  tan  & 

When  0^01,         that  is  when  0'  =  0, 

i'  =  0         and         *"  ^  0 

Therefore,  solving  equation  (34)  for  C 

C  =  — 


sin  (  e^i  —  s  +  /?  )  a 

-f  — sm  (  ^1  —  s  ) 


V  h'-  ^-  i 


{h  —  a) 


— - —  A  AlzL^  sin  (  ^>i  —  s  +  /^  ) 
{h-a)  ^  {!  +  ¥) 


Where   /^  =  arc  tan 


h  —  a 
1  +  ah 


.(35) 
.  (36) 
(36' 


Knowing  the  instantaneous  values  of  i'  and  i"  and  the  ratio  of  the 
secondary  to  primary  turns  — - ,  the  instantaneous  value  of  magnetizing 
current  i  is  given  by  the  following  equation. 


1  =  4--^ I 


(37) 


Substituting  equation  (34)  and  (30)  in  (37) 


i  =  tI  ■)  sin  (  0  —  s  )  —  sin  (  ^i  —  s  )  e 


^8'- 
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X^  N-i    rsin  (  ^^  —  .s  +  /?  ) 


X2  N 


hi    rsin  (  ^^  —  .s  +  /?  a  ^,      ^    ,^,]  ) 

ri    L         ]/  ^'^  +  1  I  — a  J  ) 


(38) 


Representing      -^^ — 7-     by  the  constant  K  and  replacing  and  combining 

Xi  Xv 
the  trigonometric  functions  into  one,  the  equation  becomes 

i  =  A  i  J  A  _  '^^  ~  ^\  sin  (  6*  —  s  —  w  )  — 

( 1  +  — ^^  )  sin  (  01  -  s  )  £-^^'  -  ^•  6'  E-''^'  [    (39) 

Where  ?^  =  arc  tan  ,  which  is  the  angle  of  lag  of  the 

(P  +  l-h) 

stable  magnetizing  current  behind  the  primary  current. 

Example  1.  As  an  example  of  the  application  of  this  method  the 
transformer  for  which  data  have  already  been  given  may  be  considered, 
with  the  additional  data 

A=l 

01  =  -175° 
The  following  data,  previously  given,  will  be  needed. 


a  = 

''  -0.1 

Xl 

h  = 

^'''  —  0.01 

^•2 

x^ 

=  10 

Xi 

=  100 

X2 

Xi 

=  9.5 

s  =  85°  (calculated) 
Substituting  these  constants  in  equation  (30) 
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i'  =  sin  (  6*  —  85"  )  —  z-'^' (A') 

p  from  equation  (36')  is 

y^arc  tan  — ^-^  =  arc  tan  (—  .09)  =  —  6° 

1  -r  ah 

The  value  of  C  from  equation  (36)  becomes 

c=.in 

f3  ;r=  arc  tan  J  =  35  minutes 
Hence,  from  equation  (34) 

i"  =  — 0  .1  [  sin  (  ^  -  84.4°)  —  1.11  E-^^'  +  .111  £-0^^'  ]  . .  (B') 

u  =  arc  tan  — =  10°45' 

i-'  -^  I   —  h 

That  is,  the  stable  condition  of  the  magnetizing  current  lags  10°  45' 
behind  the  primary  current. 

i  from  equation  (39)  becomes 

i  =  [  .05  sin  (0  —  95.75°  )  +  .055  e-^^  —  .1055  e-^^^  ]. .  .  (C) 

In  Fig.  13  equations  (A'),  (B'),  and  (C)  are  plotted  with  0  as 
abscissas  and  /',  i",  and  /  as  ordinates.  The  ordinates  derived  from  equa- 

tion   (B')   are  multiplied  by  the  transformation  ratio    —    =10    and 

turned  180°  so  as  to  be  superimposed  upon  the  primary  current  for  bet- 
ter comparison.  The  curves  thus  plotted  show  clearly  the  error  in  sec- 
ondary current  due  to  the  air  core  transformer  with  a  5^  magnetizing 
current. 

9.  Unsymmetrical  Cwrents  in  Series  Transformer  with  Air  Core. — 
As  a  second  problem  a  series  transformer  traversed  by  an  unsymmetrical 
primary  current  might  be  considered.  If  the  current  lies  entirely  above 
the  zero  line,  the  equation  would  be 

i'  =  .1  [  sin  6*  +  1  —  C z''^'  \ (40) 

^Tiere  (7  =  sin  ^^  -f  1 

Differentiating  (40)  and  substituting  in  equation  (89) 

-^  +  hi"^~A  ^    (GOsS  +  Cae''^'  ) (41) 

And  the  solution  of  equation  (41)  is  , 
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CURRENT  IN  PRIMARY  COIL   (/,) 
CURRENT  IN  SECONDARY  COIL  (iz) 


0.2 


MAGNETIZING  CURRENT   (,m) 
Fig.  13.     Current  Diagram  for  Example  1 


A 


X-2 


;in  (  ^  ^  /?  ) 


aC 


'^'  _  C'  e-^^' 


Ll   ?/^-T  '    (i-f/  ) 

Where  /?  =  arc  tan  h,  and  since  when  9  ^:z  6x,  S'  =  0  and  i"  =  0 

"8in(^i  +  /3)  fl'C 


(4-2) 


6" 


l/j-^  +  1 


(  Z»  -  «  )  J 


If  the  time  constant         of  the  primary  circuit  is  exceedingly  small, 

then  £"^^'  will  practically  be  zero  in  a  very  short  time;  (a)  will  be  large 
in  comparison  to  (^)  and  equation  (42)  becomes,  after  an  infinitesimal 
time. 

sin  (fe*!  —  13) 


i"=  —A 


-^2  I  i^FTl^ 


V  b^  +  1 


—  sin  6^1  —  1 


£-"^'[(43) 


And  equation  (40)  becomes 

i'  =  .4  [  sin  ^  +  1  ] 


(44) 
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Substituting  equations  (44)  and  (43)  in  (37) 


i  =  A 


sm  f 


1  — 


Where 


6'=  k 


sin  (  ^1  +  jg  ) 

V    *2  -L   1 


sin   (  61  —  ^  )  -f  6'  e-"^^' 


—  sin  01  —  1 


Equation  (45)  may  be  further  reduced  to  the  form 


Where  s'  =  arc  tan 


(  'Ik  —  Tc-  ) 


,ia  (  0  —  s')  +  1  +   C 


-bW' 


(45) 


(46) 


(47) 


(  ¥  ~-  I  -k  ) 

Example  2.  Assume  that  the  same  transformer  is  used  as  in  Ex- 
ample 1,  but  that  the  constant  (a)  is  very  large  and  the  primary  wave 
of  the  form, 

i'  =  sin  ^  +  1  .  .  . (A") 

Then  from  equation  (43) 

r  =  —  .  1  [  sin  (  0  +  35'  )  +  e-«i^'  ] 

And  from  (47) 


(B") 


i  =  .05  sin  (  0  —  10.75-  ) 


95  £ 


..mH' 


+   1 


(C'O 


10.  Effect  of  Constants  of  Transformer  on  Instantaneous  Current 
Values. — The  curves  on  Fig.  14,  plotted  from  equations  A",  B",  and  C" 
show  clearly  how  the  current  in  the  secondary  of  the  transformer  grad- 
ually becomes  symmetrical  in  reference  to  the  zero  line,  while  the  mag- 
netizing current  creeps  up  to  a  line  which  is  symmetrical  in  respect  to 
the  primary  current. 

The  reactance  of  the  secondary,  X^,  as  has  previously  been  indicated, 
contains  two  factors,  X\  and  x^,  of  which  X'  i  represents  that  portion  of 
the  flux  that  interlinks  with  the  primary  coil,  and  x^  represents  that 
portion  of  the  flux  that  does  not  interlink  with  the  primary  coil,  and  is 
known  as  leakage  reactance.  X\  and  X^^  hold  a  definite  relation  to  each 
other,  which  ratio,  is  that  of  the  secondary  turns  N^  to  the  primary 
turns  N^.  The  transformation  ratio  of  the  transformer  for  zero  second- 
ar}'  impedance  is  that  ratio  of  the  mutual  inductive  reactance  Xy  to  the 
total  secondary  self  inductive  reactance  X^,  which  ratio  can  only  be 
considered  equal  to  the  ratio  of  the  respective  turns  in  so  far  as  x,^  can 
be  neglected  in  comparison  to  X\.    The  resistance  in  the  secondary  cir- 
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CURRENT  IN  PRIMARY  COIL   (i,) 
CURRENT  IN  SECONDARY  COIL  (ig) 


MAGNETIZING  CURRENT   (1^^) 
Fig.  14.     Current  Diagram  for  Example  2 

CTiit  has  little  effect  on  the  transformation  ratio,  but  does  produce  a  dis- 
placement in  phase  in  the  stable  condition,  and  introduces  large  errors 
in  the  transient  term,  since  b  is  directly  proportional  to  r^-  The  smaller 
the  factor  &,  the  more  closely  the  secondary  current  follows  the  primary 
current  and  therefore,  for  observing  transient  currents,  the  secondary 
leakage  reactance  improves  the  accuracy;  while  resistance,  though  small, 
introduces  large  errors.  The  value  of  x^  is  limited  only  in  so  far  as  its 
effect  upon  the  primary  current  can  be  neglected.  As  increase  of  x^  does 
increase  the  magnetizing  current,  but  this  increase  is  in  phase  with  the 
primary  current  and  therefore  no  displacement  results,  and  the  trans- 
formation ratio  is  only  diminished.  Therefore,  a  transformer  designed 
to  be  used  for  transient  phenomena  should  have  an  exceedingly  large 
secondary  reactance  and  a  very  small  secondary  resistance. 
Under  stable  conditions,  equation  (34)  becomes 


i"  =  —  A 


X^  sin  (8  —  s  -^  13) 
X-2    Vv  +  1 


A  Xm 


V  X.? 


sin  {S  —  8  ^  B) 


(48) 


rr 
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Since  X\  is  large  in  comparison  to  either  1\  or  .To,  it  is  evident  from 
the  above  equation  that  an  increase  of  r^  has  little  effect  on  the  trans- 
formation ratio,  while  an  increase  in  x^  has  an  appreciable  effect.    Also, 

r-2 
since    R    is    small     (arc   tan     — — ; )  the  angle  of  displacement  /3 

A  2  +   X-1 

is  directly  proportional  to  r^,  while  increasing  x^  decreases  the  displace- 
ment. In  other  words,  the  magnetizing  current  required  to  force  the 
secondary  current  through  the  resistance  r^  lags  ninety  degrees  behind 
that  portion  of  the  primary  current  that  is  transferred  to  the  secondary, 
while  the  magnetizing  current  required  to  force  the  secondary  through 
the  reactance  x^  is  in  phase  with  the  said  current. 

11.  Series  Transformer  iviih  Iron  Core  and  Negligible  Secondary 
Leal-age  Beactance. — This  gradual  increase, or  creeping  of  the  magnetiz- 
ing current  of  the  series  transformer  with  unsymmetrical  currents,  has  a 
much  greater  and  more  disastrous  effect  in  the  case  of  an  ordinary 
transformer  with  an  iron  core.  In  the  case  of  the  air  core  transformer 
the  magnetizing  current  was  a  direct  function  of  the  primary  current  in 
all  stable  conditions;  but  this,  as  has  already  been  shown,  does  not  hold 
true  in  the  case  of  the  transformer  with  an  iron  core.  The  mutual  in- 
ductive reactance  X^j  and  the  corresponding  self-inductive  reactance  X'.y 
depend,  in  exactly  the  same  way,  upon  the  reluctance  of  the  core  circuit, 
and  consequently  their  ratio  is  a  constant,  with  a  value  the  same  as  that 
of  the  ratio  of  the  number  of  primary  and  secondary  turns.  The  leakage 
reactance  x^  is  more  or  less  independent  of  the  permeability  of  the  core, 

and  consequently  the  transformation  ratio     — is  not  a  constant 

X  2  +   X-2 

but  depends  upon  the  magnitude  of  the  magnetizing  current.  Further- 
more as  X\  decreases  it  necessarily  approaches  the  value  of  r^  and  the 
error  due  to  the  increasing  factor  &  becomes  very  large. 

It  is  unfortunate  that  the  saturation  curve  of  the  iron  cannot  be  rep- 
resented by  a  mathematical  equation  and  therefore  the  only  solution  of 
the  problem  is  the  tedious  step  by  step  method.  Although  this  method 
obviously  is  not  absolutely  correct,  it  does  give  a  close  approximation. 
Consider  first  the  problem  where  the  secondary  leakage  reactance  x^  is 
negligible.  From  the  terminal  conditions  and  constants  of  the  circuit, 
the  primary  current  at  any  instant  may  be  determined,  as  by  equation 
(30).     From  equation  (37), 

X-2 

*"  -  ]^  *■"  -  *• (49) 

where  the  quantities  are  expressed  arithmetically  instead  of  algebraically. 
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The  nature  of  what  follows  makes  it  more  convenient  to  express  the 
relation  in  this  manner.  Since  the  secondary  leakage  reactance  is  negli- 
gible, the  change  of  flux  need  give  only  the  e.m.f.  necessary  to  force  the 
secondary  current  through  the  resistance  r^,  or 

^J9  =  '''^ ^^0) 

where  Z?  is  a  proportionality  constant.     Equation   (50)  may  be  written 

D  d<^ 
i  = 

Substituting  (51)  in  (49) 


i  =  ~  VT, (51) 


^'■2  D  d<t> 

JS 1    r-2  a  9  ^     ^ 

Changing  from  differential  to  difference,   that  is,  replacing  as  approxi- 
mation dhj  /\  gives 

''■   -  N,   r.2  7^9  =  ' ^''^ 

Taking  increments  of  10°  for  A   9  gives 

i'  —  —  —  5.73  A<t>=  I 
Ai  r-2 

M  r-2 
Whence  A"^  =  "^7  ^  •  1^5  [/'  —  fj (54) 

If  the  remanent  magnetism  in  the  core  of  the  transformer  at  the 
time  the  circuit  is  made  be  denoted  by  (J>q,  the  flux:  (f>  at  any  instant  is 
given  by  the  expression, 

<^  =  c^o  +  SA<^ (55) 

Substituting  (54)  in  (55), 

A\  r-2 
«/.  =  <^o  +  ^  -^  ^  .175  [/'  -  I] (56) 

r-2 
For  convenience  let  r^  have  such  a  value  that  .175   -—  becomes  equal 

to  unity.     Then  (56)  becomes 

«/>  =</>o  4-  STT  [i'-  iJ (57) 

l\-2 
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As  indicated  above,  the  primary  current  may  be  determined  from  the 
conditions  of  the  main  circuit.  Assuming  a  value  for  <P^^,  we  may  take 
as  a  first  approximation 

Xi 
d>'  =  <t>o''r  ^   V  '' ^^^) 

From  the  saturation  curve  a  value  of  i  corresponding  to  4>'  is  ob- 
tained, and  substituted  in  equation  (57).  From  (57)  then  a  second 
approximate  value  of  ^  is  obtained,  which  from  the  saturation  curve 
gives  a  very  close  second  approximate  value  of  i.  The  following  example 
may  illustrate  more  fully  the  method  of  procedure. 

Example  3.  Assume  the  ratio  of  secondary  to  primary  turns  to  be 
10;  the  per  cent  of  primary  magnetizing  current  to  be  1.2  ^fc  ;  the 
primary  current  as  given  by  equation  (A')  ;  a  residual  magnetism  in 
the  core  of  .5  units;  and  the  saturation  curve  given  in  Fig.  15  to  be  that 
of  the  primary  coil.  The  tabulation  shown  in  Table  3  is  a  convenient 
form.     Table  2  is  a  convenient  tabulation  for  detennining  values  of  i'. 

Column  2  of  Table  3  is  obtained  from  Table  2.     The  value  of  A  ^' 

in  column  3  is  equal  to       -7         times  the  primary  current  i ,  and  <f>  m 

'  A  2 

column  4  is  the  sum  of  A  <f>'  in  column  3  and  the  value  of  4>  in  column 
8  of  the  preceding  line,  (i)  in  column  5  is  found  from  the  saturation 
curve  for  the  value  of  flux  corresponding  to  4.  From  (*'^)  of  col- 
umn 6  the  values  of  A  <^  in  column  7  are  obtained  and  added  to  8  of 
the  preceding  line.  This  gives  the  value  of  flux  from  which  the  final 
value  of  magnetizing  current  i  is  determined.  From  column  10,  i"  is 
obtained.  In  Fig.  16  are  plotted  curves  for  the  above  case  similar  to 
those  in  Fig.  12.  The  much  more  disastrous  effect  of  the  magnetizing 
current  in  a  transformer  with  an  iron  core  is  readily  seen  from  a  com- 
parison of  these  two  sets  of  curves. 

12.  Series  Transformer  with  Iron  Core  and  Appreciable  Secondary 
Leakage  Reactance. — If  the  reactance  of  the  secondary  must  be  consid- 
ered the  change  of  flux  must  give  an  e.m.f.  sufficient  to  overcome  the 
reactance  drop  as  well  as  the  resistance  drop  of  the  secondary,  or 

dt>                           di" 
^^^'•-^"+^^^ ^^^> 

Example  4.  Take  the  data  of  Example  3,  but  consider  secondary 
leakage  reactance.  Changing  from  differentials  to  differences,  and  tak- 
ing increments  of  ^  =  10°,  we  obtain 

5  73  Dr\<^  =  rd"  +  x-2  5.73  i\i" (60) 
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Fig.  15.     S.\TURATiON  Curve  for  Example  3 


And 


[D_4>  —  x-i  ^n 


(61) 


Substituting  (61)  in  (49) 


3^  " 


[i>_«^  —  :r-2  _n  =  i 


Which  reduces  to 


Mbri  Xi  :c-2 


D      X-2 


D 


(62) 


A<^  -  —  [i'  -  '/]  +  5.73  —  Ai" (o3) 
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r-2 
Again,  let  r^  have  such  a  value  that  .175  -—^  becomes  equal  to  unity. 

Then  D  =:  .175  r.y,  and  equation  (62)  becomes 

jVi  X-2 

—  [i'  -  '/]  +  5.73  — 

Taking  the  secondary  reactance  equal  to  the  secondary  resistance, 
equation  (63)  becomes 

/^<P  =  TT  Li'  -  t]  +  5.73  Ai" (64) 

J\  2 

But  from  equation  (4!»)      /\i"  =  TT  l/Si'  —  A* J (65) 

Substituting  (65)  in  (64)  it  becomes 

A«/>  =  ^  I  l>"  -  i^  +  5.73  [A?"  -  A'*J  I     (66) 

Kow  substituting  equation  (66)  in  equation  (55),  an  expression 
for  the  flux  is  obtained 

«^  =  '/>o  +  S  ^J  [/'  -  i]  +  5.73  [A»'  -  AO  J 

•^  =  ^o  +  S  ^'  I  (i  +  5.73  A  i')  -  (*  +  5.73  A  0  [  •  •  (67) 

As  a  first  approximation,  the  parenthesis  containing  i  may  be  omitted, 
and  equation  (67)  becomes 

-^  =  <^o  +  ^  -^'  (('  +  5.73  A^') (68) 

1\  2 

With  this  value  of  </>'  an  approximate  value  i  is  obtained  from  the  sat- 
uration curve.  BIy  this  value  of  i  the  parenthesis  of  equation  (67)  is 
then  filled  in,  and  a  second  approximate  value  of  <^  obtained,  whence 
by  means  of  the  saturation  curve,  a  second  very  close  approximate  value 
of  i  is  obtained. 

Table  4  is  a  convenient  form  for  tabulation.  Column  7  of  Table  4 
gives  <f>'  as  obtained  by  the  first  approximation,  and  column  8  gives  the 
corresponding  magnetizing  current.  Column  12  gives  A  <^  as  obtained 
when  using  i,  and  column  13  gives  the  second  approximation  of  </>. 
Column  14  gives  the  corresponding  value  of  magnetizing  current,  and 
from  15  the  value  of  secondary  current  may  be  obtained.  (f>'  in  column  7 
is  obtained  by  adding  A  <^'  of  column  6  to  <^  of  the  previous  line  in 
column  13.  In  Fig.  17  are  plotted  curves  from  the  above  case  similar 
to  those  shown  in  Fig.  13  and  in  Fig.  14. 
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MAGNETIZING  CURRENT   (.J 
Fig.  16.     Current  Diagram  for  Example  3 


Fig.  16  and  Fig.  17  (corresponding  to  examples  3  and  4),  show- 
clearly  the  errors  introduced  by  the  use  of  the  series  transformer  with 
an  iron  core  in  recording  transient  phenomena.  The  "steadying"  effect 
of  secondary  reactance  is  made  evident  by  a  comparison  of  the  two 
curves. 

The  oscillograph  record,  shown  in  Fig.  18,  is  that  of  the  current 
through  the  secondary  of  the  series  transformer  together  with  the  cur- 
rent through  the  primar}^  wdiich  is  the  starting  current  of  an  inductive 

X 

circuit  wdth  an  electrical  time  constant     ( —  ).    of  10.     These  experi- 

r 

mental  curves  are  very  similar  to  those  as  calculated  from  Examples  3 
and  4  although  the  constants  are  somewhat  different. 

13.  Comparison  of  Methods  of  Computation  for  Series  Transform- 
ers.— The  agreement  between  the  two  methods  of  solution,  namely,  the 
"complex  quantity  method"  and  the  "differential  equation  method"  may 
be  pointed  out  briefly  as  follows.  If  transient  terms  be  dropped,  and  the 
maximum  value  of  equation  (34)  be  divided  by  the  maximum  value  of 
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equation  (30)  this  will  be  the  same  as  the  quotient  of  the  effective  values, 
or  the  transformation  ratio  will  be 


—  =  — ,  = ,  (69) 

/  X.  y    yi  _j_   1  ,/  ,..,2  _^  xi^ 

It  will  be  remembered  that  secondary  load  resistance  and  reactance 
were  taken  equal  to  zero  in  the  second  method.  If  therefore,  r  and  x 
in  equation  (24)  be  replaced  by  zero,  the  agreement  with  equation  (69) 
is  evident.  Again  a  comparison  of  equations  (3-i)  and  (30)  v«hows  that 
the  angle  of  phase  difference  between  the  two  currents  %  and  x  under 
stable  conditions   is  ^  and 

ri 

^  =  arc  tan  b  =  arc  tan 

If  r  and  a;  in  equation    (25')   be  replaced  by  zero,  the  agreement  in 
phase  angle  as  obtained  by  the  two  methods  is  evident. 

lY.       COXCLUSIOXS 

The  conclusions  that  may  be  drawn  from  the  preceding  discussion 
in  regard  to  the  behavior  of  current  transformers,  are  of  a  qualitative 
rather  than  a  quantitative  nature.  The  examples  chosen,  however,  have 
been  such  as  to  give  a  fair  and  reasonable  representation  of  magnitude, 
but  the  main  purpose  has  been  to  derive  and  explain  the  general  char- 
acteristics of  the  current  transformer,  and  to  point  out  some  of  its 
limitations. 

To  enumerate  again  in  detail  all  the  results  of  this  investigation  is 
thought  unnecessary.  An  examination  of  the  figures  will  show  most  of 
them.  In  conclusion  a  few  of  the  most  general  and  important  results 
are  given : 

1.  The  transformation  ratio  and  phase  angle  of  a  series  transformer 
having  a  core  of  constant  permeabilty  (as  air)  are  constant  under  given 
conditions  for  all  values  of  primary  current;  but  this  is  not  so  with  a 
transformer  having  an  iron  core.  With  an  iron-cored  series  transformer 
the  form  of  variation  depends  upon  the  shape  of  the  saturation  curve., 
and  upon  the  range  over  which  the  transformer  operates.  The  range 
over  which  the  permeahUity  remains  most  nearly  constant  is  the  range 
over  which  the  ratio  remains  most  nearly  constant.  In  a  transformer  of 
constant  core  reluctance  the  so-called  magnetizing  current  is  propor- 
tional to  the  primary  current,  and  its  phase  position  is  constant. 

2.  The  introduction  of  resistance  in  the  secondary  circuit  of  a  series 
transformer  has  the  effect  of  increasing  the  phase  angle,  and  this  increase 
in  phase  angle  is  practically  proportional  to  the  secondary'  resistance  for 
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Fig.  17.     Current  Diagram  for  Example  3- 
Secoxdary  Reactance  Considered. 


Fig.  18.     Oscillograph  Record  of  Primary  and  Secondary 
Currents  in  Series  Transformer 
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reasonable  values.  Increasing  the  secondary  resistance  decreases  but 
slighth"  the  transformation  ratio.  Hence  it  may  be  said  that  in  general 
the  introduction  of  secondary  resistance  is  very  objectionable  when  the 
transformer  supplies  current  for  a  wattmeter,  but  is  not  seriously  ob- 
jectionable when  the  transformer  supplies  current  for  an  ammeter. 

3.  The  effect  of  secondary  reactance,  and  the  equivalent  effect  of 
magnetic  leakage  is  to  reduce  the  phase  angle  slightly,  and  the  trans- 
formation ratio  very  considerably. 

4.  The  phase  angle  increases  with  decreased  permeability,  and  conse- 
quently in  a  transformer  with  an  iron  core  the  phase  angle  increases  as 
the  line  current  decreases. 

5.  The  effect  of  changes  in  frequency  within  a  range  of  10  C3'cles  is 
not  generally  serious.  It  should  be  pointed  out,  however,  that  in  addi- 
tion to  the  effects  of  frequency  shown  in  the  curves,  in  a  transformer  with 
an  iron  core,  decreasing  the  frequency  raises  the  point  of  operation  on 
the  saturation  curve,  and  hence  increases  the  core  loss  and  alters  the 
form  of  variation  of  transformation  ratio  and  phase  angle  with  primary 
current. 

6.  The  desirability  of  a  high  number  of  turns  was  pointed  out.  With 
a  reasonably  high  number  of  turns  and  a  not  excessive  value  of  second- 
ary resistance  the  effect  of  frequency  over  a  considerable  range  is 
negligible. 

7.  The  effect  of  core  loss  is  to  decrease  the  secondary  current,  this 
effect  being  lessened  by  inductive  secondary  load.  Increased  core  loss 
decreases  the  phase  angles,  and  this  effect  is  increased  by  inductive  sec- 
ondary load. 

8.  In  an  iron-core  series  transformer  the  value  of  flux  density  should 
be  low  (say  B  =  2,000  at  full  load).  This  means  a  low  value  of  mag- 
netizing current.  To  this  end  excessive  secondary  impedance  should  be 
avoided,  as  increased  im|iedance  requires  an  increase  in  flux  in  prac- 
tically direct  proportion  to  the  impedance.  Since  the  effect  of  magnetic 
leakage  is  equivalent  to  the  effect  of  secondary  reactance,  the  transformer 
should  be  designed  with  a  view  to  minimum  magnetic  leakage.  This 
requires  a  well  closed  iron  circuit. 

9.  For  recording  instantaneous  values  of  current  in  transient  or 
uns3Tnmetrical  systems,  the  commercial  series  transformer  with  an  iron 
core  is  quite  inadequate,  and  cannot  be  relied  upon. 

10.  If  necessity  demands  the  use  of  a  series  transformer  in  recording 
transient  or  unsymmetrical  currents,  an  air-core  transformer,  designed 
to  have  a  very  small  secondary  resistance  and  a  large  secondary  reactance 
will  be  found  to  give  results  nearer  to  those  desired  than  can  be  obtained 
with  an  iron  core  transformer. 
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TABLE  2 

DETERMINATION  OF  VALUES  OF  i' 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

e' 

degrees 

H' 
radians 

degrees 

aS' 

^-aS' 

sini9i—s)  e''^' 

6 

{8-s) 

sin(6'— 5) 

i' 

0 

.0 

90 

0 

1 

1.000 

175 

90 

1.000 

0 

10 

.175 

" 

.0175 

.983 

.983 

185 

100 

.985 

—  .002 

20 

.349 

" 

.0349 

.965 

.965 

195 

110 

.940 

—.025 

30 

.524 

" 

.0524 

.950 

.950 

205 

120 

.866 

—  .084 

40 

.699 

" 

.0699 

.935 

.935 

215 

130 

.766 

—  .169 

50 

.873 

" 

0873 

.92 

.92 

225 

140 

.643 

—  .277 

60 

1.048 

" 

.1048 

.90 

.90 

235 

150 

.500 

—.400 

70 

1.223 

" 

.1223 

.885 

.885 

245 

160 

.342 

—  .543 

80 

1.398 

" 

.1398 

.87 

.87 

255 

170 

.174 

—  .696 

90 

1.572 

" 

.1572 

.855 

.855 

265 

180 

0 

—  .855 

100 

1.747 

" 

.1747 

.84 

.84 

275 

190 

—  .174 

—1.014 

110 

1.922 

" 

.1922 

.825 

.825 

285 

200 

—  .342 

—1.167 

120 

2.095 

" 

.2095 

.81 

.81 

295 

210 

—  .500 

—1.310 

130 

2.27 

" 

.227 

.795 

.795 

305 

220 

—  .643 

—1.438 

140 

2.44 

" 

.244 

.785 

.785 

315 

230 

—  .766 

—1.551 

150 

2.62 

" 

-.262 

.77 

.77 

325 

240 

—  .866 

—1 .  636 

160 

2.79 

" 

.279 

.76 

.76 

335 

250 

—  .940 

—1.700 

170 

2.97 

" 

.297 

.745 

.745 

345 

260 

—  .985 

—1.730 

180 

3.14 

" 

.314 

.73 

.73 

355 

270 

—1.000 

—1.730 

190 

3.32 

" 

.332 

.715 

.715 

365 

280 

—  .985 

—1.700 

200 

3.49 

" 

.349 

.705 

.705 

375 

290 

—  .940 

—1.645 

210 

3.67 

" 

.367 

.69 

.69 

385 

300 

—  .866 

—1.556 

220 

3.84 

" 

.384 

.68 

.68 

395 

310 

—  .766 

—1.446 

230 

4.02 

" 

.402 

.67 

.67 

405 

320 

—  .643 

—1.313 

240 

4.19 

" 

.419 

.66 

.66 

415 

330 

—  .500 

—1.160 

250 

4.37 

" 

.437 

.65 

.65 

425 

340 

—  .342 

—  .992 

260 

4.54 

'< 

.454 

635 

.635 

435 

350 

—  .174 

—  .809 

270 

4.72 

" 

.472 

.625 

.625 

445 

360 

0 

—  .625 

280 

4.89 

" 

.489 

.611) 

.615 

455 

370 

.174 

—  .441 

290 

5.07 

" 

.507 

.605 

.605 

465 

380 

.342 

—  .263 

300 

5.24 

" 

.524 

.59 

.59 

475 

390 

.500 

—  .090 

310 

5.42 

" 

.542 

.58 

.58 

485 

400 

.643 

.063 

320 

5.59 

" 

.559 

.57 

.57 

495 

410 

.766 

.196 

330 

5.76 

" 

.576 

.56 

.56 

505 

420 

.866 

.306 

340 

5.94 

" 

.594 

.55 

.55 

515 

430 

.940 

.390 

350 

6.11 

" 

.611 

.54 

.54 

525 

440 

.985 

.445 

360 

6.28 

"   '  .628 

.535 

.535 

535 

450 

1.000 

.465 
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TABLE  3 
SOLUTION  OF  EXAMPLE  3 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

H' 

z' 

.,.^, 

4>' 

i 

{i--i) 

<t> 

i 

0 

0 

0 

.500 

0 

0 

0 

.500 

0 

0 

10 

0 

0 

.500 

0 

0 

0 

.500 

0 

0 

20 

.025 

.002 

.502 

0 

.025 

.002 

.502 

0 

.025 

30 

.084 

.008 

.510 

.001 

.083 

.008 

.510 

.001 

.083 

40 

.169 

.017 

.527 

.002 

.167 

.017 

.527 

.002 

.167 

50 

.277 

.028 

.555 

.003 

.274 

.027 

.554 

.003 

.274 

60 

.400 

.040 

.595 

.004 

.396 

.040 

.594 

.004 

.396 

70 

.543 

.054 

.649 

.006 

.537 

.054 

.648 

.006 

.537 

80 

.696 

.070 

.718 

.007 

.689 

.069 

.717 

.007 

.689 

90 

.855 

.085 

.803 

.008 

.847 

.085 

.802 

.008 

.847 

100 

1.014 

.101 

.903 

.010 

1.004 

.100 

.902 

.010 

1.004 

110 

1.167 

.117 

1.019 

.011 

1.156 

.116 

1.018 

.011 

1.156 

120 

1.310 

.131 

1.149 

.012 

1.298 

.130 

1.148 

.012 

1.298 

130 

1.438 

.144 

1.291 

.013 

1.425 

.143 

1.290 

.013 

1.425 

140 

1.551 

.155 

1.445 

.014 

1.537 

.154 

1.444 

.014 

1.537 

150 

1.636 

.164 

1.607 

.016 

1.620 

.162 

1.606 

.'016 

1.620 

160 

1.700 

.170 

1.776 

.018 

1.682 

.168 

1.774 

.018 

1.682 

170 

1.730 

.173 

1.947 

.020 

1.710 

.171 

1.945 

.020 

1.710 

180 

1.730 

.173 

2.118 

.023 

1.707 

.171 

2.116 

.023 

1.707 

190 

1.700 

.170 

2.286 

.026 

1.674 

.167 

2.283 

.026 

1.674 

200 

1.645 

.164 

2.448 

.031 

1.614 

.161 

2.444 

.031 

1.614 

210 

1.556 

.156 

2.600 

.036 

1.520 

.152 

2.596 

.036 

1.520 

220 

1.446 

.145 

2.741 

.043 

1.403 

.140 

2.737 

.043 

1.403 

230 

1.313 

.131 

2.868 

.050 

1.263 

.126 

2.863 

.050 

1.263 

240 

1.160 

.116 

2.979 

.059 

1.101 

.110 

2.973 

.058 

1.102 

250 

.992 

.099 

3.072 

.067 

.925 

.093 

3.066 

.066 

.926 

260 

.809 

.081 

3.147 

.074 

.735 

.073 

3.139 

.073 

.736 

270 

.625 

.062 

3.202 

.080 

.545 

.055 

3.194 

.079 

.546 

280 

.441 

.044 

3.238 

.085 

.356 

.036 

3.229 

.084 

.357 

290 

.263 

.026 

3.256 

.086 

.177 

.018 

3.247 

.085 

.178 

300 

.090 

.009 

3.256 

.086 

.004 

.000 

3.247 

.085 

.005 

310 

063 

006 

3.241 

.084 

-.147 

—  .015 

3.233 

.083 

—  .146 

320 

—  .196 

_.020 

3.213 

.081 

_.277 

_.028 

3.205 

.080 

_.276 

330 

306 

031 

3.174 

.077 

—  .383 

—  .038 

3.167 

.076 

_.382 

340 

390 

_.039 

3.128 

.072 

462 

—  .046 

3.120 

.071 

- 461 

350 

445 

044 

3.076 

.067 

-.512 

_.051 

3.069 

.066 

..511 

360 

465 

_.046 

3.023 

.062 

527 

...053 

3.017 

.061 

_.526 
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ELECTRON  THEORY  OF  MAGNETISM 
I.     Essential  Features  of  the  Electron  Theory  of  Magnetism 

1.  Introduction. —  During  the  last  decade  the  development  of  the 
subject  of  magnetism  has  made  rapid  strides.  Not  only  have  the  older 
theories  and  methods  been  extended  by  improved  facilities,  but  new 
theories  have  been  advanced  which  are  intended  to  correlate  the  great 
mass  of  data  and  facts,  and  thus  enable  our  present  knowledge  to  be 
extended  along  new  lines.  Among  the  new  theories  which  have  been 
advanced  by  various  authors,  the  electron  theory  of  magnetism  is  one  of 
the  most  important  and  interesting.  This  theory  seems  to  account  for 
magnetic  phenomena  in  a  very  direct  way.  We  have  only  to  assume 
that  the  molecular  currents  of  Ampere,  which  form  the  elementary 
magnets,  are  revolving  electrons  in  order  to  express  Ampere 's  theory  of 
magnetism  in  terms  of  the  electron  theory.  However,  a  closer  study  of 
their  orbits,  due  to  Voigt  and  J.  J.  Thomson,  showed  that  these  currents 
cannot  account  sufficiently  for  the  phenomena  of  diamagnetic  and 
paramagnetic  bodies.  It  was  only  on  the  basis  of  the  researches  of 
Curie  that  Lange\'in  was  able  to  give  a  more  satisfactory  theory  of 
diamagnetism  and  paramagnetism. 

The  theor}',  worked  out  b}'  Langevin  for  paramagnetic  gases  only, 
was  later  extended  by  Weiss  to  ferromagnetic  substances.  Weiss 
introduced  a  new  notion  into  the  theory  of  magnetism,  viz.,  that  of  an 
intrinsic  or  molecular  magnetic  field  by  means  of  which  he  could  account 
in  a  verj'  beautiful  way  for  the  magnetic  properties  of  the  crystal 
pyrrhotite  and  many  of  the  magnetic  properties  of  iron,  nickel,  and 
cobalt.  He  has  also  contributed  most  essentially  to  our  experimental 
knowledge  of  the  ferromagnetic  phenomena. 

One  of  the  co-workers  of  Weiss  in  the  fundamental  investigations  on 
pyrrhotite  was  J.  Kunz,  who  also  contributed  to  the  theory  of  magnetism 
by  determining  the  elementary  magnetic  moment  and  the  charge  of  the 
electron  from  purely  magnetic  phenomena.  In  his  lectures  on  the 
electron  theory  given  at  the  University  of  Illinois,  Kunz  gave  an  ac- 
count of  the  present  theory  of  magnetism  and  of  the  experimental  and 
theoretical  work  of  Weiss.  The  author  of  this  bulletin  has  used  these 
lectures  as  a  basis,  dra^N^ng  in  addition,  from  the  works  of  the  various 
authors  who  have  made  further  experimental  advances. 

Weiss  recently  advanced  a  new  theory  in  which  the  magnetism  of  a 
substance  appears  to  be  made  up  of  magnetons  just  as  a  negative  electri- 
cal charge  is  an  aggregation  of  electrons.  This  theory,  if  confirmed  by 
further  experimental  evidence,  represents  a  new  fundamental  step  in 
the  development  of  our  knowledge  of  the  material  universe.  The 
experimental  e\'idence,  however,  seems  hardly  strong  enough  to  warrant 
a  detailed  discussion  of  it  in  this  bulletin. 

The  present  theory  of  magnetism  as  developed  by  Langevin  and 
Weiss  is  open  to  certain  objections  and  fails  to  explain  a  considerable 
number  of  magnetic  phenomena.     It  gives  for  instance  no  connection 
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between  the  elastic  and  magnetic  phenomena  of  ferromagnetic  sub- 
stances. It  is  possible  that  even  the  foundation  of  the  present  theory 
will  undergo  changes,  but  the  experimental  facts  which  have  been  con- 
sidered in  developing  the  present  form  of  the  theory  will  still  be  of  value. 
It  seems  advisable,  therefore,  in  order  to  give  to  this  bulletin  a  more 
permanent  value,  to  lay  considerable  stress  on  the  experimental  methods 
applied  by  Weiss  and  his  followers  and  to  give  also  the  results  obtained 
since  the  time  when  the  classical  book  on  magnetism  was  written  by 
Ewing. 

The  first  part  of  the  present  bulletin  contains,  therefore,  the  essential 
features  of  the  electron  theory  of  magnetism,  the  second  and  the  third 
parts  give  an  account  of  the  properties  of  ferromagnetic  crystals,  while  the 
fourth  part  gives  further  experimental  evidence  in  favor  of  the  electron 
theory  of  magnetism  together  with  an  account  of  some  of  the 
phenomena  for  which  the  theorj'-  in  its  present  form  fails  to  give  a  satis- 
factory explanation. 

2.  Kinds  of  Magnetism. —  Bodies  are  divided,  from  the  point  of 
view  of  their  magnetic  properties,  into  three  distinct  groups:  ferro- 
magnetic, paramagnetic,  and  diamagnetic. 

Under  ferromagnetic  substances  are  classed  those  substances  of 
which  the  intensity  of  magnetization  at  saturation  is  of  the  same  order 
of  magnitude  as  that  of  iron.  They  are  iron,  nickel,  cobalt,  magnetite, 
pyrrhotite,  and  the  Heusler  alloys  (which  consist  of  copper,  manganese 
and  aluminum). 

Paramagnetic  substances  are  those  which,  while  they  become  mag- 
netized in  the  direction  of  the  field,  do  so  very  feebly.  Among  para- 
magnetic bodies  are  found  oxygen,  nitrogen  dioxide,  palladium,  plati- 
num, manganese,  and  the  salts  of  various  metals. 

Diamagnetic  bodies,  which  include  the  greater  number  of  all  simple 
and  compound  bodies,  have  properties  very  different  from  those  of  either 
ferromagnetic  or  paramagnetic  bodies.  When  placed  in  a  magnetic 
field,  they  become  slightly  magnetized  in  a  direction  opposite  to  the 
direction  of  the  field. 

Some  bodies,  such  as  iron,  when  heated,  show  a  gradual  transition 
from  the  ferromagnetic  to  the  paramagnetic  state  or  vice  versa,  but  as 
yet  no  body,  with  the  exception  of  tin,  has  been  found  which,  by  change 
of  physical  conditions,  will  pass  from  the  diamagnetic  to  the  paramag- 
netic state. 

Within  the  last  decade  a  large  amount  of  work  has  been  done  on 
the  ferromagnetic  substances,  magnetite,  hematite,  and  pyrrhotite, 
which  are  found  in  nature  in  crystals  of  such  size  and  shape  as  will  per- 
mit of  a  study  of  their  magnetic  properties.  How^ever,  it  is  not  possible 
to  obtain  comprehensive  results  with  magnetic  crystals  merc4y  by  adapt- 
ing to  them  the  methods  that  have  been  applied  with  success  to 
isotropic  substances. 

In  the  case  of  isotropic  substances,  the  intensity  of  magnetization 
has  always  the  same  direction  as  the  field,  and,  as  in  all  directions  the 
behavior  is  the  same,  it  is  sufficient  to  apply  to  the  substance  a  magnetic 
field  of  any  direction  and  to  determine  the  intensity  of  magnetization 
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corresponding  to  each  of  its  values.  It  is  true  that  it  is  necessary  to  take 
into  account  the  different  secondary  phenomena,  hysteresis,  retentivity, 
etc.,  which  influence  considerably  the  character  of  the  principal  phe- 
nomena. 

For  allotropic  substances,  it  is  necessary  to  consider,  besides  the 
magnitude  of  the  field  and  of  the  intensity  of  magnetization,  their  direc- 
tions, which,  in  general,  are  different  for  these  two  quantities.  In  place 
of  a  function  of  one  variable  there  will  be  a  system  of  three  functions 
of  three  variables  if  one  represents  the  field  and  the  magnetization  by 
their  components.  As  the  secondary  phenomena  are  as  complicated 
as  in  isotropic  substances,  it  is  easy  to  see  that  the  complete  investiga- 
tion of  the  magnetic  properties  of  a  crystal  constitutes  a  very  difficult 
problem. 

3.  General  Properties  of  Electrons. — The  electron  theory  of  magnetism 
supposes  that  the  atom  is  made  up  of  positive  and  negative  electricity, 
the  latter  always  occurring  as  exceedingly  small  particles  called  electrons, 
and  that  these  electrons,  whenever  they  occur,  are  always  of  the  same 
size  and  always  carry  the  same  quantity  of  electricity.  It  is  this  pecul- 
iar way  in  which  the  negative  electricity  occurs  both  in  the  atom  and 
when  free  from  matter  that  gives  to  the  theory  its  name.  An  electron 
is  then,  an  "atom"  of  electricity,  or  the  smallest  amount  of  electricity 
which  can  be  isolated.  These  electrons  are  given  out  by  all  bodies  at  a 
sufficiently  high  temperature  accompanying  the  phenomena  of  radia- 
tion. These  electrical  particles  leave  the  metals  and  other  substances 
under  the  action  of  visible  and  invisible  fight.  Roentgen  rays,  radium 
rays,  etc.  They  appear  in  most  of  the  radioactive  processes  and  in 
chemical  reactions.  Thus  when  a  metal  is  oxidized  it  emits  electrons. 
Whatever  be  the  source  of  the  electron,  its  electrical  charge  has  always 
been  found  to  be  from  4.65  X  lO-^"  to  4.69  X  10-^"  absolute  electro- 
static units.  The  mass  of  the  electron  is  about  1,800  times  smaller  than 
the  mass  of  the  atom  of  hydrogen,  which  is  the  lightest  chemical  element 
and  which  has  a  mass  of  about  1.61  X  lO"^'*  grams.  The  mass  of  the 
electron  is  not  ordinary  chemical  or  ponderable  matter,  but  apparent  or 
electromagnetic  mass  and  is  due  to  the  electromagnetic  field  which 
surrounds  the  electron  in  motion.  The  radius  of  the  electron  has  been 
found  to  be  1.8  X  10"^^  cm.  To  illustrate  the  size  of  an  electron  as 
compared  with  an  atom,  imagine  a  hydrogen  atom  increased  in  volume 
to  that  of  a  large  cathedral,  the  electron  being  increased  proportionally. 
Then  the  volume  of  the  electron  would  be  that  of  a  fly  flying  about  in 
the  vast  space.  In  spite  of  this  minute  size  of  the  electron,  or  rather 
because  of  this  minute  size,  the  actions  of  the  elementary  charge  are 
surprisingly  great.  Thus  the  electrical  field  on  the  surface  of  the  elec- 
tron is  1.4  X  10^^  or  10^2  times  stronger  than  any  which  we  are  able  to 
produce  by  artificial  means. 

An  electric  current  in  a  metal  consists  of  electrons  in  motion,  while  a 
current  through  electrolytic  solutions  and  through  gases  at  ordinary  and 
reduced  pressures  consists  of  positive  and  negative  ions.  As  the  pres- 
sure in  a  discharge  tube  becomes  smaller,  the  electrical  current  is  car- 
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ried  more  and  more  by  free  electrons  or  cathode  rays  which,  by  their 
impact  on  a  soHd  obstacle,  give  rise  to  Roentgen  rays. 

The  electron  theory  aims  to  explain  all  the  phenomena  of  light, 
electricity,  and  magnetism,  and  in  many  cases  it  is  the  only  theory  that 
is  able  to  explain  the  great  variety  of  physical  phenomena.  The 
electron  forms  a  part  of  each  atom  of  the  universe  and  it  plays  an  im- 
portant role  in  the  chemical  theories  of  matter.  It  is  probable  that  the 
forces  of  affinity  in  the  chemical  reactions  can  be  reduced  to  electrical 
forces  between  the  electron  and  the  positive  charge  of  the  atom.  Thus 
chemical  phenomena  are  dra^vn  into  the  circle  of  the  electron  theory. 
Even  mechanics,  the  oldest  branch  of  exact  natural  science,  is  affected 
by  the  discovery  that  the  mass  of  the  electron  depends  on  its  velocity, 
so  that  Newton's  equations  of  dynamics,  the  basis  of  the  physical 
science,  have  to  be  slightly  changed*.  Finally,  in  the  radioactive 
transformations,  in  which  one  element  is  transformed  into  another 
element,  the  electron  plays  an  essential  role. 

An  electron  in  motion  is  surrounded  by  a  magnetic  field.  When 
an  electron  moves  in  a  closed  orbit,  it  is  accompanied  by  a  permanent 
magnetic  field  identical  with  that  of  an  elementary  magnet.  Ampere 
considered  the  elementary  magnets  of  iron  as  due  to  electrical  currents 
flowing  in  closed  molecular  orbits  without  resistance.  If  we  replace 
these  currents  of  Ampere's  theory  by  electrons  moving  in  closed  orbits, 
we  have  the  fundamental  idea  of  the  electron  theory  of  magnetism. 

4.  Electromagnetic  Force  Due  to  an  Electron  in  Motion. —  Rowland's 
experiments  show  that  a  moving  electron  is  surrounded  by  a  magnetic 
field.  Consider  a  small  element  dl,  Fig.  1.  of  the  conductor  carrying 
the  current  i.  Let  m  be  the  magnetic  pole,  and  (/>  the  angle  between  the 
direction  of  the  current  and  the  radius  r.  Then  the  electromagnetic 
force  produced  at  m  by  this  element  is 

ij^_midl  sin  0 

Suppose 

m=  1 
then 

dRJ-^L^ (J) 

Suppose  now  that  the  current  i  is  that  due  to  an  electron  moving  with 
a  velocity  v,  where  v  is  not  greater  than  one  third  that  of  the  velocity 
of  light.  If  the  electron  moves  through  the  distance  dl  in  the  time  dt, 
we  will  have 

dl  =  vdt (2) 

Also 

•=l (3) 


*  For  all  engineering  purposes  and  for  the  motion  of  the  heavenly  bodies  this 
change  is  too  small  to  be  considered.  It  is  only  when  the  velocity  of  the  mass 
approaches  in  magnitude  the  velocity  of  Ught  that  the  effect  is  appreciable. 
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Fig.  1 


Substituting  (2)  and  (3)  in  (1)  we  get 

jj7-_ev  sin  0 


(4) 


If  we  consider  a  sphere  of  radius  r,  Fig.  2,  with  an  electron  at  the 
center  moving  vdih  a  velocity  v,  the  magnetic  force  at  the  point  m  will 
be,  from  equation  (4) 

_ev  sin0 


dK 


Fig.  2 


This  is  the  same  for  all  points  on  the  surface  of  the  sphere  where  4> 
is  the  same.  Therefore  there  is  a  circle  around  the  sphere  where  the 
magnetic  force  is  constant.  The  direction  of  the  magnetic  force  is  at 
right  angles  to  the  motion  of  e,  or  in  a  plane  perpendicular  to  the  x-axis. 

5.  Diamagnetisrn. —  As  defined  before,  a  diamagnetic  body  is  one 
which  when  placed  in  a  magnetic  field  becomes  slightly  magnetized  in 
a  direction  opposite  to  that  of  paramagnetic  substances.  Thus,  a 
cylindrical  diamagnetic  body  t\t11  set  itself  perpendicular  to  a  magnetic 
field. 
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Consider  in  any  atom  an  electron  of  mass  m  and  charge  e,  Fig.  3. 
moving  with  a  velocity  v,  in  an  orbit  of  radius  r  the  plane  of  which  is 
perpendicular  to  a  magnetic  field  of  intensity  H.  In  the  absence  of  the 
magnetic  field,  the  centrifugal  force  on  the  electron  is  opposed  by  elastic 
forces,  which  we  will  suppose  to  be  directed  toward  the  center  of  the  orbit 
and  to  be  proportional  to  its  radius.     Then 

"f-fr (5) 

where  /  is  the  force  of  attraction  toward  the  center,  when 

r=l  cm. 


Now  apply  the  external  magnetic  field,  and  the  electron  is  subject 

to  a  force  at  right  angles  to  the  field  and  to  the  direction  of  its  motion, 

that  is,  along  the  radius  of  its  orbit.     The  magnitude  of  this  force  is 

found  as  above  by  applying  the  fundamental  law  of  electromagnetism. 

As  before  we  have 

7i^_mt'  dl  sin  </> 

r^ 

"tn-i-dl  •     , 
=  —xiat^^sm  (b 
r-     at 

=  Hev  sin  <^ 

If  the  angle  0  =  90°,  the  force  which  the  magnetic  field  exerts  on  the 
electron  moving  through  the  distance  dl  is 

dK  =  Hev 

Applying  Ampere's  rule  we  see  that  if  the  electron  is  negatively 
charged  the  force  is  directed  outward  along  the  radius.  Since  the  elec- 
tromagnetic forces  acting  on  the  electron  are  perpendicular  to  the  direc- 
tion of  its  motion,  the  magnitude  of  its  velocity  v  is  unchanged  by  the 
action  of  these  forces. 

Denoting  the  period  of  the  new  orbit  produced  when  the  field  H  is 
acting  by  T'  and  its  radius  by  r',  we  have 


or 


mv 


Hev 


-  =f- 


(6) 
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(6)  — (5)  gives  m^    rmP__     Hev 

f-  ~ 

T  = 


,..       ,.  ,.  (7) 


,/2  , 

27rr 

V 

or 

Therefore 

j^~  J^2 (8) 

Also 

rp/_27rr' 
V 

or 

4TrV2 


y"2_. 


w 


Therefore 

y2        4jr2 

P2  ~  2^/2 v"/ 

Substituting  (8)  and  (9)  in  (7) 

47r"  m     47r^  m         27rjye 

whence 

J 1  He 

T'^     T^~     2TvmT' 
or 

T^-T'^_        He 
T^T'^  2TrmT' 

This  may  be  written 

(T+r){T-T')_        He  ..^. 

T'T'^  2TmT' ^  "'' 

Now  the  diamagnetic  phenomena  are  very  small,  therefore  we  can  with- 
out appreciable  error  put 

T-\-T'  =  2T 
and 

TT'  =  T^ 
Substituting  these  values  in  (10)  we  have, 

jr_rp,^_HeT^ (11) 

47rW  ^      ^ 

In  order  to  calculate  the  intensity  of  the  induced  magnetization,  let 

us  replace  the  revolving  electron  by  an  equivalent  current  flowing  in 

a  circuit  coincident  with  its  orbit.     The  strength  i  of  the  equivalent 

current  is  given  by 

e 

Now  the  magnetic  moment  of  a  circuit  of  area  A  carrying  a  current  i  is 
given  by 
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In  the  case  of  an  undisturbed  electron  revolving  in  an  atom 

•_^ 

and  A  =  -wr^ 

where  r  is  the  radius  of  the  orbit. 

Therefore  the  moment  of  the  equivalent  elementary   magnet   is 

When  the  magnetic  field  H  is  applied  this  becomes 

Let 

be  the  induced  magnetic  moment  for  one  revolving  electron. 
Therefore 

±Ali  =  eTr[j,  —  -^,  J  ■ 

If  we  have  A'  electrons  revolving  in  unit  volume,  the  induced  magnetic 
moment  per  unit  volume  is 

AM  =  NAMi  =  Neir  (J-p) (12) 

From  (8) 

-  =  -  (13) 

From  (9) 

r=T^ (1^) 

Substitute  (13)  and  (14)  in  (12)  and 

.AM='^^(T-r) (15) 

From  (11) 

HeT^ 


Therefore  (15)  becomes 


T-T'=-- 

47rm 


^M=-^^H^ (16) 


Substitute  (13)  in  (16)  and  there  is  obtained 

-,.        Ne-Hr- 
L-  iVl  = 

4m 

HNe-r'' 
Am 
This  is  the  induced  magnetism  per  unit  volume  due  to  an  external 
magnetic  field  H.     Therefore  ^  M  is  proportional  to  H,  or 

/\M=-kH, 

where  k  =  —. — 

4??i 

is  defined  to  be  the  diamagnetic  susceptibility. 
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All  the  quantities  on  the  right  hand  side  of  this  equation  are  essential- 
ly positive,  hence  A  M  is  negative  and  the  body  is  diamagnetic  whatever 
the  sign  of  the  electronic  charge  e.  Thus  all  substances  possess  the 
diamagnetic  property  according  to  the  above  theory.  Some  substances 
are  also  paramagnetic,  that  is,  one  phenomen  on  is  superimposed  on 
the  other. 

In  the  above  calculations  it  has  been  assumed  that  all  the  electronic 
orbits  are  so  arranged  that  their  axes  are  in  the  direction  of  the  magnetic 
intensity  of  the  inducing  field  and  their  planes  perpendicular  to  their 
direction.  It  would  be  more  accurate  to  assume  that  the  axes  are 
distributed  in  all  directions.  However,  the  change  introduced  by  this 
assumption  would  consist  only  in  multiplying  the  right  hand  side  of  the 
last  equation  by  a  proper  fraction  whose  value  is  not  very  different  from 
unity. 

Multiplying  numerator  and  denominator  of  the  above  expression 
for  k  by  w,  the  mass  of  an  electron,  then 

=t(s^ w 

where  p  is  the  density  of  the  electrons,  or  the  mass  of  the  electrons  per 
unit  volume.     It  is  seen  that  the  effect  produced  contains  as  one  factor, 

,6 

the  square  of  the  ratio  — ,  and  since  this  ratio  is  at  least  a  thousand  times 

greater  for  the  negative  electrons  than  for  the  positive  corpuscles  it 
is  the  former,  which  are  present  in  all  substances,  that  play  the  essential 
role  in  the  production  of  diamagnetism. 

In  the  case  of  water,  of  which  the  diamagnetic  constant  is  .8  X  10~^ 
the  density  p  of  the  negative  electrons,  which  constitute  only  a  part  of 
the  molecule,  is  less  than  unity  and  probably  greater  than  1/2000,  the 
ratio  of  the  mass  of  a  negative  electron  to  that  of  the  atom  of  hydrogen. 
The  ratio  e/m  is  known  and  is 

-=1.8X10^ 
m 

absolute  electromagnetic  units. 

Substituting  the  above  values  in  equation  (17)  we  get,  using  1  for  p, 

r  <  10~^  cm. 

Substituting  1/2000  for  p  we  get 

r  >  2  X  10-1"  cm. 

Therefore 

2  X  10-10  <  r  <  10-8. 

Experimental  determinations  indicate  that  r  actually  lies  within  these 

limits. 

As  the  electronic  orbits  are  considered  to  belong  to  the  interior  of 

the  atom,  which  is  not  affected  by  temperature,  we  should  expect  that 

the  diamagnetic   susceptibility  does  not  depend  upon  temperature. 

Curie's  results  indicate  that,  in  general,  this  is  the  case,  although  du 

Bois  and  Honda  found  a  large  number  of  exceptions.     Also  the  position 
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of  the  lines  of  the  spectrum,  which  are  due  to  the  revolution  of  electrons 
inside  the  atom,  is  almost  entirely  independent  of  the  temperature. 

Equation  (16)  above  may  be  interpreted  simply  as  follows.     The 
equation 

4m 
expresses  the  increase  in  the  magnetic  moment  per  unit  volume,  which 
contains  A^  electrons.     For  one  electron  the  increase  in  the  magnetic 
moment  is 

4m 


4m7r 

This  may  be  written 

Hp'^A             p^ 
AMr=-  ^  =  --^HA (18) 

if  the  electron  describes  a  circular  orbit  whose  area  is  Trr^.  The  change 
of  the  magnetic  moment  of  the  electronic  orbit  is  determined  by  the 
flux  of  magnetic  induction  HA  which  is  produced  by  the  external  field 
passing  through  the  orbit. 

This  is  exactly  the  result  that  is  obtained  by  merely  applying  to 
the  electronic  orbits  the  elementary  laws  of  induction  for  the  elementary 
circuits.  Let  us  suppose  that  the  resistance  of  the  orbit  is  zero,  and 
the  self-inductance  equal  to  aL,  If  {  is  the  current,  the  equation  for 
the  induced  e.  m.  f.  gives 

d(  A  Li)  _  _  d(^^  _  d(HA) 
dt  dt  dt 

whence 

ALi  =  -HA (19) 

if  H  is  zero  in  the  beginning. 

AMi=AAi^--i^HA 
47rm 

Substituting  the  value  of  HA  given  by  (19), 

g2 

A  Ai  =  - —  A  Li 
47rm 

It  is  sufficient  to  take 

Ai  =  -r^—Li 
47rm 

Whence  since  A  =  ttt^ 

Thus  the  apparent  self-induction  is  proportional  to  the  mass  of  the 
electron  and  to  the  square  of  its  radius,  and  inversely  proportional  to 
the  square  of  the  charge.  This  self-induction  will  identify  itself  with  a 
real  self-induction  corresponding  to  the  creation  of  a  magnetic  field  by 
the  electronic  orbit,  only  if  the  inertia  of  the  electron  is  wholly  of  electro- 
magnetic origin. 
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If  we  assume  that  the  self-induction  of  the  current  is  due  to  the 
electromagnetic  inertia  of  the  electron, 

where 


and 
Whence 


*       mi 

2rr 

V 

~  T 

rp2 

or 

which  corresponds  to  the  value  of  L  found  above. 

The  diamagnetic  modification  corresponds  to  a  slight  change  in  the 
magnetic  moment  of  the  original  circuit.  We  have  seen  that  this  mag- 
netic moment  has  the  value 

Mi  =  At  =  A^ 

This  magnetic  moment,  o^dng  to  the  variation  of  the  magnetic  field, 
undergoes  a  change 

4m 
The  relative  variation  of  the  magnetic  moment  is 

aMi_     HTe 
Ml        47rm 

which  in  the  case  of  all  diamagnetic  bodies  is  very  small.     Now  —  is 

of  the  order  of  10^  for  negative  electrons  and  still  less  for  positive  particles. 
T  must  necessarily  have  a  value  larger  than  that  of  the  period  of  light 
which  is  of  the  order  of  10~^',  for  if  the  time  of  vibration  were  so  small, 
the  magnet  would  be  a  spontaneous  source  of  light  and  permanent 
magnetism  would  be  impossible.  Let  us  assume  that  T  is  of  the  order 
10~^,  which  corresponds  to  the  longest  wave  length  that  has  been  isolat- 
ed in  the  spectrum  of  mercury  vapor.     Then  in  order  to  make  ^  ^ 

approach  unity,  H  needs  to  be  of  the  order  of  only  10^  Now  we  are 
able  to  produce  fields  of  the  order  of  10%  which,  on  the  above  assump- 
tion, would  cause  a  change  in  the  magnetic  moment  of  the  diamagnetic 
substance  of  one  tenth  of  that  of  its  original  value. 

6.  Magnetic  Energy. —  In  order  to  calculate  the  energy  required 
to  produce  the  diamagnetic  modification,  let  us  assume  an  electronic 
orbit  which  is  without  motion  during  the  establishment  of  the  magnetic 
field  H.  The  magnetic  force  is  perpendicular  to  the  plane  of  the  orbit 
and  therefore  produces  no  work.     If  there  is  a  displacement  dl  along  the 
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orbit  (Fig.  4)  and  the  electric  force  is  E,  the  work  done  is 

dWi  =  eEdl  cos  a 

=  e  {EJx  +  Eydy  +  EJz) 
or 


Wi  =  ej    (EJx  +  E,dy  +  EM)  ■ 


Fig.  4 

During  the  time  T  of  one  revolution  of  the  electron,  which  is  of  the 
order  of  10~^^  seconds,  a  time  extremely  short  in  comparison  with  the 
time  necessary  for  the  establishment  of  the  field  by  the  creation  of 
currents  or  the  displacement  of  magnets,  E^.,  Ey,  E^  will  not  change 
appreciably  and  the  work  W  may  be  calculated  by  an  application  of 
Stokes's  Theorem. 


W,  =  ef{EJx+E,dy+E4z)  =  eff    [  {^'-^"} 


cos  nx 


,    /dE^     dE,\  ,    /dE„     dEA  Ij. 

+  i"aF  - ^>«^  ^^+ (^  -  ^)  ^^^  H ^^ 
where  n  is  the  normal  to  the  surface. 
Introduce  Maxwell 's  equations, 

c   dt  ~      \  dy       dz 

C    dt  \  dz 


(20) 


dxl 


1  dH, 


'dE„  dEr 


(21) 


c   dt  \  dx       dy  I 

c,  the  ratio  between  electrical  energy  expressed  in  electrostatic  and 
electromagnetic  units,  is  already  included  in  E^;,  Ey,  and  E^  of  equation 
(20),  therefore  it  should  be  omitted  from  equation  (21)  before  substitu- 
tion.    Substituting  (21)  in  (20),  we  have 

Wi=— el    I        -^  cos  nxH — ^^  cos  n^H — ^' cos  nzldA 
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Now 


Therefore 


H^cos  nx-{-HyCos  ny-{-H^cos  nz  =  H 

dH 
dt 


A 


since  -rr  is  the  same  for  all  points  of  the  area  A . 

The  work  done  by  the  increasing  magnetic  field  per  unit  of  time  is 

w  e  dH  . 

■A  dH 
=  -'^-dt 
Therefore 

The  work  done  in  the  time  dt  is 

dW^  =  -M,dH 
whence 


■-/' 


W^=-'        Mm (22) 

where  Mi  is  the  magnetic  moment  of  the  electronic  current  in  the  direc- 
tion dH.  This  work,  done  during  the  establishment  of  the  magnetic 
field  H  by  the  current,  or  by  the  displacement  of  a  magnet,  is  trans- 
formed into  kinetic  or  potential  energy  of  the  electron  which  produces  the 
electronic  current.  It  represents  the  potential  energy  between  the 
revolving  electron  and  the  magnetic  field  H.  This  transformation  of 
energy  accompanies  the  production  of  the  diamagnetic  state. 

If  the  initial  magnetic  moment  of  the  revolving  electron  is  equal  to 
Mo,  the  external  field  being  zero,  the  magnetic  moment  under  the  action 
of  the  field  will  be 

M.-{-aM,  =  M.-  ^ 
From  (22) 

If  the  molecule  has  N  orbits,  the  resultant  initial  moment  M  will  be 

m=mj^ 

whence 

pir^mM 
W=-MH+^^J^'^ 

8m 

If  the  body  is  purely  diamagnetic,  M  is  zero  and  we  have  simply 

p2~2m 
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This  is  the  energy  brought  into  play  in  purely  diamagnetic  phenomena. 
It  is  alwaj^s  present  even  in  the  case  where  the  body  is  paramagnetic, 
but  is  small  in  comparison  with  the  energy  of  the  latter. 

7.  Paramagnetism. —  We  have  seen  that  in  all  cases  the  creation 
of  an  exterior  magnetic  field  modifies  the  electronic  orbits  by  polarizing 
diamagnetically,  all  the  molecules.  This  phenomenon  is  manifested 
only  in  the  case  where  the  resultant  moment  of  the  electronic  orbits  is 
zero,  when  the  matter  is  diamagnetic  in  the  ordinarj^  sense  of  the  word. 

If  the  resultant  moment  is  not  zero,  upon  the  diamagnetic  phenomena 
is  superimposed  another  phenomenon  due  to  the  orientation  of  the  molec- 
ular magnets  by  the  external  field.  The  substance  is  then  paramagnetic 
if  the  mutual  action  between  molecular  magnets  is  negligible,  as  in  the 
case  of  gases  and  of  solutions,  and  ferromagnetic  in  the  case  where  the 
mutual  actions  play  the  essential  role.  As  soon  as  the  paramagnetism 
appears  it  is,  as  a  rule,  enormous  in  comparison  with  the  diamagnetism 
and  therefore  completely  conceals  it.  This  explains  the  absence  of 
continuity  between  paramagnetism  and  diamagnetism;  paramagnetism 
may  not  exist ;  but  if  it  exists,  it  hides  completely  the  diamagnetism. 

Therefore,  substances  whose  atoms  have  their  electrons  in  revolution 
in  such  a  way  that  their  effects  are  additive,  are  paramagnetic.  The 
atoms  of  such  substances  may  be  looked  upon  as  elementary  magnets. 
The  energy  of  such  an  elementary  magnet  may  be  represented  by 

W=  -  MH  cos  a 
where  a  is  the  angle  that  the  magnet  makes  with  the  magnetic  field  H. 

If  a  magnetic  field  acts  on  a  paramagnetic  substance  in  a  gaseous 
state  and  if  the  molecules  have  no  thermal  agitation,  they  will  rearrange 
themselves  in  a  direction  parallel  to  the  magnetic  field.  By  virtue  of 
this  rearrangement  they  will,  like  a  falling  body,  lose  their  original 
potential  energy  and  acquire  kinetic  energy. 

8.  Curie 's  Rule. —  Let  us  consider  a  paramagnetic  body  in  the 
gaseous  state,  such  as  oxygen,  whose  molecules  have  a  magnetic  moment 
M.  The  molecules  of  such  a  body  will  turn,  when  under  the  influence 
of  a  uniform  magnetic  field  H,  in  such  a  way  as  to  place  their  magnetic 
axes  parallel  to  the  field.  Let  us  calculate  the  magnetic  moment  per 
unit  volume  after  the  rearrangement  has  taken  place. 

If  the  magnetic  moment  makes  an  angle  a  with  the  direction  of  the 
uniform  field  H,  then  the  molecule  possesses  a  potential  energy  equal  to 

—  MH  cos  a 
The  increase  of  this  potential  energy  is  derived  from  the  kinetic  energy 
of  rotation  of  the  molecules  in  the  same  way  in  which  the  potential 
energy  of  gravitation  of  the  molecules  of  a  gas  is  derived  from  the  kinetic 
energy  of  translation  when  it  is  rising.  The  resultant  inequalities  in  the 
distribution  of  kinetic  energy  between  the  orientations  and  the  degrees 
of  freedom  of  the  molecules,  rotation  and  translation,  are  not  compatible 
with  thermal  equilibrium.  A  rearrangement  takes  place  at  the  instant 
of  the  collisions  during  which  the  magnetic  polarity  appears  and  the 
energy' 

-HdM 
of  thermal  agitation  turns  into  potential  energy  of  magnetization. 
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If  the  molecules  have  no  relative  potential  energy  of  orientations, 
as  in  the  case  of  gases  and  liquids,  it  is  necessary,  in  order  to  maintain 
the  medium  at  a  constant  temperature  during  the  process  of  magnetiza- 
tion, to  introduce  into  the  system  the  energ}''  -HdM,  in  the  form  of  heat. 
In  the  case  of  a  solid,  where  the  molecules  have  a  potential  energy  of 
orientation,  this  heat  will  be  introduced  only  in  case  a  cycle  has  been 
performed. 

In  the  former  case,  we  may  apply  the  principles  of  thermodynamics 
in  order  to  find  the  law  experimentally  established  by  Curie,  since  the 
process  is  perfectly  reversible.  The  magnetic  moment  M  for  a  given 
mass  of  the  substance  will  be  a  function  of  the  magnetic  field  H,  and 
of  the  absolute  temperature  T.  During  a  reversible  change  dH,  dT, 
one  can  take  out  of  the  system  a  quantity  of  heat  of  which  the  portion 
which  depends  on  H  is 

dQ  =  HdM 

In  a  reversible  process 

Therefore 

,.  H  dM    .rp     ,     H  dM    .rr 

According  to  the  second  law  of  thermodynamics  this  must  be  an 
exact  differential,  therefore 

_d_  /  H  dM.  _J_(H_  dM\ 
Hd\T  dT)  ~dT\T  dH) 
or 

1^    I  -^    dm  _H    d'~M_  H  2dM 
T  dT  ^TdTdH     T  dHdT      T    dH 
whence 

\  dM     _H    dM 
T   dT~      T^dH' 
Therefore 

dM__H  dM 

dT  T   dT  • 

or 

dM 

r-T (23) 

dH 

The  general  integral  of  (23)  is 

M=f(H/T) (24) 

In  the  beginning  of  the  magnetization,  where  the  susceptibility  may  be 
considered  constant  at  a  given  temperature 

M^kH (25) 
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Comparing  (24)  with  (25),  we  see  that  k,  the  paramagnetic  suscepti- 
bility, must  vary  inversely  as  the  absolute  temperature,  that  is 

k  =  A/T 
This  is  called  Curie's  Rule,  and  the  constant  A  is  sometimes  called 
Curie's  constant.  When  this  rule  was  first  given  out  by  Curie,  it  was 
thought  to  be  general,  but  since  then  some  substances  have  been  found 
in  which  temperature  does  not  affect  the  diamagnetic  susceptibility  k, 
and  others  in  which  k  actually  increases  with  increase  of  temperature. 

9.  Langevin's  Theory. —  The  following  comparison,  which  is  due  to 
Langevin,  *  will  make  clear  the  theory  which  precedes.  Imagine  a  gas- 
eous mass  contained  in  a  given  receptacle  Fig.  5,  without  being  subj  ect 
to  the  action  of  gravity.  The  molecules  will  distribute  themselves  in 
such  a  manner  that  the  density  of  the  gas  will  be  the  same  at  all  points, 
which  is  similar  to  that  which  takes  place  in  the  case  of  a  magnetic  gas, 
such  as  oxygen,  in  the  absence  of  an  exterior  magnetic  field  when  the 
molecules  have  their  axes  distributed  uniformly  in  all  directions,  Fig.  7. 
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o      o" o    -o    o      ' 
°    o  o     o     o      o 

OOOqO       Oq 

o°o°o°o°°o°    °° 
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Fig.  5 


Fig.  6 


If  the  force  of  gravitation  is  applied,  Fig.  6,  the  molecules  will 
acquire  an  acceleration  directed  toward  the  base,  and,  in  the  absence  of 
mutual  collisions,  each  molecule  will  have  a  greater  velocity  at  the 
bottom  than  at  the  top  of  the  vessel.  But  this  inequality  of  velocity  is 
incompatible  with  thermal  equilibrium,  and  a  rearrangement  will  take 
place  due  to  the  mutual  collisions,  after  which  the  distribution  which  is 
established  is  given  by  the  formula  of  barometric  pressure.  The  center 
of  gravity  is  lowered,  and  in  order  to  maintain  the  gas  at  the  initial 
temperature,  it  is  necessary  to  remove  from  it  a  quantity  of  heat  equiva- 
lent to  the  product  of  the  mass  of  the  gas  by  this  lowering  of  the  center 
of  gravity,  or  equivalent  to  the  loss  of  potential  energy.  One  deduces 
from  a  thermodynamic  reasoning  analogous  to  that  given  above,  that 
this  lowering  of  the  center  of  gravity  is  inversely  proportional  to  the 
absolute  temperature. 

After  the  rearrangement  in  a  mass  of  gas  of  uniform  temperature, 
the  distribution  of  the  molecules  takes  place  between  the  various  regions 
in  a  manner  such  that  the  molecules  will  be  more  numerous  where  the 
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potential  energy  is  the  least,  that  is  to  say,  at  the  lowest  points  in  the 
case  of  gravity.  Boltzmann  has  calculated  the  distribution  by  generaliz- 
ing the  law  of  barometric  pressure.  The  ratio  of  the  densities  of  the 
gas  in  two  points  between  which  the  potential  energy  varies  by  W  is 


where  e  is  the  base  of  Naperian  logarithms,  T  the  absolute  tempera- 
ture of  the  gas  and  R  the  constant  of  the  equation  of  a  perfect  gas,  a 
constant  such  that,  according  to  the  kinetic  theory,  RT  represents  two 
thirds  of  the  mean  kinetic  energj'-  of  translation. 

The  change  when  the  magnetic  field  H  is  applied  to  a  paramagnetic 
gas  such  as  oxj^gen,  Figs.  7  and  8,  is  the  same  as  in  the  case  of  gravity 
except  that  here  we  have  a  rotation  of  the  axes  of  the  elementary  mag- 
nets which  assume  the  direction  of  H.  Here  too  there  is  a  loss  of  poten- 
tial energy  and  a  gain  of  heat,  the  rise  in  temperature  being  due  to  the 
thermal  agitation  of  the  molecules  which  produce  a  certain  amount  of 
heat  due  to  their  rotation. 


Fig.  7 


Fig.  8 


The  distribution  of  the  molecules  between  the  various  orientations 
\\'ill  be  determined  by  the  static  equilibrium  which  will  establish  itself 
under  the  superimposed  influence  of  the  potential  magnetic  energy, 
MH  cos  a,  and  the  energy-  RT  oi  thermal  agitation,  the  molecules  being 
from  preference  oriented  in  the  direction  of  least  potential  energy,  that 
is  to  say,  with  their  magnetic  axes  in  the  direction  of  the  field.  If  one 
considers  the  distribution  of  the  magnetic  axes  between  the  various  di- 
rections, the  density  per  unit  of  solid  angle  will  vary  from  one  direction 
to  the  other  proportional  to 


all  directions  being  equally  probable  if  M  or  H  =  0.     The  number  of 
molecules  whose  axes  are  directed  within  the  solid  angle  da,  Fig.  9,  will  be 


dn=Ke    ^^    dw 
where  the  element  dco  is  a  zone  of  aperture  da  around  the  direction  of  the 
field 

da)  =  27r  sin  ada 
a  varying  from  0  to  tt. 
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Therefore 


dn  =  Ke    ''^     27r  sin  ada (26) 

The  total  number  of  molecules  per  unit  volume  N  will  be 


where 

Let 

then 

and 


\T        o      77-    X  a  COS  o 

MH 


^     RT 


cos  a  =  X 
dx=  —sin  ada 

N  =  2ttK  I  e'^'dx 


'-""f-, 


2TrK  /a  _\ 


Now 

Therefore 
whence 


7z —  =  smh  a 


AT       47rK    .    , 

N  = sinh  a 

a 


K=,     ".^       (27) 

47r  sinh  a 


The  total  magnetic  moment  of  the  N  molecules  is  evidently  directed 
parallel  to  the  field  and  is  equal  to  the  sum  of  the  projections  of  the 
component  moments  on  this  direction.  For  the  unit  of  volume  supposed 
to  contain  N  molecules,  this  resultant  moment  represents  the  intensity 
of  magnetization  I. 

1=  \  M  cos  adn. 

Substitute  for  dn  its  value  given  by  equation  (26)  and 

M  cos  aKe  "  """^  "  27r  sin  a  da 
o 


Therefore 


=  2ir  MKf 


I  =  2irMK/  '^^  xe^'dx 
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Now 


therefore 


/: 


Fig.  9 


"^"^       .1^  ,       ^  (  cosh  a       sinh  a 
xe     ax  =  2 


)' 


T     A    ,^rr/cosha       sinh  a  \ 


Substitute  the  value  of  K  given  by  equation  (27)  and 

cosh  a 


T     nirxT  /cosh  a       1\ 
\sinh  a       a/ 


For  a  given  number  of  molecules  .V,  /  is  therefore  a  function  solely  of  a, 
that  is,  of  H/T,  in  accordance  with  the  results  given  by  thermody- 
namics. 

The  expression  (~^~u — )  vanishes  with  a,  which  is  proportional 

to  H,  and  tends  toward  unity  when  a  increases  indefinitely,  the  intensity 
of  magnetization  approaching  the  maximum  value  l,n  =  MH  which  cor- 
responds to  saturation,  that  is,  the  condition  when  all  the  molecular 
magnets  are  oriented  parallel  to  the  magnetic  field. 

The  curve  of  magnetization  of  a  magnetic  gas  at  constant  temper- 
ature ODE,  Fig.  10,  representing  ///,„  as  a  function  of  a,  that  is,  as  a 
function  of  H,  would  be  represented  by  the  expression 

cosha_^ (28) 

smh  a      a 
=  f(H/T). 
It  is  evident  that  the  magnetic  susceptibility  will  not  be  constant 
and  I  will  be  proportional  to  H  only  for  values  small  compared  with 
unity. 

Developing  equation  (28)  in  series  we  have 

/    _cosha     ■?_  1 2_  3_j ^5  ,2q^ 

/„.     sinh  a    a"  3        90^  ^45.42  "^  ^^^^ 

Taking  account  only  of  the  terms  of  the  first  degree  with  respect  to  a 
we  find 
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where 

,  _  MW 
2,RT 
that  is  the  paramagnetic  susceptibility  is  inversely  proportional  to  the 
absolute  temperature,  which  agrees  with  the  rule  obtained  experimental- 
ly by  M.  Curie. 

If  all  the  molecules  were  oriented  parallel  to  the  field,  that  is  if  the 
body  were  magnetized  to  the  point  of  saturation,  the  intensity  of 
magnetization  would  be, 

I„,=  MN 
Combining  this  with  the  expression  above,  we  get 

ZRTN~dp 

p  being  the  pressure  of  the  gas  at  which  k  is  measured. 

Curie  found  for  oxygen  at  the  standard  pressure  10^  and  at  a  temper- 
ature of  0°  C, 

A;  =  1.43X10-7 
per  unit  of  volume. 

IJ  =  kXSp 

=  1.43X10-7X3X10« 
=  0.43 
whence 

7,„  =  0.65 
This  would  correspond  for  liquid  oxygen,  which  is  at  least  500  times 
more  dense  than  the  gas,  to  a  maximum  magnetization. 

7,„  =  325 
which  is  not  very  much  smaller  than  that  of  iron.     In  fact,  liquid  oxygen 
possesses  such  intense  magnetic  properties  that  it  forms  a  liquid  bridge 
between  the  poles  of  an  electromagnet. 

From  the  above,  one  is  able  to  obtain  the  order  of  magnitude  of  the 
quantity  a  under  ordinary  experimental  conditions. 

ilfff     MNH    IM 
RT~  NRT~NRT 
But  NR  is  the  constant  of  a  perfect  gas  for  the  unit  of  volume  which  is 
supposed  to  contain  N  molecules.     Under  the  normal  conditions  for 
which  I,n  has  been  calculated,  one  will  have 

NRT=p=Wc.  g.  s.  units. 
Therefore 

a  =  0.65  X  \Q-^H. 
For  a  field  of  10,000  units  a  will  be  0.0065,  and  one  would  still  be 
near  the  origin  of  the  curve  of  magnetization.  Fig.  10,  where  the  curve 
coincides  with  the  straight  line.  In  order  to  make  a  =  1,  the  region  where 
the  curve  commences  to  leave  the  straight  line,  it  would  be  necessary 
to  have  fields  greater  than  10^,  which  we  are  not  able  to  produce. 

One  sees  then,  in  the  ferromagnetic  substances,  the  importance  of 
the  mutual  actions  between  molecules  which  alone  makes  possible  mag- 
netic saturation.  For  the  same  exterior  fields,  magnetic  saturation  is 
still  far  removed  in  the  case  of  paramagnetic  substances  where  mutual 
actions  are  not  appreciable. 
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From  this  point  of  view,  Curie's  comparison  of  the  transition  be- 
tween paramagnetism  and  ferromagnetism  to  the  transition  between 
gaseous  and  liquid  states  where  the  mutual  actions  play  an  essential 
role,  is  perfectly  justifiable.  In  the  pure  gaseous  state,  as  in  para- 
magnetism, each  molecule  reacts  individuall}'  b}-  its  o-^ti  kinetic  energy 
against  the  exterior  forces  of  pressure  and  magnetic  field. 

10.  Electronic  Orbit. —  If  one  assumes  that  the  magnetic  moment 
M  of  one  oxj^gen  molecule  is  due  to  only  one  electron  of  charge  equal  to 
that  of  the  atom  of  hj'drogen  obtained  in  electrolysis,  mo\'ing  along  a 
circular  orbit  whose  radius  is  equal  to  the  radius  of  the  molecule  of  air, 
1.5  X  10~^  cm.,  one  can  calculate  the  velocity  of  the  electron  along  the 
orbit.     We  have 

M  =  Ai 

_  -KT^ev 

~  27rr 


rev 


Also 


L„=MN=Ne 


rv 


But  the  product  Ne  is  given  by  electrolysis,  since  e  is  the  charge  of  the 
atom  of  hydrogen.     Under  normal  conditions 

A7'e=  1.22X101'^  electrostatic  units 
=  0.4  electromagnetic  units. 

Therefore 


whence 


7,  =0.65  =  0.4^-^ yQ  \ 


v  =  2XlO^  cm.  'per  sec. 
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Suppose  the  revolving  negative  charge  e,  Fig.  11,  to  be  attracted 
toward  the  center  of  its  orbit  by  an  equal  positive  charge.  Then  the 
centrifugal  force  equals  the  centripetal  force,  that  is 


or 


2  ^ 


mr 
where  e  is  measured  in  electrostatic  units. 

e  =  4.65  X  10-10 
r  =  1.5  X  lO-^cm. 
m  =  8.77  X  10-28  grcim. 

Therefore 

,,_  (4.65X10-1°)=^ 


8.77  X  10-28X1.5X10-8 
=  1.6  X  lO^s 
or  «  =  1.2  X  108  cm.  per  sec, 

which  is  in  accordance  with  the  value  found  by  the  above  method. 

It  is  a  remarkable  thing  that  the  magnetic  moment  of  the  molecule 
of  oxygen  can  be  due  to  the  revolution  of  a  single  electron.  The  same 
is  probably  true  in  the  case  of  iron  of  which  the  maximum  magnetiza- 
tion is,  as  we  have  seen,  of  the  same  order  of  magnitude  as  that  of  oxy- 
gen. The  other  electrons  in  the  atom  neutralize  each  other  as  in  the 
purely  diamagnetic  body. 

The  paramagnetic  electron  also  probably  pla3^s  a  part  in  chemical 
actions,  the  number  of  electrons  of  a  molecule  acting  being  equal  to  the 
valence.  Therefore,  the  paramagnetic  properties  of  an  element  change 
with  change  of  molecular  combinations,  while  diamagnetism  seems  to  be 
an  internal  and  invariable  property  of  the  atom. 

11.  Molecular  Field  of  Ferromagnetic  Substances. —  Weiss  Hypothe- 
sis: Each  magnetic  molecule  in  a  ferromagnetic  substance  is  subject  to 
a  uniform  intrinsic  magnetic  field  N^I  proportional  to  the  intensitj^  of 
magnetization  I  and  acting  in  the  same  direction.  This  molecular  mag- 
netic field  is  due  to  the  action  of  the  neighboring  molecules.  It  may  be 
called  the  internal  magnetic  field  in  comparison  wdth  the  internal 
pressure  of  Von  der  Waal 's  equation.  This  field,  added  to  the  external 
field,  accounts  for  the  great  intensity  of  magnetization  of  ferromagnetic 
bodies  by  means  of  the  laws  of  paramagnetic  bodies,  in  the  same  way 
as  the  internal  pressure,  added  to  the  external  pressure,  accounts  for 
the  great  density  of  the  liquids  by  invoking  the  compressibility  of  the 
gas. 

This  hypothesis  has  proved  to  be  in  agreement  with  experimental 
facts  in  a  large  number  of  cases.  Among  these  cases  may  be  named  the 
properties  of  pj'rrhotite,  the  heat  developed  when  a  substance  passes 
from  the  paramagnetic  to  the  ferromagnetic  state  and  the  law  of  temper- 
ature and  intensity  of  magnetization  of  magnetite.  The  properties  of 
hysteresis  of  iron  can  be  given  a  theoretical  interpretation  and  from  H,„  = 
NI,  where  .V  is  a  constant,  I  the  intensity  of  magnetization  and  H,n  the 
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intrinsic  molecular  field,  can  be  calculated  the  absolute  values  of  the 
elementary  magnets  and  the  fundamental  quantities  of  nature. 


Fig.  11 


There  are,  however,  exceptions  to  this  hypothesis,  such  as  the  law 
of  approach  to  saturation  and  many  temperature  variations  of  ferro- 
magnetism.  Liquid  oxygen  does  not  follow  the  temperature  law  nor  do 
iron  and  nickel  at  very  low  temperatures.  Furthermore,  when  iron 
loses  its  magnetism  we  should  expect  that  its  volume  would  increase 
since  the  molecules  lose  their  mutual  actions  and  should  go  farther  apart. 
On  the  contrary,  iron  contracts  in  passing  from  the  ferromagnetic  to  the 
paramagnetic  state.  Colby*  has  sho-^n  that,  in  the  case  of  nickel,  the 
coefficient  of  expansion  decreases  very  decidedly  as  the  metal  passes 
through  the  critical  temperature. 

II.     Experimental  Determination  of  the  Magnetic  Properties 

OF  Crystals 

12.  Pyrrhotite. —  Pyrrhotite  is  one  of  the  most  simple  of  the  crystal- 
line magnetic  substances.  It  is  composed  of  sulphur  and  iron  in  quanti- 
ties that  are  not  perfectly  constant;  it  also  contains  traces  of  nickel. 
Various  authors  have  proposed  the  formulae  Fe-Ss,  FcgSg,  etc.,  all  of 
which  can  be  expressed  in  the  form,  n  (FeS)  +  FeS2.  The  color  of 
pyrrhotite  varies  from  bro\Mi  to  dark  bronze. 

Weissf  has  shown  that,  in  the  case  of  pyrrhotite,  if  it  be  brought  into 
a  magnetic  field  in  such  a  manner  that  the  plane  of  its  hexagonal  base 
is  perpendicular  to  the  lines  of  force,  little  or  no  attraction  will  be  exerted 
on  it,  while  there  is  a  very  strong  attraction  with  it  in  any  other  position. 
From  this  we  see  that  there  is  one  direction  in  which  the  magnetization 
is  practically  impossible.  However,  pyrrhotite  is  strongly  magnetized  in 
a  plane  perpendicular  to  this  direction.  This  last  named  plane  is  called 
the  plane  of  magnetization.  In  this  plane,  which  is  parallel  to  the  base, 
there  are  two  directions  at  right  angles  to  each  other  in  which  the  mag- 
netization is  different:  (1)  the  direction  of  easy  magnetization;  (2)  the 
direction  of  difficult  magnetization. 


•W.  F.  Colby,  Phys.  Rev.,  Vol.  XXX,  No.  4,  p.  506,  1910. 
tWeiss,  Jour,  de  Phys.,  ser.  3,  Vol.  8,  p.  542,  1899. 
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13.  Apparatus  and  Methods  for  Determining  the  Magnetic  Properties 
of  Pyrrhotite. — Weiss,*  in  his  experimental  determination  of  the  magnetic 
properties  of  pyrrhotite,  used  two  methods:  (1)  the  ballistic  method, 
in  which  a  ballistic  galvanometer  was  used  to  measure  the  quantity  of 
electricity  induced  in  a  coil  surrounding  the  sample  by  variations  in 
the  magnetic  field;  (2)  a  method  in  which  he  measured  the  couple  pro- 
duced on  the  crystal  by  the  field. 

The  latter  method  is  the  more  sensitive  and 
permits  of  the  examination  of  much  smaller  speci- 
mens. In  this  method  a  disk  of  pyrrhotite,  P, 
Fig.  12,  from  1  cm.  to  2  cm.  in  diameter  and 
about  ^2  mm.  thick,  is  placed  between  the  poles 
of  a  magnet  of  field  strength  H,  and  the  magnetic 
properties  of  the  crystal  are  studied  with  the  disk 
in  various  positions.  The  intensity  of  magnetiza- 
tion is  not  necessarily  in  the  direction  of  H,  in 
fact,  it  is  in  this  direction  only  in  one  position  of 
the  disk,  i.e.,  when  the  direction  in  which  the  disk 
is  most  easily  magnetized  coincides  with  the  di- 
rection of  H.  In  general,  the  intensity  of  mag- 
netization makes  an  angle  a  with  H. 

14.  Component  of  Magnetization  Perpendicular 
to  the  Field. — Suppose  the  crystal  is  turned  so  that 
the  elementary  magnet,  wdth  center  at  0,  Fig.  13, 
makes  an  angle  a  with  the  direction  of  the  field,  H. 

Let  Ng  be  the  moment  of  the  couple  acting  on  the  elementary  mag- 
net.    Then 

Ng  =  2lm  H  sin  a 
=  (JL  H  sin  a 

where  21  is  the  length  of  the  magnet,  m  its  pole  strength  and  fx  the  mag- 
netic moment  of  the  elementary  magnet.^ 

7,  the  intensity  of  magnetization,  is  equal  to  nii^  where  n  is  the  num- 
ber of  elementary  magnets  per  unit  volume.     Therefore, 

N  =  nfxH  sin  a 
=  1  H  sin  a 
where  N  is  the  moment  of  the  couple  acting  on  the  crystal. 

Now,  I  sin  a  equals  the  component  of  the  intensity  of  magnetization 
perpendicular  to  H,     Therefore 

where  C  is  the  constant  of  the  apparatus  and  a'  is  the  deflection  of  the 
mirror.  If  the  magnei  is  mounted  in  a  horizontal  plane  so  that  it  can  be 
turned  about  a  vertical  axis,  the  perpendicular  component  of  the  inten- 
sity of  magnetization  can  be  studied  for  various  relative  positions  of  the 
magnet  and  crystal. 


Fig.  12 


•Weiss,  Jour,  de  Phys.,  ser.  4,  Vol.  4,  p.  469,  1905- 
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Weiss'  results  show  that  this  is  a  periodic  function  which  repeats 
itself  every  180°.  The  curve  shown  in  Fig.  14  represents  the  ideal  curve 
obtained  in  this  manner.  In  practice  the  curve  is  not  smooth  but  has 
irregularities. 


Fig.  13 


15.  Component  of  Magnetization  Parallel  to  the  Field. —  If  the  disk 
is  now  placed  between  the  poles  of  the  magnet  in  a  vertical  position 
(see  dotted  line  of  Fig.  12)  so  that  the  plane  of  the  disk  makes  an  angle 
of  3°  or  4°  with  the  direction  of  the  field  H,  and  so  that  it  can  turn  about 
a  horizontal  axis,  it  will  be  in  a  position  to  study  the  component  of  the 
intensity  of  magnetization  which  is  parallel  to  the  field. 


Fig.  15 

Resolve  the  intensity  of  magnetization  into  a  horizontal  and  a 
vertical  component  (see  Fig.  15).  Let  //.  be  the  horizontal  component. 
If  the  disk  is  placed  so  that  /;,  makes  an  angle  of  3°  or  4°  with  the  direc- 
tion of  H,  Fig.  16,  there  will  be  a  restoring  force  tending  to  turn  the  disk 
back  into  a  plane  parallel  to  the  field  H.  This  can  be  measured  in  a 
manner  similar  to  that  shown  in  Fig.  12.     The  restoring  force  is 

HIh  sin  y  =  Cy' 
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where  7'  is  the  deflection  of  the  mirror.  Therefore,  if  7  is  kept  constant 
the  restoring  force  is  proportional  to  7/^.  Now  7/iCOS  7,  the  component  of 
/ft  parallel  to  the  field,  is  very  nearly  equal  to  7^,  since  7  is  only  3°  or  4°. 
Hence,  if  we  turn  the  disk  through  180°,  we  obtain  the  components  of 
the  intensity  of  magnetization  7^,  parallel  to  the  field. 

The  component  of  the  intensity  of  magnetization  parallel  to  the 
field  may  also  be  studied  by  the  method  of  induction  by  use  of  a  sole- 
noidal  coil  S,  with  a  secondarj^  ,S'  inside.  If  the  pyrrhotite  disk  d  is 
thrust  into  the  secondary  with  its  plane  parallel  to  the  axis  of  the  cylinder 
as  shown  in  Fig.  17,  there  is  a  change  of  the  flux  through  the  secondary 
and  hence  a  deflection  of  the  ballistic  galvanometer.  The  galvanometer 
will  not  be  affected  by  the  component  of  magnetization  perpendicular 
to  77,  but  only  by  that  parallel  to  H.  Therefore,  by  rotating  the  disk, 
one  can  study  the  relation  between  Ip  and  the  angle  of  rotation  of  the 
disk.  Weiss,  by  direct  experiment,  obtained  results  which  are  shown  in 
Fig.  18,  in  which  the  abscissas  are  the  azimuths  of  a  constant  magnetic 
field.  The  ordinates  of  the  upper  curve  are  the  components  of  the 
magnetization  parallel  to  the  field,  whereas  those  of  the  lower  curve  are 
the  components  perpendicular  to  the  field.  The  phenomenon  repeats 
itself  every  180°. 

In  order  to  interpret  these  curves,  Weiss  makes  use  of  the  following 
illustration.  Suppose  a  magnetic  field  is  made  to  turn  in  the  plane  of 
an  elliptic  plate  of  soft  iron.  At  the  axes  the  magnetization  coincides 
with  the  direction  of  the  field.  The  longer  axis  will  have  a  maximum, 
the  shorter  axis  a  minimum  of  magnetization.  For  all  other  directions 
of  the  field,  the  magnetization  will  be  more  nearly  that  of  the  longer  axis 
than  of  the  field.  With  the  continuous  rotation  of  the  magnetic  field, 
the  magnetization  will  turn  more  slowl}?-  than  the  field  in  the  neighbor- 
hood of  the  long  axis  and  more  rapidly  in  the  neighborhood  of  the  short 
axis.  If  the  ellipse  is  very  elongated,  the  component  of  magnetization 
perpendicular  to  the  field  will  pass  almost  instantly  from  a  very  large 
negative  value  to  a  very  large  positive  value,  as  represented  in  Fig.  14, 
while  the  direction  of  the  field  changes  from  one  side  to  the  other  of  the 
short  axis.  The  lower  curve  of  Fig.  18  may  evidentlj'-  be  obtained  by 
the  addition  of  three  curves,  similar  to  that  of  Fig.  14,  displaced  with 
respect  to  each  other  by  60°  and  120°. 

From  the  above  analogy,  Weiss  assumes  that  the  complex  structure 
of  the  crystal  of  pyrrhotite  results  from  the  juxtaposition  of  elementary 
crystals  of  which  the  magnetic  planes  are  parallel  and  which  possess  each 
a  direction  of  maximum  and  minimum  magnetization  at  right  angles  to 
each  other,  and  that  these  cr3'stals  are  associated  in  the  magnetic  plane 
by  the  angles  of  60°,  or  what  amounts  to  the  same  thing,  120°. 

The  amplitudes  of  the  abrupt  variations  of  the  component  of  magnet- 
ization perpendicular  to  the  field  give  the  relative  importance  of  the 
three  components  of  magnetization  due  to  superposition  of  the  crj^stals. 
The  angles  of  the  upper  curve  of  Fig.  18  correspond  to  the  minima  of 
the  magnetization  parallel  to  the  field  of  each  of  the  components. 
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Fig.  16 


Fig. 17 


Fig.  18 


16.  The  Molecular  Magnets  of  Pyrrhotite. —  In  order  to  make  a  clear 
representation  of  the  properties  of  a  crystal  of  pyrrhotite,  imagine  that 
it  be  composed  of  rows  of  small  needle  magnets,  equidistant  from  each 
other,  pointing  in  the  direction  of  easy  magnetization  Ox  (Fig.  19),  the 
axis  Oy  being  the  direction  of  difficult  magnetization.  Let  the  axis  of 
rotation  be  perpendicular  to  the  magnetic  plane.  Suppose  that  these 
magnets  are  small  in  comparison  with  the  distances  which  separate  them 
and  strong  enough  to  exercise  on  each  other  a  directing  action.  Imag- 
ine moreover,  that  because  of  a  compensation  or  of  a  greater  distance, 
the  rows  do  not  affect  one  another.  Left  to  themselves,  the  magnets 
of  a  row  will  adopt  a  position  of  equilibrium  in  which  the  north  pole  of 
each  magnet  will  face  the  south  pole  of  the  following  magnet.  On  this 
assumption,  the  substance  would  be  saturated  in  the  direction  of  easy 
magnetization  Ox  with  little  or  no  external  field.  Let  a  field  H,  making 
an  angle  a  with  the  direction  of  the  rows,  act  on  the  above  system.  The 
magnets  will  be  deviated  by  an  angle  4>.  As  soon  as  the  magnets  are 
deviated  from  the  direction  Ox,  there  will  be  a  force  tending  to  restore 
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them  to  their  original  position.  If  there  were  only  two  magnets,  this 
force  would  take  the  direction  indicated  by  the  dotted  line  (1)  Fig.  20, 
but  the  combined  effect  of  all  the  magnets  will  give  the  force  a  direction 
(2),  which  is  more  nearly  that  of  Ox.  Let  us  assume  that  this  force 
makes  an  angle  0  with  the  direction  Ox.  The  resultant  action  of  the  rows 
then  exercises  on  each  small  magnet  a  magnetizing  field  A  n  cos  </>  in  the 
direction  Ox,  and  in  the  direction  Oy,  a  demagnetizing  field  —Bn  sin  4>, 
where  A  and  B  are  constants  and  where  ix  =  ml  is  the  magnetic  moment  of 
an  elementary  magnet.  Let  H,.  and  H,,  be  the  sum  of  the  components 
of  the  forces  acting  in  the  x  and  y  directions  respectively. 


H:c  =  H  cos  a.-\-  A  iJL  cos  0 . 
Hy  =  H  sm  a  —  B  fx  sin  4) 


(30) 
(31) 


Fig.  20 

For  the  condition  of  equilibrium 

H^  sin  4>  =  Hy  cos  0 

Therefore  from  (30)  and  (31) 

(H  cos  a  +  Ajj.  cos  </))  sin  0  =  (i/  sin  a  —  B/j,  cos  <]> )  cos  (p.  . 
or, 

H  sin  (  a  —  <}))  =  ( A  -\-  B)  n  sin  (})  cos  4) 


(32) 
(33) 
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Writing 

where  A'^  is  a  constant  and  /,„  the  intensity  of  magnetization  per  unit 
volume, 

.   H  sin  (a  —  (f))  =  NI,„  sin  0  cos  </> (34) 

Thus  with  the  above  assumptions  we  arrive  at  an  expression  which  as 
will  be  showTi  later,  is  the  expression  for  the  law  of  magnetization  of 
pjTrhotite  determined  experimentally. 

17.  Weiss'  Law  of  Magnetization  of  Pyrrhotite.  —  (a)  Effect  of 
Alternating  Field, —  It  has  been  shown  that  the  elementary  magnets 
of  pyrrhotite  lie  in  the  plane  of  the  base  of  the  crystal.  The  direction 
X  is  called  the  direction  of  easy  magnetization;  the  perpendicular  direc- 
tion y,  that  of  the  difficult  magnetization.  If  H  is  in  the  direction  of 
easy  magnetization,  saturation  takes  place  from  the  beginning.  If,  in 
this  case,  the  field  is  reversed  in  direction  the  hj'steresis  curve  will  run 
through  a  cycle  which  is  rectangular  in  shape  (see  Fig.  21).  When  the 
field  has  acquired  a  certain  value  =±=//,.,  the  elementary  magnets  become 
unstable  and  suddenly  all  of  them  swing  around  into  the  other  position 
of  equilibrium.     Experiment  gives  very  nearly  a  rectangle. 


n >^ 
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Fig.  21 

(b)  Effect  of  Rotating  Field. —  If  a  constant  field  is  applied  and 
rotated  in  the  magnetic  plane  interesting  phenomena  present  themselves. 
The  elementary  magnets  have  a  tendency  to  remain  in  their  original 
position  so  that  when  the  field  is  rotated  the  direction  of  the  intensity 
of  magnetization  turns  slower  than  the  field.  If  a  field  of  5,000  units 
acts  in  the  direction  Ox  Fig,  22,  and  then  rotates  toward  the  direction 
Oy,  the  direction  of  the  intensity  of  magnetization  turns  round  much 
more  slowly,  and  when  H  is  in  the  direction  Oy,  I  the  intensity  of  mag- 
netization, will  be  in  the  direction  01.  Then  when  the  field  rotates  a 
little  farther,  the  magnets  swing  around  very  quickly  so  that,  in  the 
neighborhood  of  Oy,  the  rate  of  change  of  the  direction  of  the  intensity 
of  magnetization  is  much  greater  than  that  of  the  field.  Whatever 
the  intensity  of  the  field,  the  vector  representing  the  intensity  of  mag- 
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netization  falls  within  a  circle  C  whose  radius  is  equal  to  /„,,  the  maximum 
intensity  of  magnetization,  which  is  the  value  obtained  when  the 
direction  of  the  field  coincides  with  the  direction  of  easy  magnetization. 
This  circle  is  called  the  circle  of  saturation. 

When  the  field  is  relatively  weak,  say  1,000  units,  the  intensity  of 
magnetization  vector  follows  the  circle  of  saturation  for  only  a  short 
distance  after  which  it  describes  a  chord  parallel  to  Ox.  When  the 
field  has  a  strength  of  7,300  units,  or  more,  we  have  saturation  in  every 
direction  of  the  field  and  the  intensity  of  magnetization  vector  follows 
more  closely  the  circle  of  saturation  C. 

Thus  in  order  to  turn  and  maintain  the  magnets  in  the  direction  of 
difficult  magnetization  Oy,  it  is  necessary  to  apply  in  this  direction  a 
field  of  at  least  7,300  units. 

While  for  saturation  in  the  direction  Ox  little  or  no  field  is  required, 
the  field  necessary  to  produce  saturation  in  the  direction  Oy  must  have 
a  rather  high  value.  Furthermore  the  intensity  of  magnetization  re- 
mains constantly  in  the  plane  Oxy,  the  component  of  magnetization  in 
the  direction  Oz  perpendicular  to  this  plane  being  very  small  in  com- 
parison with  the  magnetization  in  the  characteristic  plane.  Thus  while 
the  demagnetizing  field  in  the  direction  Oy  is  7,300  units,  that  in  the 
direction  Oz  is  150,000  units,  or  about  20  times  greater. 

Let  a  and  </>  be  the  angles  which  H  and  /  make  with  Ox  (Fig.  23) : 
resolve  H  into  components  H,i  directed  along  Oy  and  i// parallel  to  the 
intensity  of  magnetization.     There  is  a  constant  ratio 

T^^=N (35) 

/  sin  <^ 

between  the  components  H^  of  the  field  and  the  components  of  mag- 
netization in  the  direction  Oy.  This  fact  was  established  experimental- 
ly by  Weiss,  a  straight  line  relation  between  Ha  and  /  sin  ^  being  ob- 
tained. The  value  of  the  constant  A'^,  for  the  sample  that  he  used,  was 
found  to  be 

«^  =  Z|00=  155.3 
/  sm  0      47 

Everything  takes  place  as  if  there  were  acting  in  the  direction  Oy,  a 
demagnetizing  force  due  to  the  structure  of  the  crystal,  proportional  to 
the  component  of  the  intensity  of  magnetization  in  the  direction  of 
difficult  magnetization  Oy,  and  as  if  the  remaining  component  of  H  were 
parallel  to  the  direction  of  eas}^  magnetization  Ox. 
From  Fig.  23  we  see  that 

Ha  =  AH=^IL  =  HB^n{a-4>) (gg^ 

cos  4)  cos  (f) 

Substituting  (36)  in  (35)  gives, 

H  sm(a—(t>) 


cos  </> 


■  =  A^ 


/  sin  (j) 
or 

H  sin  {a  —  4))=NI  sin  0  cos  ^ (37) 
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This  is  the  equation  stating  the  law  of  magnetization  of  pyrrhotite,  and 
is  the  same  as  that  obtained  when  considering  an  elhptic  plate  of  soft 
iron  in  a  rotating  field  (Equation  34). 

If,  starting  from  the  direction  Ox,  a  field  of  7,300  units  or  less  has 
been  rotated  to  the  position  Oy,  the  expression  for  the  law  of  magnetiza- 
tion 

H  sin  (a  —  0)  =  NI  sin  (^'cos"0 

becomes 

H  cos  0  =A^/  sin  cp  cos  0 

since  in  this  position  a  =  90°. 


Fig.  23 


For  saturation  this  equation  becomes 

H  cos  4>  =  ^Ln  sin  (f>  cos  <t> 


therefore 


sm  0  = 


H 
NL 
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For  the  same  field  there  is  a  second  position  of  equilibrium  4)',  Fig. 
24,  symmetrical  to  the  first  with  respect  to  Oy.  One  might  imagine 
that  a  coercive  force  H^  directed  along  —Ox  causes  the  various  rows  of 
the  elementary  magnets  to  turn  from  the  first  into  the  second  position 
of  equilibrium.  This  coercive  force,  in  the  case  of  pj^rhotite,  is  about 
15  units  whereas  the  demagnetizing  field,  or  the  field  necessary  to  make 
the  elementary  magnets  stand  at  right  angles  to  the  direction  of  easy 
magnetization,  is  about  7,300  units.  The  relation  between  the  two 
quantities  has  not  yet  been  explained,  but  it  has  been  suggested  that  it 
has  to  do  with  the  disturbed  region  of  the  extremity  of  the  rows. 

Y 


18.  Magnetization  in  Different  Directions. —  Let  us  now  consider 
the  laws  of  magnetization  in  directions  other  than  that  of  Ox  and  Oy. 
As  stated  above,  when  a  magnetizing  field  is  applied  in  the  direction  of 
easy  magnetization,  saturation  takes  place  from  the  beginning.  If  we 
plot  intensity  of  magnetization  /  against  field  strength  H,  we  will  obtain 
the  straight  line  AB  (Fig.  25),  parallel  to  the  axis  OH;  that  is,  the  inten- 
sity of  magnetization  remains  the  same  whatever  the  value  of  the 
magnetizing  field.     Saturation  occurs  even  without  any  external  field. 

Now  if  we  apply  a  magnetizing  force  in  the  direction  Oy,  we  obtain, 
from  the  general  law  of  magnetization  of  pyrrhotite 

H  cos  </)  =  NI  sin  ^  cos  (j) 
or 

H  =  NI  sin<^ 
=  NI, 
whence 

u 

j'  =  N  =  constant 

This  holds  for  fields  below  that  necessary  to  produce  saturation  and  is 
represented  by  the  line  OC  Fig.  25.  For  fields  equal  to  or  greater  than 
that  necessary  to  produce  saturation  the  curve  is  the  same  as  for  easy 
magnetization.  Therefore  the  whole  curve  for  the  intensity  of  magneti- 
zation when  the  field  is  applied  in  the  direction  Oy  is  given  by  OCB  Fig.  25. 
We  have  now  to  inquire  what  happens  when  the  direction  of  the 
magnetizing  field  is  intermediate  between  the  direction  Ox  and  Oy.  We 
get  different  expressions  for  the  law  of  magnetization  depending  on  the 
way  in  which  /  is  resolved.     For  a  field  of  constant  direction -we  may 
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Fig.  25 

take  the  component  of  the  intensity  of  magnetization  in  the  direction 
of  the  field.     In  this  case  (from  Fig.  26) 

1^  =  1  cos  (a-(/)) (38) 

In  general 

H  sin  ia—4>)  =NI  sin  0  cos  6 
For  saturation  this  equation  becomes 

H  sin  (a—  (t>)  —NI„t  sin  (^  cos  0 (39) 

and  (38)  becomes 

h  =  Im  COS  (a-0) (40) 

Eliminating  <^  between  (39)  and  (40)  we  find 

H=^sm2a  ^"       - Nh  cos  2a -  "^ sin  2a \//-,„ - 1\ 


Fig.  26 


If  Ih  approaches  7^,  the  first  term  of  the  right  side  of  the  equation 
approaches  oo ;  in  other  words,  if  H  becomes  oo,  I^  approaches  /,„.  There- 
fore the  curve  between  the  intensity  of  magnetization  I^,  and  the 
magnetizing  force  H  approaches  the  line  of  saturation  AB  Fig.  25 
asymptotically,  and  the  law  of  magnetization  for  directions  intermediate 


36  ILLINOIS   ENGINEERING    EXPERIMENT   STATION 

between  Ox  and  Oy  is  given  by  the  curve  ODE  Fig.  25.     It  is  possible 

to  explain  all  the  ordinary  curves  of  magnetization  by  a  superposition 

of  properties  analogous  to  those  of  pyrrhotite  in  the  direction  of  easy, 

difficult,  and  intermediate  magnetization. 

As  has  already  been  sho^A-n,  the  relation 

H  sin  (a  — 0)  =  NI  sin0  cos0 

deduced  from  the  triangle  OHE  (Fig.  23),  is  the  analytic  expression  of  the 

law  of  magnetization.      This    expression  multiplied  by  I  gives  the 

couple,  or  mechanical  moment,  exerted  by  the  field  on  the  substance. 

M  =  HI  sin  (a-(^)  =  NP  sin  4>  cos  </> 

2NP   . 
=  — 2"  sm0  COS0 

NP 
=  —^  sm  2  0 (41) 


This  couple  is  a  maximum  when 


2 


</)  =  45° 
If  we  measure  Af  as  a  function  of  a,  the  angle  of  orientation  of  the 
field  with  respect  to  the  substance,  we  shall  find  a  couple  which  becomes 
constant  as  soon  as  the  field  is  strong  enough  to  bring  about  saturation 
of  the  intensity  of  magnetization  after  this  vector  /  has  described  an 
arc  of  45°  or  more  along  the  circle  of  saturation.  This  has  been  very 
clearly  demonstrated  by  Weiss*  in  which  he  obtains  the  following  curves 
(Fig.  27)  experimentally.  In  these  curves  the  angles  of  rotation  of 
the  field  with  respect  to  the  substance  are  used  as  abscissas,  and  the 
couples,  expressed  in  mm.  divisions  of  the  scale  are  used  as  ordinates. 
It  will  be  noticed  that  the  maxima  for  curves  III,  IV,  and  V  are  approxi- 
mately the  same,  notwithstanding  the  fact  that  the  magnetizing  fields 
in  the  three  cases  are  widely  different.  In  order  to  reduce  these  couples 
to  their  absolute  values  per  unit  of  volume  it  is  necessary  to  multiply 
by  950. 

From  equation   (41),   the  value  of  the  maximum  couple  is  — ■^. 

Taking  7„,  =  47,  one  obtains  from  the  mean  of  the  three  values  of  this 
couple  a  demagnetizing  field, 

which  agrees  with  experimental  determination. 

19.  Hysteresis  Phenomena. —  (a)  Alternating  Hysteresis. —  We  have 
seen  that  when  a  field  H  =  Hc=  15  gauss  is  applied  parallel  to  the  direc- 
tion of  easy  magnetization  of  pyrrhotite  the  elementary  magnets  turn 
completely  over,  yet  it  takes  7,300  gauss  to  make  them  stand  at  right 
angles  to  this  direction. 

Weiss  has  shown  that,  if  one  considers  the  direction  of  easy  magneti- 
zation in  a  substance  that  is  infinite  and  without  fractures,  the  intensity 
of  magnetization  would  remain  constant  as  the  magnetizing  field  in- 
creases and,  if  the  magnetizing  force  were  to  describe  a  cycle,  the 
theoretical  hysteresis  loop  would  be  a  rectangle  as  indicated  by  the 


*  Weiss,  Jour,  de  Phys.,  ser.  4,  Vol.  4,  p.  469,  1905. 
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Fig.  27 

Curve      I.  H=   1992  gauss 

Curve    II.  H=  4000  gauss 

Curve  III.  H=  7.310  gauss 

Curve  IV.  H  =  10275  gauss 

Curve     V.  H  =  11140  gauss 


Fig.  28 
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dotted  line  in  Fig.  28.  The  more  uniform  the  magnetic  material  is,  the 
less  the  experimental  curve  deviates  from  the  theoretical  curve.  Weiss 
found  that  the  distance  between  the  ascending  and  descending  branches 
of  the  experimental  curve,  measured  parallel  to  the  axis  of  abscissas,  is 
approximately  constant  and  equal  to  30.8  gauss.  Thus  in  order  to  move 
the  vector  of  magnetization  along  the  diameter  of  easy  magnetization 
it  is  necessary  to  overcome  a  constant  coercive  field 

Hc=15A  gauss. 
The  energy  dissipated   per   cycle    in    the    form  of  heat  in  a  unit  of 
volume  is 

£;,=  4i7,/„,=  4X15.4X47 
=  2900  ergs, 
(b)  Rotating  Hysteresis. —  Excluding  the  direction  of  easy  mag- 
netization, the  knowledge  of  magnetization  in  the  magnetic  plane  has 
been  obtained  by  causing  a  field  of  constant  magnitude  to  turn  in  this 
plane.  From  these  experiments  one  can  obtain  information  on  the  form 
of  hysteresis  that  has  been  called  rotating  hysteresis  as  distinguished 
from  alternating  hysteresis  which  has  been  considered  above.  If  we 
rotate  the  field  from  the  direction  of  easy  magnetization  OX  (Fig.  29) 
through  the  angle  XOY,  the  vector  of  the  intensity  of  magnetization 
describes  the  arc  AB  oi  the  circle  of  saturation.  Then,  the  field  passing 
the  direction  of  difficult  magnetization  OY,  the  vector  of  the  intensity 
of  magnetization  describes  quickly  the  chord  BFD,  after  which  it  de- 
scribes the  arc  DE  as  the  field  describes  the  angle  YO  ( — X), 

Y 


Hysteresis  occurs  only  in  the  direction  of  difiicult  magnetization  OY 
when  the  molecules  swing  from  one  position  of  equilibrium  into  the 
other.  In  other  words  hysteresis  accompanies  the  change  of  intensity 
of  magnetization  as  the  vector  moves  along  BFD.  When  the  magne- 
tizing field  H  reaches  the  value  7,300  gauss  the  intensity  of  magnetiza- 
tion /  follows  the  circle  of  saturation  and  the  rotating  hysteresis  dis- 
appears. It  follows  from  this  that  the  hysteresis  area  along  the  circle 
of  saturation  is  equal  to  zero.  In  the  curves  of  Fig.  30,  taken  from 
experimental  results  obtained  by  Weiss  with  a  sample  of  pyrrhotite 
in  a  field  of  about  600  gauss,  0  represents  the  region  in  the  direction 
of  easy  magnetization  and  90°  that  in  the  direction  of  difficult  magneti- 
zation.    It  is  seen  that  the  two  curves  coincide  exactly  for  some  distance 
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in  the  neighborhood  of  easy  magnetization.  In  the  neighborhood  of  the 
direction  OY,  marked  by  a,  the  two  curves  are  distinctly  different. 
The  smaller  the  field  with  which  one  works  the  greater  the  divergence, 
but  whatever  be  the  field  the  curve  corresponding  to  rotation  in  one 
direction  can  be  superimposed  on  the  return  curve  by  a  horizontal 
displacement. 


Fig.  30 

20.  Energy  of  Rotating  Hysteresis. —  So  long  as  the  intensity  of 
magnetization  /  follows  the  curve  of  saturation  there  is  no  hysteresis 
loss.  The  loss  takes  place  along  SBS'  Fig.  31.  The  force  necessary 
to  turn  the  elementary  magnet  over  at  S  is  less  than  at  A.  Call  this 
force  H'c.     Experiment  has  shown  that 

j-^=  J  _^j  =  Const. 

therefore 


To  obtain  the  value  of  C  let 

then 

or 


H\  =  C{I^-I,). 
H',=CI„=H, 

■*■  m 
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Therefore  the  coercive  force 

If 

and  there  is  no  hysteresis  loss. 

Now  the  energy  dissipated  in  an  alternating  hysteresis,  that  is  a 
hysteresis  along  AD  (Fig.  31),  was  found  above  to  be  equal  to^  Imli„. 
The  rotating  hysteresis  loss  along  SS'  is  4  H'cBS. 

Now 

(Bsr-=p„-r-,  =  i\,{i-^^) 

whence 

Therefore  the  energy  dissipated  in  one  rotating  hysteresis  cycle  is 


=4.H'j„.\/i-(^fy 

■^  III 

=  4f  (/,„-/,) /,Vl -(f)  ^ 

■'  I'i  ■'■  III 

=  4i/A(l-f  )\/l-  (^y (42) 


If 

this  reduces  to  the  value  for  alternating  hysteresis.     Since  the  demag- 
netizing force,  if  the  substance  is  infinite  and  continuous,  is 

Substituting  this  in  equation  (42)  we  have 


£.  =  4//../,„(l-^)Vl-(^)-^ 

The  energy  £"„,  dissipated  in  alternating  hysteresis  remains  constant, 
whereas  that  of  rotating  h\"steresis  decreases  with  increase  of  ly.  This 
is  shown  graphically  in  Fig.  32  by  the  full  line  curve  AB.  The  points 
(marked  +)  in  the  neighborhood  of  this  curve  are  the  results  of 
measurements  made  by  Weiss  with  a  hysteresis-meter.  They  are 
subject  to  the  correction  —nly  since  in  a  finite  sample  as  was  used 
in  the  experiment 
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instead  of 
where 


H, 


in  which  Hj  is  the  component  of  magnetization  parallel  to  /. 

21.  Magnetic  Properties  of  Hematite. —  The  magnetic  properties  of 
the  crj'stal  hematite  are  similar  in  many  ways  to  those  of  the  crystal 
pyrrhotite  except  that  thej^  are  less  pronounced.  As  in  pyrrhotite,  the 
elementary  magnets  of  hematite  lie  in  the  plane  of  the  base  and  it  is 
paramagnetic  perpendicular  to  this  plane. 

The  crj'stal  hematite  has  been  studied  by  J.  Kunz*  and  others. 
Kunz  studied  two  distinct  groups  of  crystals.  The  first  group  consisted 
of  crystalline  disks  parallel  to  the  base  of  the  crj'stal.  These  crystals 
show  a  regular  magnetic  behavior  and  possess  very  small  values  of 
alternating  and  rotating  hysteresis.  The  second  group  consisted  of 
crystals  composed  of  elementary  magnets  inclined  toward  each  other 
at  an  angle  of  60°.  They  possess  so  large  an  hj'steresis  effect  that  in 
many  instances  this  overshadows  the  intensity  of  magnetization. 


2000 


4000  6000 

Fig.  .32 


8000 


It  was  found  that  the  first  group  was  not  affected  by  temperature' 
that  is  while  the  intensity  of  magnetization  decreased  vnih  increase  of 
temperature,  becoming  zero  at  645°,  yet  when  the  temperature  was 
again  decreased  the  intensity  of  magnetization  returned  to  its  original 
values.  This  is  not  the  case  -^-ith  crystals  of  the  second  group,  for  after 
the  crystal  has  been  heated  to  650°  its  intensity  of  magnetization  does 
not  return  to  its  original  value  on  its  return  to  lower  temperatures. 

The  maximum  value  of  the  intensity  of  magnetization  in  the  direc- 
tion of  easy  magnetization  is  reached  much  more  quickly  in  the  case 
of  pjTrhotite  than  in  the  case  of  hematite.  In  the  case  of  alternating 
and  rotating  hysteresis,  the  effect  is  very  much  the  same  in  the  two 
crystals. 


*J.  Kunz,  Archives  des  Sciences,  Vol.  XXIII,  1907 
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22.  Magnetic  Properties  of  Magnetite. —  Besides  the  ferromagnetic 
crystals  pyrrhotite  and  hematite  there  is  a  third,  magnetite,  whose 
magnetic  properties  are  similar  in  many  ways  to  those  of  the  other  two. 
It  is  classified  as  belonging  to  the  regular  system  of  crystals,  but  its 
magnetic  properties  indicate  that  it  does  not  belong  to  this  system. 
The  magnetic  properties  of  magnetite  have  been  studied  by  Curie,* 
Weiss,  t  Quittner t  and  others,  who  found  that  they  were  more  pro- 
nounced than  those  of  hematite  but  less  pronounced  than  those  of 
pyrrhotite.  From  about  535°  C.  the  temperature  of  magnetite  trans- 
formation to  1375°  C.  the  temperature  of  fusion  of  magnetite  Curie 
found  that  the  intensity  of  magnetization  is  independent  of  the  field 
and  that  it  decreases  very  regularly  with  the  increase  of  temperature. 
For  a  part  of  this  temperature  range  Curie  formulated  the  following 
law:  "The  coefficient  of  magnetization  of  magnetite  varies  inversely 
as  the  absolute  temperature  between  850°  C.  and  1360°  C." 


Weiss  and  Quittner  found  that  the  magnetic  properties  indicate  that 
the  crystals  of  magnetite  do  not  belong  to  the  regular  system.  This  was 
shown  by  taking  a  plate  of  magnetite  cut  parallel  to  the  surface  of  the 
cube  and  placing  it  in  the  magnetic  field  in  a  horizontal  position  and 
then  rotating  the  magnetic  field  round  about  it.  Plotting  their  results 
with  the  angles  of  rotation  of  the  magnetic  field  as  abscissas,  and  as 
ordinates  the  deflection  of  the  suspension  which  is  proportional  to  the 
intensity  of  magnetization  in  a  direction  perpendicular  to  the  magnetic 
field,  they  obtained  the  curves  of  Fig.  33.  Each  of  these  curves  is  the 
mean  of  the  two  curves  obtained  by  rotating  the  field  from  0°  to  360** 
and  then  back  to  0°.  A  portion  of  the  two  curves  from  which  curve 
III  is  obtained  is  represented  by  the  dotted  lines.  The  area  between 
the  two  curves  is  the  hysteresis  area  of  rotation. 

*  P.  Curie,  Ann.  de  Chem.,  ser.  7,  Vol.  5,  p.  391,  1895. 
t  P.  Weiss,  Archives  des  Sciences,  Vol.  XXXI,  1911. 
I  V.  Quittner,  Archives  des  Science,  Vol.  XXVI,  1908. 
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If  the  symmetry  were  that  of  the  cubic  system  the  curve  should 
show  a  period  of  90°,  thus  forming  between  0°  and  360°  four  similar 
waves.  Instead  of  this  the  figure  shows  only  two  identical  waves 
between  0°  and  360°  for  H  =  57.3  gauss.  The  symmetry  is  therefore 
not  that  of  the  cubic  system.  Now  the  geometrical  properties  of  the 
crystal  leucite  are  such  that  it  is  usually  classed  as  an  isomeric  crystal, 
yet  when  it  is  investigated  optically  it  is  found  to  be  isotropic.  How- 
ever, as  the  temperature  is  raised,  the  optical  properties  also  become 
those  of  the  regular  system.  It  would  be  interesting  to  see  whether 
the  properties  of  symmetry  of  magnetite,  from  the  magnetic  point  of 
view,  change  with  change  of  temperature.  If  according  to  its  magnetic 
properties  magnetite  does  not  belong  to  the  regular  system,  the  question 
arises,  to  which  system  does  it  belong  from  a  magnetic  point  of  view? 

The  curves  of  Fig.  33  show  that  the  two  principal  axes  situated  in 
the  plane  of  the  cubic  plate  are  not  equivalent.  It  remains  to  be 
determined  whether  the  third  axis,  perpendicular  to  the  plane  of  the 
plate,  is  equivalent  to  either  of  the  other  two  or  whether  it  behaves 
differently  from  the  magnetic  point  of  view.  In  the  first  case,  we  would 
have  the  sjTnmetry  of  the  quadric  system,  in  the  second,  that  of  the 
othorombic  system.  Thus  if  the  system  is  cubic,  there  should  be 
between  0°  and  180°  three  identical  waves;  if  it  is  quadratic  there 
should  be  two  similar  waves  and  a  third  which  is  different;  and  finally, 
for  the  symmetry  of  the  othorombic  system,  the  three  waves  should  be 
different,  with  the  possibility  that  one  or  even  two  of  these  waves  may 
disappear  completely.  Quittner  in  his  researches  found  the  three 
waves  to  be  different  and  that  their  relative  magnitudes  depend  on  the 
magnitude  of  the  magnetic  field.  We  must  conclude  therefore,  that 
magnetite,  so  far  as  its  magnetic  properties  are  concerned,  possesses 
the  symmetry  of  the  othorombic  system. 

In  order  to  see  the  irregularities  in  the  magnetic  behavior  of  a 
crystal  of  magnetite  and  the  dependence  of  the  magnetic  properties  on 
the  value  of  the  magnetizing  field,  we  need  only  to  observe  the  curves. 
Fig.  34,  obtained  by  Quittner  with  a  plate  cut  from  a  crystal  in  such  a 
way  that  its  plane  makes  equal  angles  with  the  three  axes.  It  will  be 
noticed  that  for  a  field  H  =  167.2  gauss  all  three  waves  are  practically 
equal;  for  a  field  H  =  368.1  gauss  there  are  onlj^  two  waves  which  are 
greatly  reduced  and  displaced,  the  third  being  barely  visible.  If  the 
field  is  still  increased  one  again  finds,  for  H  =  757  gauss,  three  W' ell-de- 
fined waves  which,  however,  are  displaced  by  half  a  wave  length. 

The  theoretical  interpretation  of  these  very  complicated  phenomena 
is  hardly  possible  in  the  present  state  of  our  knowiedge,  but  the  investi- 
gators of  magnetite  have  proposed  that  the  crystal  is  made  up  of  equal 
parts  of  three  elementary  magnets  w'hose  magnetic  planes  are  per- 
pendicular to  each  other,  such  as  w^ould  be  the  case  if  it  were  possible 
to  superimpose  three  plates  of  pyrrhotite  cut  parallel  to  the  plane  of 
easy  magnetization  in  such  a  manner  that  their  planes  would  be 
mutually  perpendicular  to  each  other. 
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III.  Effect    of    Temperature    upon    the    Magnetic    Properties 

OF  Bodies 

23.  Method  of  Investigation  Used  by  Curie. —  Extensive  investiga- 
tions of  the  effect  of  temperature  upon  the  magnetic  properties  of  various 
substances  have  been  made  by  Hopkinson,*  Curie, f  and  others.  Curie's 
method  was  to  place  the  body  to  be  tested  in  a  non-uniform  magnetic 
field  and  measure  the  resultant  force  of  the  magnetic  actions  by  utilizing 
the  torsion  of  a  vnve.  Let  ABCD  (Fig.  35)  represent  the  horizontal 
arms  of  an  electromagnet,  and  let  the  axes  of  these  two  arms  form  an 
angle  with  each  other.  The  bod\'  to  be  investigated  is  placed  at  the 
point  0  on  the  line  Ox,  which  is  the  intersection  of  the  horizontal  plane 
passing  through  the  axis  of  the  arms  of  the  electromagnet  and  the 
vertical  plane  of  sj^mmetry.  When  the  electromagnet  is  excited,  a 
force  /  of  attraction  or  repulsion  acts  along  Ox.  Call  Hy  the  intensity 
of  the  magnetic  field  at  0.  This  field  is  directed,  by  reason  of  sym- 
metry, along  Oy  perpendicular  to  Ox.  Let  I  be  the  specific  intensity  of 
magnetization,  that  is  the  intensity  of  magnetization  per  unit  mass, 
and  m  the  mass  of  the  body,  then 

f=  ml  —r^ 
ax 

If  diamagnetic  or  paramagnetic  bodies  are  being  studied  the 
demagnetizing  force  arising  from  the  magnetization  of  the  body  is 
insignificant,  and  if  K  is  used  to  designate  the  coefficient  of  specific 
magnetization,  there  is  obtained 

I=KH, 
and 

Now  K  for  most  diamagnetic  and  paramagnetic  bodies  is  practical- 

dH 

ly  constant  and  therefore  /  is  proportional  to  Hy  ~j^-  For  greatest  sen- 
sitiveness the  body  should  be  placed  at  the  point  on  Ox  at  which  this 

product  is  maximum.  Curie's  method  was  to  surround  the  sample 
under  investigation  by  a  vertical  electric  furnace  so  that  it  could  be 
heated  to  any  desired  temperature.  The  sample  itself  was  mounted 
on  the  end  of  a  lever  Im,  which  was  suspended  by  a  torsion  wire  tm. 
This  lever  was  connected  to  another  lever  mn  so  that  any  movement 
of  the  sample  would  be  greatly  magnified  at  the  other  end  of  the  system. 
The  whole  movable  system  was  suspended  in  such  a  manner  that  any 
movement  of  the  body,  which  was  very  small  in  the  substances  inves- 
tigated by  Curie,  would  be  along  Ox.  With  his  apparatus.  Curie  claimed 
to  be  able  to  measure  movements  of  the  object  to  0.001  mm.  As  the 
body  was  heated  to  various  temperatures,  which  could  be  determined 
by  means  of  a  thermocouple,  the  forces  of  attraction  or  repulsion  could 
be  determined  from  the  movement  of  the  levers  and  the  constant  of  the 
apparatus. 


*  Hopkinson,  Phil.  Trans.,  p.  44.3,  1889. 

t  P.  Curie,  Ann.  de  Chem.,  ser.  7,  Vol.  5,  p.  289,  1895. 
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150°  180 
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Fig.  35 
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24.  Results  Obtained  by  Curie.  —  After  a  very  extended  study, 
covering  a  wide  range  of  substances  —  diamagnetic,  paramagnetic, 
and  ferromagnetic — Curie  came  to  the  following  conclusions: 

The  coefficient  of  specific  magnetization  of  diamagnetic  bodies 
is  independent  of  the  intensity  of  the  field,  and  as  a  general  rule 
independent  of  the  temperature.  Antimony  and  bismuth  are  excep- 
tions to  this  rule.  The  coefficient  of  magnetization  of  these  bodies 
diminishes  with  increase  of  temperature.  For  bismuth  the  law  of 
variation  is  a  linear  one.  The  physical  and  chemical  changes  of  state 
often  have  only  a  slight  effect  on  the  diamagnetic  properties.  This  is 
true  in  the  case  of  the  fusion  of  white  phosphorus  at  44°,  and  in  the 
various  transformations  which  are  undergone  when  sulphur  is  heated. 
However,  this  is  not  always  the  case;  the  coefficient  of  magnetization 
of  white  phosphorus  experiences  a  considerable  diminution  when  this 
body  is  transformed  into  red  phosphorus,  antimony  deposited  by 
electrolysis  in  the  allotropic  state  is  much  less  diamagnetic  than  the 
ordinary  variety,  and  the  coefficient  of  magnetization  of  bismuth  be- 
comes, by  fusion,  twenty-five  times  more  weak. 

Paramagnetic  bodies  have  also  a  coefficient  of  magnetization  in- 
dependent of  the  intensity  of  the  field,  but  these  bodies  behave  quite 
differently  from  the  point  of  view  of  the  changes  produced  by  the  change 
of  temperature.  The  coefficient  of  specific  magnetization  varies  simply 
in  inverse  ratio  to  the  absolute  temperature. 

The  difference  in  the  effect  of  temperature  on  the  coefficient  of 
magnetization  of  magnetic  and  diamagnetic  bodies  is  very  marked,  which 
is  in  favor  of  the  theories  which  attribute  magnetism  and  diamagnetism 
to  causes  of  a  different  nature. 

The  properties  of  ferromagnetic  and  paramagnetic  bodies  are,  on 
the  contrary,  intimately  related.  When  a  ferromagnetic  body  is  heated 
it  is  transformed  gradually  and  takes  the  properties  of  a  paramagnetic 
body.  The  curve  of  Fig.  36  represents  graphically  the  relation  between 
temperature  and  intensity  of  magnetization  I  for  a  sample  of  iron 
subject  to  a  magnetizing  field  of  1,300  units.  In  the  region  /3,  which 
commences  at  760°  C  and  extends  to  920°  C,  the  coefficient  of  specific 
magnetization  obeys  exactly  an  hyperbolic  law  up  to  820°,  after  which  it 
decreases  more  rapidly.  Between  820°  and  920°,  at  which  point  the 
7  state  begins,  it  is  probable  that  a  gradual  transformation  takes  place. 
In  the  7  state  the  iron  possesses  a  susceptibility  inversely  proportional 
to  the  absolute  temperature,  which  is  characteristic  of  paramagnetic 
bodies.  At  1280°  where  the  last  change  of  state  takes  place  the 
coefficient  of  specific  magnetization  increases  rapidly  in  the  ratio  of 
2  to  3,  after  which  it  seems  to  take  a  variation  in  reverse  ratio  to  the 
absolute  temperature. 

25.  Results  of  du  Bois  and  Honda. — H.  du  Bois  and  K.  Honda* 
extended  the  investigations  of  Curie  to  a  large  number  of  elements 


*  H.  du  Bois  and  K.  Honda,  Konink.  Akad.  Wetensch.,  Amsterdam,  Proc.  12,  pp. 
596-602,  1909-1910. 
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(43  in  allj  and  decided  that  Curie's  conclusions  do  not  admit  of  such 
extensive  generalizations  as  have  been  given  to  them.  They  found  that 
of  the  twenty  or  more  diamagnetic  elements  examined  there  are  only 
six  which  do  not  vary  Avithin  the  whole  temperature  range,  and  that 
during  a  change  of  physical  state  a  discontinuity  in  the  intensity  of 
magnetization  frequently  occurs.  This  change  may  consist  of  a  large 
or  small  break  in  the  curve  showing  the  relation  between  intensity  of 
magnetization  and  temperature  or  of  a  rather  sudden  change  in  the 
shape  of  the  curve. 


756°  820°  920'  1280°    1365° 

Fig.  36 


Of  the  thermomagnetic  examinations  of  polymorphous  transforma- 
tions made  by  du  Bois  and  Honda,  the  most  remarkable  properties 
are  sho"WTi  by  tin.  They  found  that  if  diamagnetic  grey  tin  is  slowly 
heated,  at  32°  the  intensity  of  magnetization,  which  is  negative,  sudden- 
ly changes  (like  the  density)  and  at  35°  passes  through  zero.  Further 
heating  continuously  increases  the  magnetization  until  the  value  for 
paramagnetic  tetragonal  tin  is  reached  at  about  50°,  after  which  it 
remains  practically  constant. 

26.  Analogy  Between  the  Manner  in  Which  the  Intensity  of  Magneti- 
zation of  a  Magnetic  Body  Increases  under  the  Influence  of  Temperature 
and  the  Intensity  of  the  Field,  and  the  Manner  in  Which  the  Density  of  a 
Fluid  Increases  under  the  Influence  of  Temperature  and  Pressure. —  There 
are  many  analogies  between  the  function/  (/,  H,T)  =  0  as  applied  to  a 
magnetic  body  and  the  function/  (D,  p,  7^=0  as  appHed  to  a  fluid. 
The  intensity  of  magnetization  I  corresponds  to  the  density  D,  the 
intensity  of  the  field  H  corresponds  to  the  pressure  p,  and  the  absolute 
temperature  T  plays  the  same  role  in  the  two  cases.  For  a  paramag- 
netic body  or  a  ferromagnetic  body  at  a  temperature  above  that 
of  the  transformation  point,  the  relation  is  found 
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where  A  is  a  constant.      Similarly  for  a  fluid  sufficiently  removed  from 
its  temperature  of  liquefaction  one  has  the  relation 


^  =  Bxf 


where  -b  is  a  constant. 


The  law  of  the  constancy  of  the  intensity  of 

magnetization  when  the  field  varies,  and  the  inverse  law  of  the  absolute 
temperature  for  the  coefficient  of  magnetization  correspond  respective- 
ly to  the  laws  of  Boyle  and  of  Charles. 

The  manner  in  which  the  intensity  of  magnetization  as  a  function 
of  the  temperature  varies  in  the  neighborhood  of  the  temperature  of 
transformation,  the  field  remaining  constant,  corresponds  to  the  manner 
in  which  the  density  of  the  fluid  as  a  function  of  the  temperature  varies 
in  the  neighborhood  of  the  critical  temperature,  the  pressure  remaining 
constant.  The  analogy  between  1  =  0  (T)  and  D  =  (t>  (T)  correspond- 
ing to  pressures  above  the  critical  pressures  is  sho^^^l  graphically  in 
Figs.  37  and  38.  Although  as  Curie  has  sho^^^l  the  analogy  seems  to 
be  almost  perfect  when  the  field  strength  in  the  one  case  and  pressure 
in  the  other  is  kept  constant,  yet  it  has  not  been  shown  to  hold  in  the 
case  where  temperature  is  kept  constant  in  both  phenomena. 


P  =  Constant 


H  =  Constant 


Fig.  37 


Fig.  38 


In  the  case  of  magnetization  if  the  temperature  is  kept  constant 
and  the  field  strength  alternated  a  hysteresis  loop  is  obtained  when 
intensity  of  magnetization  I  is  plotted  against  field  strength  H.  That 
this  is  true  in  the  case  of  a  fluid  when  the  temperature  is  kept  constant 
and  the  relation  between  density  and  pressure  plotted  has  not  been 
showTi.  It  is  true  that  in  the  case  of  solids  the  phenomena  of  lag  occurs 
^ith  variation  of  density  and  pressure  at  constant  temperature,  and  it 
may  be  true  to  a  small  degree  in  the  case  of  liquids,  but  it  is  hard  to 
conceive  of  it  as  being  true  in  the  case  of  gases. 

IV.     Experimental  Evidence  in  Favor  of  the  Electron  Theory 

OF  Magnetism 
27.  The  Molecular  Magnetic  Field  of  Pyrrhotite.  —  Let  us  assume 
that  we  have  tw^o  fields,  H  and  H„,,  acting  in  a  crystalline  substance 
and  that  the  crystalUne  structure  possesses  three  rectangular  planes  of 
symmetry  coincident  with  the  planes  of  the  system  of  coordinates,  and 
that  each  component  of  the  molecular  field  is  proportional  to  the  corre- 
sponding component  of  the  intensity  of  magnetization  with  a  coefficient 
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Ni>  Ni>  Ni  for  each  axis.  Then  the  molecular  field  H,„  has,  in  general, 
not  the  direction  of  the  intensity  of  magnetization  except  when  the 
latter  is  directed  along  one  of  the  axes.  Thus  the  intensity  of  magnetiza- 
tion assumes  of  itself  the  direction  of  one  of  the  axes,  Ox,  Oy, or  Oz,  Fig.  39, 
and  this  orientation  will  correspond  to  a  stable  equilibrium  only  for  the 
axis  Ox  for  which  the  coefficient  A^i  is  the  greatest. 


Fig.  39 

If  an  external  field  H  is  added  to  the  molecular  field  the  magnetiza- 
tion assumes  the  direction  of  the  resultant  magnetic  field.     Now 
H.+  H,„,=  H,+  N,h, 

If  the  resultant  Hr  coincides  with  I  in  one  direction, 

Ir  ly  L 

and  if  the  magnetization  takes  place  in  a  plane,  say  the  xy  plane, 

^  X  J-  y 

Let  a  and  0,  Fig.  40,  be  the  angles  which  H  and  /  make  with  the  axis  Ox. 


Fig.  40 
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Then 

H  cos  g  +  Nil  cos  <t>  _H  sin  a  +  ^^2/  sin  4> 
I  cos  0  /  sin<^ 

whence 

IH  cos  a  sin<^  +  NiP  cos<^  sin0  =  IH  sin  a  cos0  +  N^P  sin0  cos<^ 
Transposing  and  simplifying, 

IH  sin  {a-4))   -  {N1-N2)  P  sin0  cos0  =  O 
or 

H  sin  (a  — 0)  =  {N1—N2)  I  sm(t>  cos<^ 
Put 

Ni-N2==N 
and  // sin  (a  — </))=  iVZ  sin <^  cos (/) 

This  equation  expresses  the  law  of  magnetization  of  pyrrhotite, 
(see  equation  (37),  page  9)  as  determined  experimentally  by  Weiss. 
Therefore  the  above  hypothesis  accounts  for  the  experimental  proper- 
ties of  pyrrhotite  in  the  xy  plane.  These  properties  are  different  from 
those  in  the  xz  plane  only  in  the  magnitude  of  the  constant. 
The  equation 

HI  sin  (a-(t>)  =  {N1-N2)  P  sin0  cos<A 
states  that  the  couple  HI  sin  (a— ^)  exerted  by  the  external  field  on  the 
intensity  of  magnetization  is  equal  to  the  couple  {Ni  —  N2)  P  sin  0  cos  </>, 
which  is  due  to  the  structure  of  the  crystal  and  which  would  remain  if 
the  external  field  were  suppressed.  The  latter  couple  tends  to  bring  the 
elementary  magnets  back  into  the  direction  of  easy  magnetization.  The 
position  of  equilibrium  corresponding  to  the  orientation  of  the  magnets 
in  the  direction  Ox  is  stable  only  when  A'':  >  iVz  >  N3. 

28.  Variation  of  the  Intensity  of  Magnetization  of  Magnetite  with 
Temperature. —  It  has  been  shown,  page  21,  that 

7  _cosh  a    i 

Im  ~  sinh  a    a 

where 


(28) 


^  =  ^r (^^) 

In  the  case  of  ferromagnetic  substances  we  have,  in  addition  to  the 
external  field,  an  anterior  or  molecular  field  H,n  which  is  due  to  the  action 
of  the  molecules  upon  each  other  and  which  has  been  called  by  Weiss 
the  "intrinsic  molecular  field."  Just  as  liquids  can  exist  when  the 
external  pressure  is  zero,  so  ferromagnetic  bodies  can  take  a  finite 
intensity  of  magnetization  in  the  absence  of  exterior  fields.  If  the 
interior  field  acted  alone  the  intensity  of  magnetization  would  be 
proportional  to  it  and  we  would  have 

H„,=  NI 
and  equation  (43)  would  become 

_NMI 
^~  RT 
or 

/  =  «^  (44) 

where  N  is  the  factor  of  proportionality. 
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This  equation  is  represented  in  Fig.  41  by  the  straight  line  OA 
while  equation  (41)  is  represented  by  the  curved  line  OB  A.  The  in- 
tensity of  magnetization  being  satisfied  by  equations  (41)  and  (44),  the 
points  of  intersection  of  the  curve  and  the  straight  line  give  the  values 
of  /.     One  solution  of  these  equations  is 

7  =  0 
a  =  0 
from  which  it  follows  that 

//  =  0 


Fig.  41 


It  can  be  sho\\Ti,  however,  that  only  the  point  A  represents  a  state  of 
stable  equilibrium  of  magnetization.  For  suppose  that  we  were  able 
to  decrease  the  intensity  of  magnetization  I  directlj'.  For  the  same 
value  of  I  and  T,  the  value  of  a  given  bj'  the  straight  line  (namely  ai)  is 
larger  than  02  given  by  the  curve  (See  Fig.  41).  oi  is  the  value  due  to 
the  molecular  field  which  is  much  stronger  than  the  external  field  whose 
action  is  represented  by  the  curve  and  by  02.  Now  a  decrease  in  the 
intensity  of  magnetization  means  that  fewer  elementary  magnets 
have  their  magnetic  axes  pointing  in  the  same  direction.  Referring 
to  Fig.  20,  it  will  be  seen  that  if  the  molecular  field  or  the  field  due  to 
the  action  of  one  elementary  magnet  on  another,  is  stronger  than  the 
external  field  H,  equilibrium  T\ill  be  established  onl}-  when  the  magnets 
have  oriented  themselves  into  a  position  such  that  the  components 
of  the  moments  of  the  two  fields  are  the  same,  that  is,  when  the  intensity 
of  magnetization  has  risen  to  the  point  A.  On  the  other  hand  the 
point  0  represents  a  value  at  which  the  intensity  of  magnetization  is 
zero,  that  is,  where  as  many  elementary'  magnets  point  in  the  direction 
of  easy  magnetization  as  in  the  opposite  direction.  A  slight  mechanical 
or  magnetic  disturbance  will  cause  half  of  the  elementary  magnets  to 
swing  around  into  the  direction  of  easy  magnetization  where  they  remain 
in  stable  equilibrium.  Thus  the  point  0  corresponds  to  unstable  magne- 
tization and  the  point  A  to  stable  magnetization. 

As  the  paramagnetic  susceptibility  is  very  small  enormous  magnetic 
fields  would  be  required  to  increase  this  spontaneous  magnetization 
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which  is  due  to  the  external  field.  Assuming  the  mechanical  analogy 
of  Weiss  in  which  the  increase  in  the  density  of  a  liquid  requires  external 
pressures  that  are  incomparably  greater  than  those  by  means  of  which 
the  density  of  gas  is  changed,  we  arrive  at  the  conclusion  that  for  the 
absolute  temperature  T,  the  ordinate  A' A  represents  the  saturation 
value  of  the  intensitj'^  of  magnetization.  According  to  this  a  ferro- 
magnetic substance  is  saturated  without  the  least  external  field.  Though 
this  inference,  drawn  from  the  theory,  seems  in  contradiction  to  the 
larger  number  of  experimental  facts  observed,  yet  it  agrees  perfectly 
with  the  phenomena  of  magnetization  observed  in  crystals,  and  es- 
pecially in  those  of  normal  pyrrhotite.  This  crystal  has  the  very  val- 
uable property  of  a  magnetic  plane  in  which  all  the  elementary  magnets 
are  situated.  In  this  magnetic  plane  is  a  direction  in  which  saturation 
takes  place  with  very  little  or  no  external  field,  while  a  field  of  about 
7,300  units  is  required  to  bring  about  saturation  in  a  perpendicular 
direction.  The  assumption  of  a  molecular  field  accounts  very  satisfac- 
torily for  the  laws  that  govern  the  magnetization  of  the  normal  pyrrho- 
tite as  a  function  of  the  external  field.  The  intensity  of  magnetization 
as  a  function  of  the  temperature  is  a  very  complicated  phenomenon, 
varjdng  from  one  substance  to  another,  and  also  varying  in  the  same 
substance  wdth  the  magnetic  field;  therefore  it  appears  doubtful  whether 
the  most  simple  hypothesis  of  the  uniform  molecular  magnetic  field  will 
be  able  to  account  for  all  the  observed  phenomena.  In  the  case  of 
magnetite,  however,  Weiss  has  shown  that  the  theoretical  curve  coin- 
cides with  the  experimental  curve  between  the  temperatures  —  79°  C. 
and  +  587°  C.  On  the  assumption  that  a  piece  of  ordinary  iron  is 
composed  of  small  crystals  having  the  property  of  a  magnetic  plane, 
Weiss  has  also  shown  that  the  hysteresis  loops  of  annealed  iron  can  be 
given  a  theoretical  interpretation. 

In  order  to  determine  the  absolute  values  of  the  internal  magnetic 
field  we  have  to  examine  the  magnetic  properties  of  the  ferromagnetic 
substances  in  the  neighborhood  of  the  point  where  the  spontaneous 
magnetization  disappears.  Thus  iron  loses  its  spontaneous  magnetiza- 
tion at  the  temperature  of  756°  C.  Between  this  point  and  920°  C. 
iron  has  still  a  considerable  susceptibility,  the  magnetism,  however, 
appearing  only  under  the  combined  action  of  the  external  and  internal 
fields..    In  this  region  we  have 

a  =  M(^W (,5, 

or 

T^MOL+m (46) 

where  M  is  the  resulting  magnetic  moment  of  each  molecule  and  Hg 
the  external  field.     Equation  (29),  page  21,  gives 


I      cosh  a     1     1        2    ,  ,      4 


—  =  -a— ^TTra' 


/,„     sinh  a     a     d       90        45.42 


75  — 


As  long  as  we  consider  only  the  beginning  of  the  curve  OB  of  Fig.  41 
whose  tangent  at  the  origin  corresponds  to  the  temperature  9  =  756  + 
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273  =  1029,  we  may  consider  only  the  first  term  on  the  right-hand  side 
of  the  last  equation.     Then 

///„,  =  a/3 • (47) 

Up  to  the  temperature  9  we  have  spontaneous  ferromagnetism  where 
the  external  field  H^  is  negligible  in  comparison  with  NI  the  internal 
magnetic  field,  so  that  in  equation  (45),  we  may  write 

MNI„A 


a  = 


whence 

Dividing  (46)  by  (48) 

or  from  (47) 

Since 

this  equation  reduces  to 

or 


SRe 

INI 
SR 


e=m^ m 


T  _  SHe        37 
e     aNIm      al„, 


'"    a 


T-e     H, 


0     ~NI 

(T-e)I  =  ^ (49) 

This  equation  represents  an  equilateral  hyperbola  and  allows  us  to 
determine  the  coefficient  N.    Weiss  found  for 

iron  N  =    3,850       H,„  =    6,560,000 

nickel  A^  =  12,700       H„,  =    6,350,000 

magnetite  N  =  33,200       H,„  =  14,300,000 

If  the  molecular  magnets  act  upon  one  another  -^dth  magnetic 
forces  of  this  enormous  amount,  the  potential  energy  due  to  the  molec- 
ular magnetic  field  must  have  very  large  values. 

29.  Specific  Heat  and  Molecular  Field  of  Ferromagnetic  Substances.  — 
The  mutual  energy  of  a  number  of  magnets  of  invariable  magnetic 
moment  M  is 

W^  -^y^ZMH  cosa 
H  being  the  field  in  which  is  placed  one  of  the  elementary  magnets  and 
which  is  due  to  all  the  other  magnets  and  a  being  the  angle  between 
H  and  M.  When  this  summation  is  extended  to  all  the  elementary 
magnets  contained  in  1  cc.  H  becomes  the  molecular  field  H„i  and  the 
intensity  of  magnetization  I  is  the  geometric  sum  of  the  magnetic 
moments  M.    The  energy  of  magnetization  per  unit  of  volume  is  then 

W=  -}4IH,„. 
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The  molecular  field  is  related  to  the  intensity  of  magnetization  /  by 

where  A^"  is  a  constant  coefficient.     Therefore 

W=  -}/^NP. 
Since  this  energy  is  negative  it  is  necessary  to  add  energy  in  order  to 
demagnetize.  Thus  the  intensity  of  magnetization  decreases  continu- 
ously as  the  temperature  increases  from  absolute  zero  to  the  tempera- 
ture 9  of  the  disappearance  of  spontaneous  ferromagnetism.  The 
total  quantity  of  heat  absorbed  by  the  magnetic  phenomena  per  unit 
of  mass  of  the  body,  between  the  temperature  where  the  intensity  of 
magnetization  is  I  and  the  temperature  9  is 

where  J  is  the  mechanical  equivalent  of  the  calorie  and  Z)  is  the  density. 

The  specific  heat  due  to  change  in  the  intensity  of  magnetization  is 

then 

_dq^_l  jy;  dP 

®'"~  dt~2  JD  dt 

which  must  be  added  to  the  ordinary  specific  heat.     According  to 

Curie's   experimental   results   /,   the   intensity   of   magnetization   for 

iron  at  ordinary  temperatures,  is  equal  to  1700  and 

A^  =  3850. 

Therefore 

JZ^=iV/  =  6,540,000. 

The  energy  of  diamagnetization  per  unit  mass  is 

W  =  y2  NP  =  10.QX\QP  ergs. 

At  20°  C. 

70.6X10^     iA  o      1    • 
Qm  =  4  19X10^  =16.8  calories. 

The  following  results  for  iron  were  obtained  from  Curie's  experimental 
data. 

fC.  I  ID  C.  G.  S.     q,„  cal.       s,„  =  ^'       In  the  Interval 

20  216.3  16.8 

275  207.5  15.5  .005  20° -275° 

477  189.6  12.9  .013  275° -477° 

601  164.0  9.7  .027  477° -601° 

688  127.  5.8  .045  601°  -  688° 

720  100.7  3.6  .068  688° -720° 

740                   64.  1.5  .108  720°  -  740° 

744.6               50.1  .9  .136  740° -744.6° 

753                     0.  (by  extrapolation) 

From  this  we  see  that  at  ordinary  temperatures  the  specific  heat  is 
altered,  due  to  the  magnetic  phenomena,  by  only  a  small  amount,  while 
in  the  neighborhood  of  9,  the  temperature  at  which  spontaneous  mag- 
netization disappears,  the  effect  amounts  to  0.136,  or  about  two  fifths 
of  the  total  value. 


WILLIAMS 


ELECTRON    THEORY    OF    MAGNETISM 


55 


The  results  of  Weiss  and  Beck  *  show  a  very  interesting  relation 
between  the  variations  of  the  ordinary  specific  heat  and 

'"'  At 
as  functions  of  the  temperature.  Their  results  are  represented  graph  - 
ically  in  Fig.  42,  curve  A  representing  the  relation  between  ordinary 
specific  heat  and  temperature  and  curve  B  that  between  s„,,  the  specific 
heat  due  to  magnetization,  and  temperature.  The  same  close  agree- 
ment has  been  found  in  the  ferromagnetic  substances,  nickel  and 
magnetite. 
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Fig.  42 


30.  The  Elementary  Magnets  of  Iron,  Nickel,  and  Magnetite.  —  The 
electron  theory  of  ferromagnetism  gives  us  a  means  of  determining 
the  moment  M  of  the  molecular  magnets  of  those  substances  whose 
internal  magnetic  field  has  been  determined.  Various  methods  may  be 
applied  for  this  purpose,  but  the  one  used  by  J.  Kunzf  is  probabl}''  the 
most  simple.     In  his  method  Kunz  makes  use  of  the  equation 

MNI  ..^. 

where  N  is  a  constant.  For  the  absolute  temperature  0,  the  tempera- 
ture at  which  the  spontaneous  ferromagnetism  disappears,  we  have  the 
relation 

///„.=  a/3 (51) 


•  Weiss  and  Beck,  Jour,  de  Phys.,  ser.  4,  Vol.  7,  p.  249,  1908. 
t  J.  Kunz,  Phys.  Rev.,  Vol.  XXX,  No.  3,  March,  1910. 
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Substituting  (51)  in  (50),  we  find 

^     MNI„,a 
SRT 
or 

^=1!-^ (^2) 

where  0  is  the  particular  temperature  considered.  R  is  given  by  the 
equation  of  gases 

p  =  RNiT 
where 

p  =  10.1  X  10« 

T  =  273 
iVi  =  2.7X10i» 
Therefore 

i?  =  1.36X10-i«. 
I,n,  the  saturation  value  of  the  intensity  of  magnetization  at  the  abso- 
lute zero  of  temperature,  has  to  be  determined  from  the  above  theory 
by  means  of  tlie  value  /,  the  intensity  of  magnetization  for  the  case  of 
saturation  at  the  temperature  t°. 

In  the  case  of  iron,  we  have  from  Curie's  results,  I  =  1700  for 
ordinary  temperatures  and  a  field  strength  of  1300  units,  and  I„,  =  1950. 
Taking  A^  =  3850,  the  value  found  by  Weiss  and  Beck,*  and  0  = 
756  +  273  =  1029,  we  find,  by  substitution  in  equation  (50) 
M  =  4,445  X  10~2°  absolute  electromagnetic  units. 
Let  iVi  be  the  number  of  molecular  magnets  in  unit  volume  at  the 
absolute  zero.     Then  we  have 

A^iM  =7„,=  1950 
or 

iVi  =  4.386X1022. 
If  this  number  A^'i  of  elementary  magnets  is  at  the  same  time  the 
number  of  molecules  of  iron,  and  if  the  mass  of  one  molecule  of  iron  is 
equal  to  ^t,  we  have 

A\/i  =  5  =  7.36 
where  h  is  the  density  of  iron  at  the  absolute  zero. 
^  =  6/A^i  =1.792  X  10-22  gj-ams 
Let  us  assume  that  the  molecule  of  iron  consists  of  two  atoms, 
then  it  will  be  111.8  times  heavier  than  the  atom  of  hj'-drogen,  and  the 
mass  of  the  atom  of  hydrogen  )u^  will  be  equal  to 

y.„  =  ^^^^~~^  =  \mZ  X  10-2"  grams 

Du  Bois  and  Taylor  Jonesf  found  the  intensity  of  magnetization 
of  iron  continues  to  increase  up  to  field  strengths  of  1500  units.  At 
this  value  they  found  the  value  of  I  for  ordinary  temperatures  to  be 
1850.  Substituting  this  value  instead  of  1700,  the  value  obtained  by 
Curie,  we  have 

M//=1.66  X  10-2"  grams 


♦  Weiss  and  Beck,  Jour,  de  Phys.,  Vol.  7,  pp.  249,  1908. 

t  Du  Bois  and  Taylor  Jones,  Elektrot.  Zeitschr.,  Vol.  17,  p.  544,  1896. 
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A  recent  value  of  this  quantity  has  been  determined  by  Rutherford 
by  means  of  radioactive  phenomena.  He  found 
/xh=1.61  X  10-24  grams 
The  close  check  of  the  values  for  the  mass  of  one  atom  of  hydrogen 
deduced  from  so  very  different  phenomena  as  those  of  radioactivity 
and  ferromagnetism  by  considerations  entirely  different,  is  strong 
evidence  in  favor  of  the  theories  involved.  It  follows  from  the  above 
that  the  molecular  magnet  of  iron  contains  two  atoms. 

In  the  case  of  magnetite,  Fe304,  we  find  the  following  numbers : 

A^=  33,200 
/=  430 
In-  490 
b=  5.2 

According  to  Curie 

e  =  536  +  273  =  809. 
Using  these  values  we  find 

M  =  2.02  X  10-20. 
Now 

NiM  =  /,„  =  490 
therefore 

Ni  =  2.42  X  1022 

If  the  mass  of  each  molecule  is  equal  to  n  we  have 

Niix  =  5.2 
whence 

Now 

therefore 


/^  =  2.15  X  10-22. 
Fe304  =  231.7 

9  1  "=»  V  1  0-22 

M//=      2317       =0-93X10-24  grams, 


a  value  that  agrees  pretty  well  with  that  obtained  from  other  sources 
when  we  take  into  consideration  the  comparatively  small  amount  of 
work  that  has  been  done  on  magnetite. 

According  to  Weiss 

G  =  589  +  273  =  862, 
instead  of  809  as  given  above.     Substituting  this  value  for  0  we  find 

/xa  =  0.99  X  10-24  grams. 
In  the  case  of  nickel  we  have  the  following  values: 

A^=  12,700 
/=       500 
/,„=       570 
e=       376+273  =  649 
M  =  3.65  X  10-20 
A^i=  1.56  X  1022 
Niti  =  8  =  8.8 
M  =  5.63  X  10-22 
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The  atomic  weight  of  nickel  is  5.87,  hence,  assuming  that  each  molecular 
magnet  contains  two  atoms,  we  find 


M      _  5.63X10- 
"         117  A 


4.8X10-24, 


a  value  that  is  just  three  times  larger  than  that  given  by  Rutherford. 
As  the  degree  of  accuracy  is  the  same  in  the  case  of  iron,  nickel,  and 
magnetite,  the  experimental  evidence  indicates  that  the  molecular  mag- 
net of  nickel  is  made  up  of  six  atoms,  or  that  the  number  of  degrees  of 
freedom  is  only  one  third  as  great  as  in  the  case  of  iron.  In  a  recent 
investigation,  Stifler*  has  determined  the  above  quantities  for  cobalt. 
He  obtained  the  following  values: 

N  =  6,180 
/  =  1,310 
/,„  =  1,435 
e  =  1,348 
M  =  6.21  X  10-20 
ATi  =2.31  X  1022 
Nitx  =  8  =  8.77 
/i  =  3.8  X  10-22 

Since  the  atomic  weight  of  cobalt  is  59,  we  obtain,  on  the  assumption 
that  each  molecular  magnet  contains  two  atoms, 
M        3.8  X  10-22 


118 


=  3.22X10-2-' 


a  value  that  is  just  two  times  larger  than  Rutherford's  value.  If  we 
apply  the  above  reasoning  we  must  conclude  that  the  elementary 
magnet  of  cobalt  is  made  up  of  four  atoms. 

The  quantities  considered  above  are  given  in  the  follo^ving  table: 
n  is  the  number  of  atoms  corresponding  to  one  elementary  magnet. 


Substance 

/,=  20° 

/», 

e°c. 

.V 

NI  =  H„, 

MX  1020 

^hXIO* 

n 

Fe 
Fe304 

Ni 
Co 

1,700 
430 
500 

1,421 

1,950 
490 
570 

1,435 

756 

536 

376 

1,075 

3,850 
33,200 
12,700 

6,180 

6,540,000 

14,300,000 

6,350,000 

8,870,000 

4.445 
2.02 
3.65 
6.21 

1.603 
0.93 
4.8 
3.22 

2 

6 

4 

As  the  ratio  of  the  density  of  nickel  and  iron,  1.12,  is  nearly  equal 
to  the  ratio  of  the  atomic  weights,  1.05,  of  the  two  metals,  the  number 
of  molecules  per  unit  volume  must  be  the  same  for  both  metals,  assum- 
ing that  each  molecule  contains  two  atoms.  Since  the  moment  of  the 
molecular  magnets  of  nickel  is  only  about  18  per  cent  smaller  than  that 
of  iron,  we  should  expect  that  the  intensity  of  magnetization  of  nickel 
would  vary  by  about  this  amount  from  that  of  iron,  while  in  reality  the 
magnetization  of  iron  is  3.4  times  greater  than  that  of  nickel.  This 
consideration  indicates  again,  that  either  the  molecular  magnet  of  nickel 
contains  six  atoms  or  that  only  every  third  molecule  is  an  elementary 
magnet. 


•  W.  W.  Stifler,  Phys.  Rev.,  Vol.  XXXIII,  No.  4,  p.  268,  1911. 
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This  fundamental  difference  in  the  molecular  magnets  of  iron  and 
nickel  must  be  taken  into  account  when  explaining  some  of  the  very 
interesting  differences  in  the  magnetic  behavior  of  the  two  metals. 
Thus,  the  first  layer  of  electrolytically  deposited  nickel  is  stronger 
magnetically  than  the  subsequent  laj^ers,  while  for  iron  the  opposite  is 
true,  that  is,  thin  layers  of  iron  are  much  less  magnetic  than  thicker 
layers.  In  addition,  a  longitudinal  compression  decreases  the  magneti- 
zation of  iron  and  increases  that  of  nickel.  In  a  recent  article  the 
author  has  showTi  *  that  the  effect  of  transverse  joints  in  nickel  bars  is 
to  increase  the  magnetic  induction  rather  than  decreaseit  as  in  the  case 
of  iron. 


Fig.  43 


31.  The  Hysteresis  Loop  of  Iron. —  Let  us  assume  that  the  element- 
ary crystal  of  iron  has  properties  analogous  to  those  of  the  crystal 
of  pyrrhotite  and  that  the  direction  of  easy  magnetization  is  distributed 
uniformly  throughout  the  volume.  Working  with  weak  fields  let  us 
first  consider  only  the  irreversible  phenomena.  When  the  substance 
is  in  the  neutral  state,  the  magnetization  vectors  of  the  different  element- 
ary crystals  will  terminate  on  the  surface  of  a  sphere  with  uniform 
density.  If  the  field  H  acting  in  the  direction  Ox,  Fig.  43,  exceeds  the 
coercive  field  He,  all  the  elementary  magnets  which  were  originally 
directed  in  the  negative  direction  will  swing  round  so  that  all  the 
intensity  of  magnetization  vectors  will  be  contained  in  a  cone  having 
OH  for  its  axis  and  of  semiangle  0  which  is  given  by 

cos</)  =  He/H. 
Each  of  the  elementarj^  magnets  that  swings  around  will  contribute 
its  moment  Mi  to  the  resulting  intensity  of  magnetization  in  the  direc- 
tion X.     Now  the  number  of  vectors  ending  on  the  sphere  is  equal  to 
N,  the  number  of  elementary  crystals  with  a  plane  of  magnetization, 


*  E.  H.  Williams,  Phys.  Rev.,    Vol.  XXXIII,  No.  1,  p.  59,  1911. 
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and  the  number  ending  on  the  zone  subtended  by  the  angle  0  before 
the  field  is  applied  will  be 

-. — ■■ —N  =  N/2  sin0  a0 

47rr 

The  moment,  due  to  these  magnets,  in  the  direction  Ox  is 
Mx  =  Ml  cos 4> -^  sincf)  d(l). 

The  moment  due  to  all  the  magnets  that  swing  round  into  the  direction 
Ox  is 


M=  /      M^  siiKf)  cos (f)d(}>. 

^y  o 


MiN 


sinV 


=  -f  sm-^ 


-H 


Fig.  44 


since  the  number  originally  in  the  positive  direction  is  equal  to  the 
number  that  have  been  turned  around,  the  resulting  moment  in  the 
direction  Ox  will  be 

M  =  2^  sin2<^ 

=  -^  sin^c/) 

Now 

cos(/>  =  Hc/H 
therefore 

M  =  ^  U-{HjH)n (53) 

where  M  is  the  resultant  magnetic  moment  per  unit  volume,  that  is, 
the  intensity  of  magnetization  7. 
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The  graphic  representation  of  the  equation 

l  =  IJ2  {l-{JlJE)A, (54) 

is  given  by  Fig.  44.     This  resembles  an  hyperbola  whose  horizontal 

asymptote  is  given  by  7  =  -^  and  whose  vertical  asymptote  is  given 

by  //  =  0.  \i  H  is  equal  to  H^  the  intensity  of  magnetization  7  =  0 
and  if  TiT  =  D3,  7  =  7„,/2.  But  physically  this  must  be  the  value  of 
saturation  7,„  therefore  we  shall  write 


7  =  7„.[i-(77,/^)2] 


(55) 


If  we  were  to  draw  the  curve  corresponding  to  this  equation,  we  should 
find  a  curve  of  exactly  the  same  character  as  the  previous  one  except 
that  for  a  given  value  of  R  the  ordinate  7  would  be  twice  as  large  as 
before. 
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Fig.  45 


If  one  causes  the  field  to  oscillate  between  the  value  +  U  and  —  H, 
the  graphical  representation  of  the  curve  of  equation  (55)  will  be  given 
by  Fig.  45.  When  the  field  —R\%  appHed,  the  figurative  points  t\111  be 
collected  on  the  negative  side  of  the  sphere  of  Fig.  43.  With  the 
sample  in  this  condition  let  us  begin  the  description  of  a  cycle,  varj^ing 
the  field  from  —  Tf  to  increasing  positive  values.  The  intensity  of 
magnetization  will  change  very  little  so  long  as  the  field  is  less  than 
+  Re-  At  this  point  it  begins  to  change  very  rapidly  and  will  describe 
a  curve  similar  to  the  curves  considered  above.  This  curve  with  the 
portion  of  the  straight  line  already  described  will  constitute  half  of  a 
cycle  corresponding  to  a  variation  of  the  field  from  —  7/  to  +  H.  The 
cycle  is  completed,  from  symmetry,  by  returning  to  the  origin. 
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Equation  (55)  assumes  that  the  coefficients  A^2  and  N3  of  Fig.  39 
are  zero.  Now,  in  the  case  of  iron,  this  is  only  approximately  true. 
Making  these  corrections,  the  theoretical  considerations  give  cycles 
which  are  sho^Ti  in  Fig.  46.  The  scale  has  been  chosen  so  as  to  repro 
duce  as  nearly  as  possible  the  experimental  curves  of  Fig.  47,  which 
are  taken  from  the  results  of  Ewing.*  The  similarity  of  the  ascending 
and  descending  curves,  more  particularly  the  outer  ones,  is  verj'-  marked. 

The  principal  differences  to  be  noted  between  the  experimental  and 
theoretical  curves  are,  first,  that  the  upper  limits  of  the  cycles  for 
medium  fields  fall  more  nearly  on  the  outer  cycle  in  the  experimental 
than  in  the  theoretical  curves,  and  second,  that  for  fields  but  slightly 
greater  than  Hg  the  theoretical  curves  are  rectangular  in  shape  while 
the  experimental  curves  are  not. 

32.  Exceptions  to  the  Electron  Theory.  —  While  the  electron  theory 
is  capable  of  explaining  many  of  the  phenomena  of  magnetism,  yet 
in  its  present  form  and  present  stage  of  development  it  is  unable  to  ac- 
count for  a  large  number  of  cases. 

Curie's  rules,  which  are  the  basis  of  the  present  theory,  hold  rigidly 
for  very  few  substances.  Thus,  according  to  these  rules  the  diamagnetic 
susceptibility  is  independent  of  the  temperature.  However,  there  are 
substances  whose  diamagnetic  susceptibility  increases  with  increase  of 
temperature,  while  in  other  substances  the  opposite  is  the  case.  Another 
of  Curie's  rules  states  that,  for  paramagnetic  substances,  the  susceptibility 
is  inversely  proportional  to  the  absolute  temperature.  While  this  holds  for 
a  very  large  number  of  substances,  there  are  cases  where  the  rule  fails 
to  represent  the  facts  as  determined  by  experiment.  Recently  H. 
Kamerling  Onnes  and  A.  Perrierf  have  showTi  that  for  several  substances 
the  law  does  not  hold  for  very  low  temperatures.  Some  substances  at 
temperatures  below  those  at  which  Curie's  c/T  law  is  obeyed  follow 

c 
more  nearly  a    ylT  law.    None  of  the  salts  investigated  by  the  above 

authors  show  signs  of  saturation  phenomenon.  Pyrrhotite,  whose 
magnetic  properties  conform  to  the  electron  theory  very  closely  up  to 
9,  the  temperature  of  transformation,  is  very  abnormal  above  this 
temperature. 

From  his  experimental  results  upon  a  limited  number  of  substances. 
Curie  comes  to  the  conclusion  that  the  paramagnetic  susceptibility  is 
independent  of  the  state  of  aggregation  of  chemical  combination  of 
elements.  Now  oxygen  and  boron  are  paramagnetic,  oxygen  strongly 
so,  yet  the  oxide  of  boron  is  diamagnetic.  Likewise  AI2O3,  M^O,  M^O, 
ThO,  UrO  and  other  oxides  are  diamagnetic. 

The  law  of  approach  of  the  intensity  of  magnetization  to  the  constant 
value  of  saturation  holds  only  for  cobalt  and  not  for  iron  and  nickel. 


*  Ewing,  Magnetic  Induction,  3rd.  Ed.,  p.  106,  Fig.  50. 

t  H.   Kamerling  Onnes   and   A.    Perrier,    Konink.    Akad.    Wetensch.,   Amsterdam 
Proc.  14,  p.  115,  1911. 
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The  large  number  of  exceptions  to  the  electron  theory  in  its  present 
form  requires  either  that  it  be  abandoned  or  that  the  theory  be  modi- 
fied to  fit  more  exactly  experimental  results.  The  fact  that  it  agrees 
in  such  a  large  number  of  cases  with  experiment  and  that,  by  its  applica- 
tion, the  fundamental  quantities  of  nature  can  be  obtained  in  such  close 
agreement  with  observation,  gives  hope  that  ultimately  the  present 
theory  will  be  modified  so  that  it  will  hold  universally. 
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